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PREFACE 



H B excellency and ufefiilnefs of Mathematics in 
general, and more efpecially of thole branches 
which wc confider in this Tceatife, haw 
been fo clearly flicwn by many Terr able A«- 
thors, that I need not enlai^ upon tne iame : I 
only intend by this Preface to give my Readers 
feme of the Reafons, which lutve induced me to write upoo a Sub- 
ject, which has been already very largely handled by fbme of (bs 
moil conliderable Mathematicians among the Moderns. 

Notwithftanding that a great part of this Wcffk contaiiu die 
£une Truths, as Imve been demonftrated by others ; I conceived 

that the paioB a£ I wm i ng < V> a iw^ .anA t h « «!■»* n m r r CT m ry to IjC 

fpent in iboSs Inquiries, would be confiderably leJSened, ^ by a 
proper Order or Method, the connexion of the leveral Properties 
fk&c Conic-Sedions and other Curves, was ihewn in a clearer, 
and, at the iame time, in a more conci& manner than what is ee- 
nerally to be met with in Books written on that Sulned. Tnis 
Conctfenefi and Natural Order is what I hare aim'd at in this 
^seatile. 

lo Uk firft place, I have gathered togedier and brought into a 
little compa^ not only all tlw meft remarkable Properties of the 
Conic-Sedknis^ which are icattered up and down in moft other 
Anthor^ bot I have aUb inferted feveral remarkable new ones, 
and have endeavcwred to demonfttate the whole mth cleame& 
and condfeuds. 
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PREFACE. 

In the Plates^ I have, as much as it was pofHble, always 
marked the fame lines with the &mt letters ; and expreflcd them 
in the Book by the lame algehraical Symbols, h that there are 
not above five or fix letters to be remembered for the reading of 
the whole firft Book. The fiime Definition ierves for the three 
ConiC'SeBims (for the Circle ' and the EUipfis are confidered but 
as one), and the fame Demonftration ierves likewiie for each, 
except in a few cafes in the Parabola^ wherein a particular De- 
monflration is given, in order to render them the eafier to 
Learners. I have taken particular care to dcmonflrate fuch Pro- 
pofitions, as relate to our Subjedt, which Sir Ifaac Newton (in his 
Principia) fuppofes the Reader to be acquainted with ; and I 
have inferted a Table of his Propofitions, and the place in this 
Book where they are demonffarated. 

I fuppofe our Reader to have fome knowledge both of the Ele- 
mentary Geometry and common Algebra^ and I advife Learners 
to read at firfl the Demonftration for each Ccnic-SeBion leparatc- 
ly, and then confidcr them all together. The Ellipfis and the 
Hyperbola have fb great a connexion, that their Equations (with 
xtfytGt to their Diameters) differ only in their Signs, for which rea- 
fon die fame Equations relating to both have a double Sign, the 
upper one belongs always to the Ellipfis. 

As the intent of the Poftulatum at the beginning, is only to 
ihcw the connedlion between the Parabola and the other Sedions, 
it may be pafied over, there being no Demonftration depending 
thereon. 

Tho* it may fecm in a manner needlefs to treat of the Dodrinc 
of FluxiottSy fince its Inventor, Sir Ifaac Newton^ has already fo folly 
delivered the Elements thaeof, and f o fuccefsfuUy applied that ad- 
mirable Difcovery to the moft fublime parts of the Mathematics ^ 
yet becaufe mofl (if not all) Inventions of this Nature may at firft 
appear fomewhat abflrufe, and perhaps feem to require fome U* 
hifbation, I hope therefore that the Method I have taken in ex- 
pkming this Doftrine, will not appear entirely ufele&. I make no 
uie of infinitely frnall quantities, nor of naicent or evanefcent velo- 
cities } and yet I think to have explained thofe Prmciples^ fo that 

any 



PREFACE. iii 

any Perfon of a moderate capacity , reading that part of tbis Book 
with due attention, may be fully convinced of the Truth 
thereof. 

Ijj order to this, I confidcr a Curve-line to be generated by 
the motion of a point, urged by two powers afting in two 
difieient Dire£tions, the one parallel to the Abicifles and the 
other parallel to the Ordinates. I prove from thence, that if 
this point (when arrived at a given place) did continue to move 
with the velocity it has there, it would proceed in a right- 
line touching the Curve in that place : From whence I 
conclude that the Direction of the point in the £dd place, is in 
the Tangent: So that the three Directions being known in 
each place, the proportion between the velocities of the urging 
powers is likewife known. 

Now the' velocity in the Dlredlion of the Abfcifles being 
to die velocity in me Diredion of the Ordinates, as the Sub- 
tangent is to the c(»:relpondent Semi-ordinate ; if the Law of 
thefe velocities is given, the Nature of the Curve may be found $ 
And on the contrary, die Nature of the Curve being given^ the 
Law oUerved by thofe velocities may likewiie be found. 

In the ufe of Fluxicms I coniider only finite c^uantities ; and 
the Fluxion of a Reaangle, vt^noR fides are variable or flowing 
quantities, is found widiout rqeding any thing. Particular care 
has been taken in the fecond Section of the lecond Book to diftin- 
guiih the Maximums from the MinimumSy which has not been 
fo much taken notice of as it requires : And for the better ex]^- 
nation of this u&ful Dodrine, I have illuftrated it in the laft 
Section of this Work, with ieveral Problems, and every where 
clearly proved, that the Maximum ot the Minimum required, 
has been really found. I muft add in this place, that in Article 
18 1, fometime$ the Minimum between two Maximums becomes 
nothing ; efpecially, when one is poiitive and the other nega- 
tive ; ^nd lomietimes the Maximum between two Minimums be- 
comes iafinkc. 

lA 
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PREFACE. 

In^hcthirdand kft Book, general Formula'% for the Fluxions 
of Areasor Surfaces, and Solids, are deduced from the lame Prin- 
ciples as thofe of Fluxions in general ; and I hope in a clearer 
manner than is uiiial ; and likew4& the general Formulae for 
Ending the Centers of Gravi^, OicdUation and PerculGon. 

"When the Refolutlon of Problems depends on fiich fluxion- 
ary ExprelBons, whole Fluents may be referred to the qua- 
drature of the Conic-Se£)3on% I mve made uie of the Ta- 
bles of Sines and Lc^arithms^ which Method is cilecmed to be 
Ihort and eaiy : And I have endeavoured to make the Prin- 
ciples thereof as clear as poflibic ; and the more fo^ becauic 
its ufe is almoft entirely ncglcSied, for want of having it fuflici- 
ently exemplified ; and belides what we have here done» will 
iiiUy explain andilluftrate Mr. Cotei^ Tables of Flitents. 

The' laft Seaion of this Treatiie, relates to ptadical mat- 
ters only : It contains a Sded Colleton of Pbjjko-Matbematical 
Problems, the moft part of which are very uieful and wholly 
new. I have ccnfidoed them in the moft general manner that I 
could think x)f ; Jo that ieveral of them may ferve as luuvoM 
-Otnons for an infinite number of particular Examples : and as to 
thoie which I have taken from other Authors, I have made their 

Conft n t^tioMjnocc fimpU anH tit* Proccfianuch ihostcu 
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Mathematical Treatife: 

Containing a SYSTEM of 

CONIC-SECTIONS, 

WITH THE 

Doflrines of Fluxions and Fluents fully- 
Explained. 

SECTION I. 

Of Conic-Se£bions ctm^r^d m Plam. 

POStULArUM. 

BRANT that two infinite quantities, differing from 
S each other by a finite quantity, may be eftcemed 
f equal. 

■ This Fofiulatum is here of ufe only to {hew the 
E connection of the Conic-ScftJons j but whenever we 
make ufe of it in the demonftration of any Propofition, we fhall 
give always another Demonftration independent on it. 

B D E r I- 



a 7i&^ F I R s T B o o K 

Definitioksw 

!. 

Pio. 3. 5. Y f* *^^ Reiftangle APa of the parts of a given rfght line Aa^ 
JL terminated by the interfeiSion P of the perpcnficular Mm, 

be alw^s to the Square P M <* P m of the parts of that lineter- 
minated by the line A a and by a Curve-line M Am, in the given 

ratio of Aa to another line 2/ J dwit 18, if APa:PMt : Aa: 2/; 
the Curvilinear t^igufes MAih afe calVd by the general name of 
ConiC'SeSiions j becauie the interfeiftions of a Cone and a Plane va- 
rioufly inclitrad, Will re{)f ei^nt fuch figures^ as wUl be (hewn here- 
after. 

2. 

If the line Mm always faHs between the pobts A^a, and Aa> 
•Fig. 3. or < 2/ ; the Figure *MAm iscall'dan £///^}and whenAass^ 

• F I G. a. 2^ it is call'd a * Circle. 

3- 
F»c- S- If thfe linfe Mia always falls without the points A^a, aftd Aa> 

or < 2py the figures MAm, Nan are call'd oppofite Hyperbola's *, 
and when Aa = 2/, the oppofite Hyperbola's are calVd Equilate- 
ral Hyperbola' s. 

But if the line A a be biiefted in C, and the Square CP plui 

the Square CAbe always to the Stuart PL or PI in the 

given ratio of Aa to 2p^ that is, if CP + CA : PL : : Aa : 2/, and 
the Ime LP interfeds any where the line Aa; the figures 
LBS, lbs arecaird Conjugate Hyperbola' s to the former^ asoa 
the contrary the fbttner are feid to be Conjugates to the latter. 

N. B. Hereafter we (hall always confider the oppofite Hyper- 
bola's as the &Xnc Sedibn. 

4- 

• By tbi ?•/ If Pa becofties itafihite^ ^ that it may be taken for * Aa ; the 

proportion APx Pa: PM: : Aa: 2/, willbecomeAPx Aa: PM:t 

*Fic, 6. Aa:2^or a/xAPtePM, and the FJguns * M AM is then call- 
ed a Parabola^ 

5' Any 



Any line as A a, bifeAiiTg ievetal paraillel lines as MN, mn, Fig, 9,10. 
terminating in a Conic-Sedlion, is call'd a Diameter ; and when 
\ cuts thofe lines at right angles, it is alfo called an Axis. 

6. 

The lines MN, mn, arc call'd Ordinates to the diameter A a ; 
and the ordinate Bb bifcftrng its diamftter, is calPd Conjugate 
Diameter to the firft, and or the contrary^ the firft is iaid to be 
Corrugate to die fecond. 

7- 
The Parts AP, Ap of a diameter terminated by its ordinatet 
and the Curve, arc called ^^^. 

8. 

The Point A or a> where the diameter meets the Ciirve, is call'd 
the Vertex. 

The given line exprefied by 2p is cafl'd the Parameter of the 
Diatneter A a. 

10. 

The Point F or / in the Axis, thro* which an ordinate to the Fw. 3. 5, 6y 
Axis equal to the patamet^ SLp pifles, is call'd the Bocus. 

II. 

And the pomt C which biTefts the Axis A a, is call'd the Cen- F » a. 3. j. 
ter. 

12. 

A right line meeting a G)mc^Sedion bat in one points and 
which continued both ways, does not &11 within the Section, is 
call'd a Tangent. 

N. B. Henceforward we (hall always call the Abfcifs AP =5;^, 
CV=sUy the Semi^ordinate PM or PLkv, the firft Axis Aa=:2i/„ 
the iecond or Conjugate Bb=^2^> and dbe diftance between the 
foci/Fosa^^ 

r 

COKOI.^ 



The First Book 



CoXOLLARr I. 



F^« 3.5' 1. IT TEnce APxPA=s(xx2tfq:x) laxr^xx, or APxPa — 

A X /— ^— .^^^^^) ^aa^iuu. Therefore fubftituting the a- 

• De/.i. naly tical values iiito the proportion APa : * P M : : A a : 2/ ; we fliall 
have 2axz^xx:yy::2a:2p^oT ^yyzszzaxif.xx in the firftcaie; 



and ±aazfzuu:yy v.za: 2/», or jyy=i±aazjizuu or:±:jyy =: aa — uu 

• Dif, 2. in the fccond, viz. ^yy:=s2ax—xx^ py^s^aa-^uu, mthc* 
•X>5^. 3- EUipfis; ^yyssizax+xx, %y=:iuu — aa in the * Hyperbola 

MAm, %y=:uu+aa in the Conjugate Hyperbola's LBS; and 

• DfT' 4- 2/x =yy in the * Parabola, 

}^ 

Corollary IL 

Fic.3.5. 2.XX7Hen CP=:«=:(?, PM=;;^ will become =CB=!*, 

VV in the Ellipfis, and PL =;^ =;CB =* in the Hyptr- 

bola: therefore the Eqaztlon ^yy=aaZf:uu, becomes bb^s^afi 

that is, the parameter 2p oftbejirft Axis A a is a third propartith 
nal to thefrji andfecond Axis in the Ellipfis and Hyperbola. 

Corollary III. 
3* TiEcaufe ap^bb^ or/=: - : by fubftituting for^ its value 



into the Equations -yy^^^zaxzjfLxx^'iz-yy^s.aa-^uu^ we 
fhall have ^^^ sssatfxipx:^ and ±^-^yz=^aa^uu. 

Corollary IV, 

FfG. 3. 5,6. 4. WJ H E l<i p=zy} the Abfcifs C?=u, willbecome equal to 
• De/. 10, VV *hc diftancc CF =S5^ of the * Focus F oryj from the 

Center 
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CentcrC,mthcElUpfisandH3rperbola; thercforert^;rjr=sstf tf --- uu 

And the AbfcUs A P will become equal to the diftance of the fo- 
cus F from the vertex A, in the Parabola j which therefore is equal 
to the fourth part of the parameter 2/, fince 2px =:yy becomes 
;c==:f/ in this Cafe, 

Hence it follows, 1^. That if the two Axes of an EUipfis 
or Hyperbola are given, the foci may be found, by making 
bF=b/=ACintheEllipfis, and CF=:C/=AB in the Hy- 
perbola; fince the right angkd triangle bCF or ACB, ^ves (bF*) 

AC — bC «'CF {aa-^bb^dd) in the EUipfis, and(AlB) 

CF' rsCA'+CB* (dd^aa+bb) in the Hyperbola. 

2^. That if the firft axis A a, and the diftance /F between the 
foci are given, the vertex's of the fecond or conjugate axis Bb 
may be found, by making FBssFbssACin the EUipfis, and 
AB =:: Ab = CF in the Hyperbola. 

3^. In the EUipfis, the fecond axis is always lefs than the firft ; 
fince the Hypothenufe bF (AC) of the right angled triangle 
b C F, is always greater than any one of its fides : And when 
bC =: AC, the EUipfis wiU become a Circle. 

4^. In the Hypeibola, the fecond axis Bb may be either lefe, 
equal to, or greater than the firft : When they are equal, the Hy- 
perbola will be equUateral. 

Corollary V. 

5. T N the EUipfis and Hyperbola, if the line M Q^ be drawn 
JL perpendicidar to the fecond axis B b, then wUl QJM « 

CP=:«, CQ=sPM=s;r 5 and becaufe -±1^ yy^^aa-^-uu^ or» ^^. ,^ 
f^^^apz^yy^ wefliaUhavc apr^yy\uu\\p\a^ that is^^BC^qp 
CQH^M::/: AC, becaufe j^=;*^^. • ^^,. ^^ 



Corollary VI. 



I 



PM 
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PM:: Apa:pN:: AC:^ and BCipCQj QM:: BCzpCq:qN 
F I o. 6, i:p:A C. And in the Parabola 2/xAP: 2/x Ap or AP : 

Ap :: PM,: pm, that is, the Squares of the Ordinates are as their 
correjpondent Abfcijfes. 

Corollary VIL 

F I c. J. 7* X F from the point L, the line LR be drawn perpendicular 

J[ to the axis B b^ then will PL = CR=7, CP =:RL =«: 

•Art. 1. and becaufe * ^yy^=:iUU'iraa^ 9^ yy — ap=ip— we (hall have 

C R — CB : RL : :^ : a, becaufe ap = bb. Which fhews that the 
Hyperbolas LBS, lbs, are the J&me as their Conjugates MAm, 
Nan, except Bb is their firil axis, and A a their fecond. 

Corollary VIII. 

F 1 0. 9, 10. 8. X T is evident, that in the EUipfis and oppofite Hjrperbola's, 

X. the Ordinates to either of the axes, equally diflant from 
the Center C, are equal 

For if CP=Cp=«5 PMorPN=:;f will be equal =pm 

orpn, finceit •^;^;^s=5jtf — uu. 

Corollary IX. 

9* XcEcaufe ^yy^ss^aa-^uu in the EUipfis ; it is evident, that 

when CP {u) increales, PM (;^) decreaies, till CP becomes 
scCA or Ca, where PM =0. Which (hews, that the Ellipti- 
cal-Curve recedes more and more from the vertex A of the firft 
axis, thro' which it pafles, till it meets the fecond axis B b, after- 
wards it approaches continually, till it meets the firft axis again 
in the vertex a. 

And becaufe ^yy^ziuu — a a in the Hyperbola, when CP(«) 

inaeafes, PM(y) increafcs alio, and when CPsssCA, then 
P M = o : which (hews, that the Hyperbolical-Curves pafi thro* 
the vertex's A, a, and afterwards recede from their firft axis 
ad infinitum. 

Becau& 
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Becaufe 2pxz=zyy in the Parabola ; when AP (x) increaieSi f»g- 6- 
PM (;') increafes likcwife, and when AP=:o, then PM is al- 
fo =5 o : therefore the Parabolical-Curve pafles thro* the vertex A, 
and recedes from its axis ad infinitum. 

Corollary X. 

10. 4 Line ejy drawn thro' the vertex A of any diameter A a Fio. 9, lo. 
jItX ^^ ^ Conic-Se<fHon, parallel to its ordinatcs MN, touches 

the Curve in that point. For PM being always equal to 
PN, it is plain, that when MN falls in A, both the femi-ordi- 
nates PM, PN, become equal to nothing. 

T H E O R E M L 

1 1. ^Ti HE Sum in the Ellipfis^ or the difference in the Hyperbola^ f*c. 3, 5. 

y^ of the lines FM,yM, drawn from the foci to any point of 
the Curve ^ is always equal to thefirfi axis^ that is, /M ± F M =a 
A a. 

The right angled triangle /MP gives,yM ^=^dd^ zJu+uu + 
(yy) * ±bbzfz — uu =s dd±i6+2du'\ — ^^ — x««, orbe-*^/. j, 

caufe dd^*aaq;ziiy fM^^aa + zdu + '^uu^ and /M=b • jrt, 4* 
tf +— . And the right ahgled triangle FPM gives, FM=5^/J 
^2du + uu'\'{yy)±ibzjii—uu or FM = aa^2du+^uu^ 
andFM = ±:jqp— . Therefore /M±FM = 2 tf. W. W. D- 



In the Parabola, FM=AP + AF. ForFP = (± APpic. 6. 
*AF) ±x^ip, and FM = xx—px+^p + (yy)2pxoT^jrt.^. 
FM = xx +px + ^pp. Therefore FM = x+^p. 

Corollary 1 

2. TQEcaufc/M +FM {zdd+ 2uu+ 2yy) = 2CF+ ^^^' 3-5' 

•*^ 2 CM, the Sum of the fquares of the two fides/M, F M, 
of any triangle /M F, is always equal to double the Sum of the 

Squares 
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Squares of half its bafc CF or Cf{dd)y plus the Square CM 
{uu-^-yy) of the line drawn from its vertex M to the middle 



■MawM^B- 



of the bafe 5 and the difference of thofe Squares fM. — FM, 
will be =(4i/^)4CPxCF. 

Scholium. 

HEnce the Sum of the Squares of two lines drawn from any 
pointy to the extremities of a diameter of a Circle or Sphere^ 
or to two oppofte angles of a Square^ ReBangk^ Cube or Paralleled 
pipedony will be always equal to the Sum of the Squares of two other 
linesy drawn from that point to the extremities of any other diame- 
ter^ or to any other two oppofite angles. 

Corollary IL 

Fig. II, 12. 13, TT N the ElUpfis or Hyperbola, if the point B be taken in 

X the firft axis a A, io that -f-^ C F : C A: CB, and from any 
point of the Curve as M and the point B, be drawn M P, B L per- 
pendicular, and ML parallel to AC 5 then will, MFrML:: 

•>/-ii. CF:CA. ForMF = *±^ip^ andML = FB=±^::paf 



1^ Conftr. 5 therefore ib i^ ip ~ : '±L~':^u:xdia. Since the 



produfl: of the means, and that of the cxtreams gives, ±aa:^du 

c=: '±:aaz!iidu. 
When the point M coincide with the vertex A, then wiU 

AF: AB::CF:CA: 
F I c. 13. In the Parabola, if A B = AF 5 then will ML = M F, fince 
•^.11. ML==PB=x* + t^. 

Definition 13. 
F. 11,12,13. ^^^i H E Line L B is call'd the DireStrix of thofe Curves. 

Corollary IIL 

14. TT TEnce if the line Ae, be perpendicular to the axis A a 
JL X ^^^ equal to A F, and the Semi-ordinate P M be pro- 
duced ib as to meet in G, the line drawn thro' the points B, e ; 

then 
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then will F M be always =: P G. For becaufe of the Similar tri- 
angles B Atf, BPG, we (hall have, AB: A^ or AF::PB or ML 
:PG. ButAB:AF::*ML:MF. Therefore PG=MF. .•-**• '3- 

Corollary IV. 

1 ^, "irpRom whence may be reduced a very taCy Method for de* 
X^ fcribing a Conic-Se<aion» when the firft axis and the 
foci are given. 

For if you draw a great number of lines, interfeding the axis 
at right angles, and you make A^!= AFj then if the line B? be 
drawn, and F M be made always equal to its correfpondent P Gj 
the Curve-line, pafling thro* all the points M, will determine the 
Section required. 

N.B. If AB be > AF, the Softion will be an Ellipfis j if 
AB < AF, an Hyperbola j and if AB = AF, a Parabola. 

Corollary V. 

*6. T F the focus F, the ratio -^of the firft axis Aa to the 

■*■ diflance between the foci F,j^ and two points M, N, of 
the Curve are given, the axis and the other focusymay be found 
in the following manner. 

DrawFM, FN, take ML to MF and NE to NF, in the 
given ratio of n to >w, and frMn the Centers M, N, with the ra- 
dii ML, NE, defcribe two circular arches ur, m\ then if thro* 
the focus F, you draw aB at right anples to LE (a tangent to 
thofe arches), and make AF:AB::MF:ML} the point A will 

be * the vertex. If therefore CF =s v, AF = <:, and AC = * v ; . > . ., 

m * ■art \\.. 

then will (CF ± AF = AC) v±f s* -i;, or ^^^^ = i'. 

N. a When «>«, the Seftion will bean Ellipfis j when 
n<m^ an Hyperbola 5 and when n = mt a Parabola. 



_ y 

^ Several 
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Several Conftru6J:ions of the ConicSeBions, when the 

firft Axis and the Foci are given. 



Fio. 3 



Fic. I. 



For the Ellipfis. 



HAvmg faltend the ends ot a thread/ MJf equal to the firft 
axis, in the foci/i F j the Style or Pin M, which ferves 
" Art. II. to keep the thread always tight, will defcribe * in its motion 
about the foci, the Curve of the Ellipfis required. 

Otherwife. 

F I G. 4.. Let two Rulers AF, B/J each of them equal in length to the 

firft axis, have one of their ends faften'd in the foci Y^f] and the 
others A, B, to a third Ruler AB = toF^ fo that they may freo- 
ly turn about the four points A, B, F,/; then the interfedion M 
will be always in the Curve. 

Forbecaufe AB = F/, AF=:B/, the triangles A/F, /AB 
will be fimilar and equal, alio the angles A/B, F A/ are equal j 
dierefore/M = M A, and F M +/ M will always be = F A. 

For the Hyperbola. . 

Fio. 5. Let one of the ends of a Ruler D/^ and of a thread FMD, 

( whofe difference in length is equal to the firft axis A a) be 
faften'd in the fociy^ F, and the other end of the thread to that 
of the Ruler D : the Style or Pin M, which keeps the thread al- 
ways tight, and its part D M always clofe to the edge of the Ru- 

«» An. II. ler, will defcribe by its motion * the Curve MAm of the Hy- 
perbola required. 

In the fame manner, if the end of the Ruler be faften'd in the 
focJus F, and the end of the thread in the focus^ (retaining the 
feme length) you may defcribe, the Curve Nan of the oppofite 
Hyperbola to the firft. 

N. B. When the length of the Ruler is equal to the length of 
the tlwread, the Style or Pin M, will defcribe a right line CM. ^ 

For 
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For the Parabola. 

Faften one end of a thread FM/in the focus F, and the other F i c 6. 
to the end/ of a Square /D E, whofe iGde D/is parallel to the 
axis, and equal in length to the thread : The Style or Pin M, 
which keeps the thread always tight, and its part/M clofe to 
the edge of the Square, will defcribe (by Aiding the Square along 
a Ruler EE) the Portion MAM of the Parabolical Curve requi- 
red. ForMF willbealways=MD = PB=*AP + AF. •>/.„. 

Othermfe. 

Draw a great number of lines M M, mm, interfering the axis 
AP at right angles in P, p, take AB = AF, and make always 
MF equal to its correfpondent PB ; then the Curve-line drawn 
thro' all the points M,m, will be a * Portion of the Curve of the • An. ij. 
Parabola required. 

Otberwifefor the Ellipjis or Hyperbola. 

Take the line fD equal to the firft axis, and from the focus/F i o. 7, t. 
as a Center with the radii /N,/N, defcribe a great number of 
circular arches MNM interfering the line/D in N, N, : then if 
the lines F M, F M are made always equal to their correfpondent 
D N'» ; the Curve-line, paffing thro' all the points M, M, will de- 
termine the Seftion required. ForyM = /D zp D N, or (/M ± 
DN)/M ±FM =/D == to the firft axis. 

Problem I. 

17. ^ |"t O draw a hinCy which Jhall touch a Comc-SeSlion in a 
\ given point M. 
From the foci F,/-f- draw the lines FM,/M, and take ML = F. 14,15,16, 
MF J then the line MD perpendicular to the line FL joining the 
points F, L, will be the Tangent required. For if lines are drawn, 
from the fe)ci and from the point L to any other point m of the? 



f In the Parabola, tlic point or focus is taken any where in- the line L M, which pafley 
thro^ the point of conta£i M parallel to the axia. 

line 
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line MD ; then will F m = Lm, becaufe DL = DF ; therefore 
fm db F M orym db L m will be always greater than fL =/M 
• Jrt. II. zh:FM=*2tf ; and fincc there is but one point M in the 
line MD, from which two lines may be drawn to the foci, 
fuch that their Sum in the EUipfis and Parabola, or their diffe- 
rence in the Hyperbola, be equal to the given line 2ai it follows 
that the line M D only touches the Curve in M. fF. fF. D. 

Corollary L 

1 8. X T is manifeft, that the angles /M/, FMT, made by any 
X tangent, and by the lines drawn from the foci to the point 
ofcontaft, are equal: Since F M = M L, andFD=;DL, the 
angle FMD will be equal to the angle DML =/Mr. 



Corollary If. 



• -4r4.il. 



Ecaufe/M = *tf + ^- , in the EUipfis and Hyperbola, and 

/L =c 2 tf,/F =s 2 </. If from the point of Cbntad M, 
the line M K be drawn at right angles to the tangent, interfedting 

• F. 14. i6. the Axes m K, k j then * will /L:/F::/M :/K = ^^^+ ^^^- 

• Art. 4. Therefore i/Pi+r/K = KP = ^£^x» = ♦!£« ^tl. be- 

caufe — =^^» 

Corollary IIL 

20. T TEnce, if the tangent MD be produced fo as to meet the 
-TX axes inT, /; wefliallhave, i.^ KP (^^ PM (y) :: PM 



•jri. .. (;,):PT = ^ = =ffililfL}becaufe*J?jv>r=±:tftfq:««.2.0CP 
:aP::AP:PT. («:tf + «::H:tf3:«:~^^f^i becaufe CPx 

U 

PT=aPxAP.3.o -HCP:CA:CT;becaufeCP±PT=^=2 
CT. 4.*> CP:CA::AP:AT}fincc±CTHiCA = AT = 

i££f£ff:5.°TA:Ta--PA:Pa:(±llip«:lf+^::±^H=« 



(yCoKIC-SECTlaNS. Ij 

ia+u% becaafe TAxPa = TaxP A. 6.° And TPxPC=rAPa, 

baaznuu. 



finccPT = 



Corollary IV. 



21. T F from the point of contact M, be drawn the Semi>ordi- 
X nate Mp to the fecond axis ; we fluU have PK:PM:: 

pM:pk«lr. Andpk:pM::pM:pt«^=££3i22,be- 
csm&:iityy^aa''uu. Therefore ptdbCpa:Ct«:^aa^ 

MTlttnce it appears, that the properties of die Tangeats are the 
iaooe. with re^r d to^ both the Axes. 

Corollary V. 
2^. TJ" Ecaufe TA:Ta::PA:Fa. When; Pa becomes infinite 



Xj^and alfo ss«Ta, it b evident, diat T A becomes mPA; * Bfih Pt/t 
and the Ellipiis then becomes a Parabola. J^- 

Otberwife. 

Since the angles FTM, FMT(=«/Mt)are equal; FMes*x • Art. u; 
+ f/wiUbea»FT. ButAFasti^} dieteforeFT— AFssxaa F<o- <5r 
AT. From whence it follows : 



23. Becaofe of the right angled fimilar Triangles KPM, MPT» 
we fliall haveTP:PM::PM:PRxs^»/, ^cttpx^yy. 



2. 



2X 




24. The Tangent AD drawn thro* tlie vertex A, will meet 
thetangent MT in the £une point, as the line FD drawn from 
die fo^ perpendicalar to MT. For becau&FMnFT; FD 

E biieai 
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bUedlsMT. Andfince PM, AD are parallel, and AT a:: AP 3 
AD does likewife bifeft M T. 

25. The perpendicular FD is a mean proportional between 
FAandFMs finceFA:FD::FD:FT = FM. 

Corollary VL 

Fio. 17, 18. 26. X N the Eliipfis and Hyperbola, if the line CN be drawn 

X parallel to the Tangent M T, and from its intededion N 
with the Curve, and from the point of contaA M, be drawn the 

Semi-ordinates NQ, MP to the axis Aa j then will CP = AC 

CQ;_ For if CQ=:v,QN =a?, the fimilar triangles TPM, 

C QN will give, (fP :' PM : :CQ*2^Qn') * :taaqiuu:(yy) L x 



• jtt. 20. 



U M 



jt-t. f. ±aa^iuu\\vv\lzz)^ Exaa'iiLvv^ or zhaazfzuu: uu::vv: 

a 

aa^ivvi and by compoiition in the EUipfis, or by diviiion in 
the Hyperbola^ aaiuuiiaaiaa^zvv. Tncrefort uu ssaaI^zvv. 

Corollary VII. 



27. f fEnce d; -^yy = {aa^uu):±:vVy ov—yy ssvv^ and 



H 



—zz:=i(aaz^vv)uUyOT—zz=iUti^ And becauie 
t t 

ps=itli—yy = vv will become ~f y r as vv.or ^y=3U and ^=«. 
Likewife -^ X « ss ^xi;,or «v=avaf: and^x»;sifcyjr = «« 

ho bo 

jH. 26, vv SB! *tf tf, or as 2 :!Lyy =ibb. 

Corollary VIII. 

28. TF the linesyd, FD, are drawn from the foci perpendicular 
J. to the Tangent M T } the Re£bingle/d x F D will be equal 

—1 

to the Square BC of the Semi-fecond axis. For let the line D C 
meet d^^ produced if neceilary, inEj then becaufeC/ssCF^ CD 

will 
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vUl be = CE, and /E =s FD = ♦DL: alfo D E will be panllel • Jn. .7. 
and equal to /L = * A a. Thcrefofc the circular drcumferenoe • j^ 
defcribed from the center C with the radius CA, will pais thro* ' *^* 
die points E, a, d, D, A j confcquently E/x/i^ or becaufe E/= 

FD,/dxFD=a/A = *BC. •^/.4. 



COROLLARV IX. 



29. T F the lines/M, FM, are drawn from the foci to any point Fio. 19, 20, 
X of tbc Curve, and the lines C N, f L, parallel to the tangent 

at M, interfc<aingyM in E, Lj then will EM = AC. For/C be- 
ing = C F j /E wiU be =:ELg /M[q:ML. But becaufe the 

1 

angles made by the lines/M, FM and the tangent, are * equal?. • Art. 1%. 
the triangle MLF will be ifofceles: alio ML sssMF. Therefore 
ELdbML = *AC = EM. •^.,,. 

Corollary X. 

30. T F Cr be drawn perpendicular to the tangent TMjthco will Fic. t^, i8w 
ABCxAC = CN)cCr.For NC:Nqi«):: CT*(£f ) :Cr. • jrt. «. 

orCNxCr=:^tftf = 4^, becaufe« = »^- f^.ar* 

m 

CoROr-tARV XI. 

3i.TrF/M = r,FM = *; then wiU ri* = *2tf. and/d = • ^/. , ,; 

A ^. FD=ii, Cr = 4i. For/M:/d'.:FM:FD=; 
•ri ^ Vrs vrs ^ 

/dxFM ,and B C = *fd xF D j therefore F D sa BCxFM = ^^i • jrt. a, 
/M '™' — 

=5—, or F D = -_^ and/d = — ^ — = _4. L«» u^vouk v, r, 

Ed are parallel and DC= *DE} Cr will be =*Ed=B*.^ ^g 
/d±Fp_,^r±^^£^ AlfoCN=y;:;orCN=/MxFM, 

Vrs Vrs 
be^ufe CNx Cr = * tf *. It follows Ukewifc, that FMxBC = • ^. >x 
FDxCN, and/MxBC =r/dxCN. 

COROL" 
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CoitOLLARV XXL 



FiC. 



^15. Tf F thro* the point of Contad: M (tbe reft as before) the 
I, 22. Jl line MK be drawn at right angles to the tangent MT, 

and meeting the axes in K^ k ; then will F K = — , and/K 2=:— 1 
For/L:/F::(ML)MF: FK = ^: :/M:/K = ^. And 
MK = A^^Mk = i.*^'^ : becaufc/L : LF (=x 2FD)::/M: 
?-**.«9. MK=*V7]JrandKP«(>f^):PC(«)::MK:Mk=i.v77. 

pa f 

But if from the points K, k, the lines k g, Ka, are drawn at 
right angles to dither of the lines y*M» or FM; we (hall 
have Ma =^, in the three Cbnic-Sedtions, and M ^ " * 

EUipfis and Hyperbola. ForyM:/d:;MK;Mtf: 




Corollary XIII. 

Fie. «3,t4' 33.Tr F the tangents (the reft as before) drawn thro* the ver« 

J[ ^^ ^^t o£ tp&firft axis, meet the^ tangqit TM, in 

•jr4.2o. E, cj then wiUAExac wBc' For TP:PM::*j^:^: : Ta 

•■4— n n -1— 1111 . . ^ _ hl% 



Thcrcfotc A E X ae s=>> f>x —^^'H-"" ^ap^ 66, becaofe *=_, 

93 «, 



a 



• jrt.t. and t.yy ap* dt tfii ip « ». 



Go&OLLARY XIV. 



•i*<.4. ^TYEcaufcA£xae=aBC,ancl(d:4tfq;</</=s*^*) AFxFa 

• jrt ti. ^ =BC =! ♦F Dx/d ; it follows that AExae « AFa a 

•^10 FDx/d- Likcwifc TExMcasTcxME, fincc ♦ TA:Ta:: 

~ * * PA; Pa. 



Thsoi=em 
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THEOREM II. 



A' 



Fic. 9, 10. 



faid Center. 

For if CP = Cp, the femi-ordinates PM, pn, to the axis Aa, 
and alfo the fimilar triangles GPM, Cpn, will be equal There- 
fore C M = C n : and becaufe CP, C p, are in a right line > CM, 
Cn. will be alfo in aright line. JF. W. D. 

Corollary I. 

36. T TEnce, any line as M m terminated by the Curve of an F«c« as» *6« 

J[7jL Ellipfis or Hyperbola, and parallel to the line A a pat 
fing thro* the center, is bifeded by the line B b pafling likewiib 
thro' the center, parallel to the tangent/^ in A. For if the line 
mN drawn thro* the center meets the Curve in Nj the line join* 
ing the points M, N, will be bifedted by the line A a, and alio 
parallel to the * tangent efy or parallel to the line Bb by Hyp. * -^^. «o« 
Therefore, becaufe m C = C N ; mQjvill be always =5 QM. 

When the center C of the Ellipfis removes at an infinite dif. F « o* 26. 
tance, it is evident that its diameters become then parallel be- 
tween tHemfelves ; but the Sedtion will then be a Parabola, and 
the diameters will ftill bife£t their Ordinates, as it eafily may be 
proved fi'om the 3d Prop. From whence it follows: 

T*hat all the Diameters of an Ellipjis or Hyperbola^ pafs thro* and 
are bifeSled by the Center 5 and that in the Parabolay they are all 
parallel to the axis. 

Corollary IL 

3^. T^Ecaufe each diameter bife£ts its ordinates ; It follows, 
J3 ^^^ ^ ^"^ bifedting two parallel lines terminating in a 
Conic-Se£tion, will be a diameter. 

Corollary III. 

q8.'*r TEnce, in a given Conic-Scdion, may be drawn a Dia- 

J[ X nieter, which (hall make a given angle with its ordi- Pic. 27, zt. 

F nates. 
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nates, iFor if in the EUipfis or Hyperbola, you deicribe npon z 
given diameter mM as a chord, a circular arch MLm, fo as to 
contain the given angle : the line Aa or Bb bifeding the chord 
ML or Lm, drawn thro' the interfeftion of that arch and the 
Curve, and pafEng thro* the center C of the Seftion, vr ill be the 
diameter required : Since ML is an ordirute to the diameter A a, 
and the angle M P C is equal to the given angle M L m. 
F I e. 29. But in the Parabola, draw the line ML fo as to make with 
the given diameter M m, the given angle ; then the line A C pa- 
rallel to M m, will be the diameter required. 

T H E O R E" M IIL 

39. T" Ftbi line P M ^^ a femi-^dinate to the diameter A a eonju' 
Fto, 31,32. X S^^^ '^ ^ ^» ^^^^ "* ifPMBe parallel to the tangent AT: 

J fay, the Proportion P M : A Pa:: BC : A C a: p: A C, et^ejes 
Uknvife the properti«i of any two conjugate Diameter i with regard 
to their ordinates. 

From the points A, P, M, B, draw the lines AS, P D, M Q, 
B R, perpendicular, and PE parallel to the axis N o, and make 
CD = r, PE = J, CS = «, S A =_y. Then bccaofe of the fimi- 
Jar triangles T S A, P E M, and CD P, CSA, wefhallhave 

• Art. 20. TS: S A :: y : p*L::VE:EM==pli* D P = QE = £-^ : alfo Q^ 

^QE+EM^p^+^j,CCl^PR:^CU = szf:r. Now 

iiibiUtuting thefe analytical values mto the Equation of the Curve 

• J^/ 1. * ± JOP^CN-CQ^it will become ±p!^±^yy ^ 

aa^^ss — rr, and fiibftituting for 1^1/ in the firft term, and for yy 



in the iecond, their values taken in the Equation ± —yy ^ aa 
'^ttu, we ihall have ± *—+ — =s i, after the ledudJon done. 

ayy u u 

• Art. 27. Therefore PE*: ± CS q: CD : : CR (« -yy)-, Cs7 or becaufe of 

• Art. z. the fimilar triangles, PM ; ±CA:p CP or APa :;"CB iCk : : * 

/>:AC 

la 



Itafrl. 
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Inth» Ellipfis, if CCtJ)e made sr— -i, inftead of being 
r= i — r 5 the demonftration will ferve for the cafe, where the 
femi-ordinate MR falls between the center C and the line PD. 

When Aabecomes infinite^the proportion will be P M ; AP x 2 AC 

::p:AC, or a/xAPasPM* and the Sedion * MAN will^'^- J^ 
then be a Parabola. 

Otberwife. 

From the vertex A of the diameter AP, and from the extremity 
M of the femi-ordinate MP to that diameter, draw the lines A E, 
MK, perpendicular to the axis BK, and the tangent AT, meet- 
mgthe axis inT: thenif AE=j^, BE = x, BK = v, YLM^zy 

wefhallhave2/x = yv, 2^v=:2?2?, ET = *2x=J-:?L AT = * -*'• ^.*- 
2px{yy) + j^xx^ EK^u^x= ^fJZZZ:and becaufe of the 
fimilar triangles,AE:ET::ML(KM-AE) : LPs^^lllZ^'; al- 
fo EK — PL=AP = g— ^,or 2/xAP = ML*: ThcrcforeAE: 

AT::(ML)2^xAP::PM=APx2/> + 4X. But 2/ + 4xex- 

preiles a given line ; confequently the Squares of the Semi-ordi* 

nates to any diameter of a Parabola^ are as their correipondent 

abfciifes. 

Corollary I. 



40. 



Articles 



BEcaufe, the 5*** 6"*» and. 8"* Articles are coniequences 
drawn from the properties of the axes expreffed by the 

Equation ~yy ^zzax^ixx, and as that Equation is equally trae 

/ • rf* ** 

with regard to any two conjugate diameters ; k follows that thofe 

confequences are alio true with regard to any two conjugate dia- 

meter$» 

Corollary II. 



4.g 



Ecaufe in the Parabola PM = AP>c 2^ +4*j it follows, ^ »<»• 3^ 
that the parameter (2/ +4^) ^ any diameter A P is ec^ual 

tc» 
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• i*-/. II. to four times thediftance * of the focus from the vertex of that 

diameter. 

Corollary III. 

42. X F from the extremities m, N, of the femi-ordinates raP, 

J^ N Q^to the diameter A Q, the lines m H, N F, are draWh 

parallel to the axis, meeting the tangent in H, F ; then will 

AH:AF::Hm:FN. ForAH = Pm, AF = QN, and Hm 

• ^^' 41. =s AP, FN =5 AQ^ and becaufe Pm : QN: : * AP: AQ^ it fol- 

lows that *AH:AF::Hm:FN. Which fhews. 

That, the Lines H m, F N, parallel to the axis terminated by 
any t ardent and by the Curve of a Parabola^ are as the Squares of 
^ the correjpondent parts of that tangent taken from the point ofcon^ 

' taSf. 

Scholium. 

F X 0. 33. !• T -F i^ t^ ^i^ AQjoucbing the Parabola AM in A, the parts 

X A q, &c. are taken in an arithmetical progreffion^ the lines 
qm, qxxiy parallel to the diameter AP, terminated by that taf^ent 

and the Curve j will be as the Squares A q, A q, wbo/e Sides are in 
an arithmetical progrejjion ; and as the Space A M Q^^^^y ^^ ^^^'' 
ceived to contain as many of fuch lines qm with an infinitely JmaU 
breadth^ as there are points in the line A Q^ it follows that the Space 
A m M Qjnay be founds in the fame manner as thefolidity or con- 
tent of a Pyramid is found : that is {drawing M D perpendicular 
to M Q^r A P) by multiplying the greateft line QM or the bafe, 
by the third part of the perpendicular MD, which exprefles 
their number, viz^ M (^jM D r= A m M Q. 

II. Becaufe the outward Space A m M QJsthe third part of the 
circumfcribit^ Parallelogram A P M Q^ it follows y that the inward 
Space Am M^P, will be two third parts of the fame Parallelo- 
gram. 

III. If the parts Ap, of the diameter are taken in an arithmetic- 
cal progrejjton^ the Squares made^ or the Circles defcribed by the femi^ 
ordinates p M, p M, will be in the fame progreffion. Therefore^ ' the 
Solid generated by the rotation of the Space AMP about the dia- 
meter AP, may be found, in the fame manner as the Surface of a 
Triangle isfoundy that is, by multiplying the Surface generated 

by 



P/a/fII,f, 











r 
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by PM^ or the baie of the Solid^ into half the perpendicular 
height Md. 

If Md=:;?,PM=r^, andc =ss to the circumference defcribed by 
the radius MD ; then will 2. exprefs the Surface defcribed by the 

line P M, and ^J^ will exprefs the Solid required. 

If the Exprejjion i!2. be taken away from the Exprejpon i^ oj 

the circumfcribing Cylinder^ we Jhall ha've i^ for the exprejjion 

of the Solid generated by the outward Space A Q^, revolving about 
the fame diameter A P. T'herefore the two Solids are equal. 

PROBLEM 11. 

43. ^Tp O defcribe an Ellipjis^ or Hyperbola^ when any two con- p,Q - . 

JL j^g^te Diameters A a, Bb, are given in pofition and 
length. 

Draw a great number of lines MM, mm, &c. parallel to 
either of the Diameters A a, and from their intcrfeftions P,p, &c. 
with the other, draw the lines PQ pq, parallel to the line join- 
ing two extremities A, B, of thofe Diameters ; then in the El-^ 
lipfis, if from the center C, with the radius CA or Ca, you de- 
fcribe the femi-circular circumference A Da, and you make 
always P M = to the correfpondent femi-ordinate Q^ of the 
Circle: The Curvi-linear Figure AMBamb will be the El- 
lipiis required. 

For the fimilar triangles CAB, CQP give CQ^^^^^^' 

BC 

and the property of the Circle (qn) PM = AC — 4~^* 

_ BC 

or PM:BC — CP::"AC:Bd 

In the Hyperbola, if the line CD be drawn perpendicular 
and. equal to AC, and PM, pm, be made always equal to their 
corre^ndent QD, qD : the curvilinear Figures MAm, Mam, 
will be the oppofite Hyperbola's required. For becaufe of the right 

G angled. 
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ACxCP 

angled trianglcCQP, (qS) PM= AC(cd)+ ^T'or 

BC 

P^ : BcVcP::Ac':Ba 
Fic. 36. In the Parabola, if the parameter AB of the diameter AP, 
and the angle A P M contained by that diameter and its ordi- 
pates M M, arc given. From the centers C, C, taken at plea- 
fure in the line BP, and with the radii CB, CB, defcribe a 
great number of circular arches BNP, Bnp, and thro' their 
mteriedions P, p, with the diameter, draw the lines MM, m m^ 
fo that the angles MP B, mpB, be equal to the given angle; 
then if the line An perpendicular to Ab, interie<fts the circular 
arch in N, n, and you make always P M equal to its correfpon- 
dcnt AN, the curvilinear Figure mMAMm, will be the Para- 
bola required. For by the property of the circle, BAxAP =^ 

( AnHi. W. fF. D. 

THEOREM IV. 

Fic. 37, 38. 44. ^-pi HE Parallelogram HG, wbofe Jides touch an ElUpJk 

JL or the conjugate Hyperbola's in fucb a manner y that the 
points ofcontaB may be joined by any two conjugate diameters Mm, 
N n, will be always equal to the Re&angle made of the two Axes 
Aa, Bb. 

From the center C let fall a perpend kular Cr upon one of the 
fideS) as H M ; then becaufe the diameter N n is parallel to the 
• Art. 30. tangent HM, we (hall have CNxCr = *C AkCB. Therefore 
(4CNxCr) MNmnrrrAaxBb- 
THEOREM V. 

45. Mri HE Sum in the EllipfiSy or the Difference in the Hy^ 
Jl perbola^ of the Squares of any two Semi-conjugate dia- 
meters CM, CN, is always equal to the Sum or Difference of the 
Squares of the Semi-axes^ CA, CB. 

From the vertex's M, N, of thofe diameters, draw the 
femi-ordipates MP, N Q[^ to the firft axis A a s then will 

•>/. 26. CM=yy+uu^ and CN=zzZ'^{w^y^:izaaijiiuu. Therefore 
•>/.a7. ai±cfi^i^i±aa,h€aiukzz±yy=m. THE- 
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THEOREM VI. 

46. 'TN fbe Ellipjis or Hyperbola^ if any right Une M N inter^ Fic. 39, 40* 

J[ JeBs a diameter D d within or without the Curve : the 
ReStangle of its parts ML, LN, terminated by the Curve ^ and that 
interfeBion L, will be to the ReStangk of the parts D L^ ^^^ of 
the diameter y terminated likewije by the Curve^ and the interfe^ion 
L, in a given ratio, that is {drawing the femi-diameter B C parallel 

to the line Mhi)MLN:DLd:: BC : DC. 

Through the middle P of MN, draw the diameter A a, and 
from the vertex D of the diameter D d, the iemi-ordinate D p 
to Aa, Then if Cp=Vy pD=z, we (hall have *yy=::izapz^ • -<fr/.39» 

^ — , zz=:hap^i^—^ And becaufe of the fimilar triangles 
a a 

CpD, CPLjPLwillbe=— . Alfo;^— — a;^: = MLN, 

V w 

when the point L falls within the Curve ; or fubftituting the * ^^- ^ 

values of yy, zz, zizbbzr: = M L N, becaufe * ap=z bb. 

w 



Therefore MLN:BC::±Cp:;iCP:Cp::ifcCDq:CL=DLd: 
DC, orMLN:DLd::BC:DC. W. W. D. 

By changing all the Signs, the Proportion will ferve for the 
cafe, when the point L falls without the curve. 

If Ld becomes infinite^ and alfo = ^ D d, the Proportion will • BjAif^ 

become MLN:DLx2DC::Bc':DC, or MLN:2DL::BC:DCi'*^- 
and the Se£don will then be a Parabola. 

Otherwife. 
Becaufe* 2/xAP=PM^ and 2/xAp=PD=PL; we (hall • ^. j j. 



have(±APqpApx2>^=:zfcPM:pPL)or2/xDL=MLN.Fio.4i, 
Therefore MLN:DL;;2/:k 

Cor. 
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Corollary I. 

F«c. 39, 40. 47, TJTEnce, if the line mn parallel to the femi- diameter 

XrX RC, interfe<a8 the diameter Dd in the lame point L, 
as the line M N, and is terminated by the curve in m, n j then 

will MLN : BC :: mLn : RC :: D L d : DC, in the Ellipfis, 
•Fig. 41. and Hyperbola, And if y*be the parameter of the diameter 
belonging to the ordinate mn 5 then will M LN : m L n :: p : q :: DL: i , 
in the Parabola. 

Corollary II. 

F. 39»4€>.4i- 48. XN any Conic-Sedion, if the line H,K, parallel to the line 

X ^^> interfedts the curve in H, K, and the line MN in E ; 
then wUl MLN:mLn:: MEN: HEK. For,becaufe MLN 

•-^/. 47, :mLn ::* BC:RC, oT::p:gi when the line mn falls upon 
the line HK, the line Lm will become =EH,Ln=5EK, ML 

=:ME, andLN=EN: Therefore MEN: HEK:: BC:RC. 
or ::p: q. Confequently MLN : mLn :: MEN : H EK. 

Corollary IIL 

F I o. 42. 49. T N any Conic-Seftion, if the line DP (the reft as before) 

X parallel to the lines m n, H K, touches the curve in D, 
and meets the line MN produced in P; then will MLN : mLn 

:: NPM : DP. For if the line HK be conceived to fall upon 

the tangent DP; EH will become =EK=DP, EN = PN, 

• Jrt 4« ^^^ EMcsPM. Therefore the proportion * MLN : mLn :: 

MENiHEK will then become MLN : mLn :: NPM: 

DP. 

50. Hence it follows i.^ If the line BO parallel to the line 
NM, touches the curve in B, and meets the tangent DP in O ; 
by conceiving the line NM to fall upon the tangent OB; then 

vnW MLN : mLn ;: BO : DO. 

2.^ 
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2.^ If the line AR parallel to the tangent DO, touches the 
Curve in A, and meets the tangent OB in R s by conceiving the 

lines HK, MN, to fall upon thofe tangents ; then will B O : DO 

::BR:AR, or BO: DO:: BR: AR. 

3.^ If the lines nm, KH produced, meet the tangent OR in 

G,F; we Oiallhavc i.^ HFK: mGn ::"bF :"gB. 2.^ OB: 

DO::NEM:HEK. 3,^ mGn: GB :: DO : OB. 

THEOREM VII. 

5 1, nr JV any Qmic^SeSHony if from a point T taken in a diameter Fic -43, 44. 

X A a, produced ifneceffary^ you draw a line Tm, interfeSl^ 

ing the Curve in two points H, m, and from tbofe points tbi ordinates 

H K, m n, to that diameter : I fay the line pajfing tbro* the other 

extremities n, K, of tbofe ordinates^ will meet the diameter in the 

fame point T. 

For let thofe ordinates meet the diameter in p, Qj^then will 
Qm=Qn, pH=pK; and becaufe of the parallel lines mn, 
HK, we (hall have QLm — jpH: Qp:: pH: pT, and Qn — 
pK: Qp :: pK : pT. Therefore, fince the three firft correipon- 
dent terms of the two proportions are equal, the fourths will 
alfo be equal. W. W. D. 

Corollary I. 

^2. TT TEnce, when the line Tm becomes the tangent TMi 
XTX the line T n will likewife become the tangent T M ; 
and the line joining the points of contact M, M, will be pa- 
rallel to the lines mn, HK. 

THEOREM VIII. 

53. "T Say the parts THyTmy of a line drawn from the point 
X of concourje T g/* two tangents to any Conic-SeBiony ter^ 
minated by the Curve and that pointy are always to each other 
as the parts rH, rm, of the fame line terminated likewife by the 
Curve and by the line joining the points of contaB^ viz. TH : 
Tm:: rH: rm. 

H Let 
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Let the liaes nm, KH produced, meet the tangent TM ia 
G,F. Then bccaufe of the parallel lines Gn, MM, FK, we 

fliall have TF :TG :: HF:mG:: FK : Gn, or "tF : TG :i 
^,.50. HFK:mGn::*"MF:MG. Therefore TF:TG;:MF: 
»'. 3 ' MG; or TH : Tm :: rH :rm, fT. JF. D. 

Corollary L 

tA XT THen the line Tm ^Is upon the dJaoieter Ta i then 
W wiU TH bccome=:TA, Tr=TP, and Tm » 
Ta. Therefore T A : Ta :: P A : Pa. If CT -a/v the propor* 
tkm will give, «— tft«+tf ::<»—« t^+«, ct aaxtnu^ that is,. 
.^iCP :CA : CT> in the EllipOs and Hyperbola^ and TA=AP 
in the Paratwk } becuiie Ta and Pa becocoa infinite,, and alia 
cqoal in diat cafe. 

Corollary II. 

« 

f #. 'ypRom whence may be deduced in the fame manner as 
J/ m the Article 20^ (retaining the iarae nomination) the 

folloynng eipreffions : PT= -+-^-^*^ AT« ^ ^ * 

»-i t/tj -^ /t/i ^r- mat 9'9'.T- w-^hh —^ 



At. Si. 



j^srtHK, andPeT5»APT» 

Corol la&y in.. 

c6. T) Ecaufe TH : Tm t: Hp (pK) : mQ^and H r r rm :r 
JJ Pp: P <;Li ^ follows that pK : mQ^:: Pp:, PQ,. 
fince * TH : Tm :: Hr : rm. Therefore the adjacent fides of 
Ac equal angles m Q^, KpP being propordonal, the triangles 
mQP, KpP will be fimilar j and as the fides QP, Pp. are 
in a right line; the fides UrP, PK» will be likewife in. a right 
voe» 

I 

C«Ri 
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CoroilaryIV. 

57. y F thro^ the point T, be drawn a line TV paraDcl to the 
J^ ordinatcs MM of the diameter A a, and the line mK^ 

produced if ncccflary, meets T V in V : it is evident that the 
Une mV, is divided in the points V, K, P, m, in the lame pro- 
portion,, as the line Tm, is in the points T, H, r, m, was. V K t 
Vm::PK:Pm. 

COKOLLARY V. 

58. T TEnce the parts V K, Vm, of any line drawn thro' the 
Jtx point P» mtercepted between the Curve and the liner 

TV, arc always to each otner,, as the parts PK, Pm, intercepted 
between the Corvt and the point P; For it is plain, (by fuf^find 
the lines m V, mT, to revolve about the points P, T) that wfailft 
the interfedtion m^ pafiesover the archMaM, nam, the inter* 
fe£tioa V will pais over all the points of the Mne TV. 

COROELARY VI. 

59* T^ ^^^°^ ^y P^^^ ^ ^^ ^ line TV, (the reft as before) 

X there be drawn two tangents Dm, DK^ to the Section j ^'®' +5^ 
the line mK joining their points of contadt, will always pais 
thro' the given point P. For,, conceiving a line drawn thro' the 
points D, P ; it is plain that its parts terminated by the point 
D and the CUrve, are to each other, as thoie terminated by the 
point P, and the Curve. Therefore the line m K v^ill pafs thro' 
the * point P- • Art. 1%. 

C0ROLL.ARY VII. 

#0. ^Tl H E One H d touching the Sedion in H, will meet the 
X line P M produced,, in the iame point t, as the tangent 
mD. For becauie of the parallel lines tM, HK, TD, the lines 
TD, Td,. will be equal, fince pH=:pK; and TH : Hr :: Td 
:rt ; likewife Tm : rm \x TD : rt. But * TH : Hr :: Tm : • jtn.^^^ 
rm ; therefi>re Td : rt :: TD : rt. Coniequently, fince the 
antecedents Td, TD, are equal, the confequents are. alfo equal. 
I^som vdience we deduce the following^, T U£^ 
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THEOREM IX; 

6i. TF upon a Diameter A a of any Conic-Seftion, produced 
X if ncceffary, there be taken the points P,T, fuch that -::- 
CP:CA:CT, in the EUipfis or Hyperbola, andAP=AT in 
the Parabola, and the lines Pt, TV, are drawn parallel to the 
brdinates of that Diameter ; the line joining the points of con- 
taft of two tangents, drawn from any point of the line DT to 
the Seftion, will always pais thro' the given point P ; and the 
line joining the points of contadt of two tangents, drawn from 
any point of the line P t, will always pafs thro' the given point T. 

THEOREM X. 

62. ^T^ HE Tangents drawn from the points T, t, taien in any 
Fic.46,47. Jj^ Diameter of an EUipfis or Hyperbola, equally diftant 

from the center C, will form a Parallelogram D tdT. 

Through the points of contacft draw the ordinates Mm, Nn. 
• Jrt. 54. Then becaufe * ~CP : CA : CT, and ^ CCtLCa: Ct, and 
CT being=Ct, C A=:Ca ; the abfeifs CP will be equal to the 
abfeifs C(^ Therefore PM=Qji, and PT=Qt^ But be- 
caufe the fides TP, PM, and tQ Qn, adjacent to the equal 
angles TPM, tQji, are equal; the triangles TPM, tQn, will 
be fimilar and equal; and as the fides TP, tQ, are in a right 
line, the fides TM, tn, will be parallel In the fame manner 
will be proved, that the fide T m is parallel to the fide tN. 
W. W. D. 

Corollary L 

63. ^TpH E parts DM, dn, or TM, tn, between the points of 

JL contaft, and the oppofite angles of a Parallelogram, 
whoie fides touch an EUipfis, or the oppofite Hyperbola's, are 
equal. For TD=td, and TM=tn. Therefore DM=dfl. 

COROLLARV !!• 

64. ►TpHE Diagonals Tt, Dd, of a Parallelogram, whoie 

JL fides touch an EUipfis, or the oppofite Hyperbola's, 

will 
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win be two conjugate Diameters. For bccaufe MP=:NQ, the 
line N M will be parallel to QP, and the triangles ND M, t D T, 
will be fimilarj therefore, fince D C bifcfts tT, it will likewife 
bife<a NM, as well as nm 5 and confequently will be the con- 
jugate diameter to A a. 

THEOREM XL 

tj^.^ F a line LS interfeSs two tangents TA, TC, to any ^' ^^A9»S^* 

j[ Conic-SeSiion ; I Jay^ the Squares of its partSy terminated 
by thofe tangent s^ and the line A C joining the points of contaff 
will be as the Re£f angles of the parts of the fame line^ terminated by 

—1 —a 

the Curve and the tangents^ viz, SN : SL :: RNH : HLR. 

From the point L draw the line L F parallel to the tangent 
TC, meeting the Curve in E, F, and the line AC in K 5 dien 

will ELF : *LA :: TC ; TA. And becaufc the lines LK,'^/.so. 

TC, are parallel, v^e (hall have LK : LA :: TC: TA j alio 

LK=:ELF. Therefore (CN : rSCrrELF ::)Tn :SL :: ♦•^/. 50. 
RNH: HLR. W. W. D. 

N. B. When the line L R becomes a Diameter in the Para* F » o- 49- 
bola, it will meet the Curve only in one point H; therefore 
NR, LR, will become infinite and equal in this cafe. Confe- 
quently the former proportion will become S N : S L : : R N 
xNH:HLxRN:NH:HL. 

COROLLAJtV L 

66. T F the line L S, inftead of interfering the Curve, only 

J[ touches it in B, that is, if the line LS becomes the tan- F i o. 5<i. 
gent IS5 then wiULH become = LR = IB, NR=NH = nB, 

and SH=:SR=SB. Therefore Tn :"sT' : : Bn:Bl, or Sn: 
Sl::Bn:Bl. 

Corollary IL 

67.rpHE Diagonals MG, LN of a Trapezium MNGL, 

JL whofe fides touch any Conic-Seftion, will interfed eadi F*^. 51, sj. 

I other 
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other in the fame point S, as the lines AC, BD, joining the mv- 
pofite points of contaft. For let the diagonal L N interfea the 
Curve in H, R 5 then the fquares of the parts S L, S N, of any 
line as LN, terminated by two tangents LA, NC, and by the 

• jrt. 65. line AC joining their points of contact, will be as the * reftan- 

gles HLR,RNH,that is,RNH : HLR :: SN*: SL^'o f/RN H 

:/HJLR : : S N : SL j and by compofition /kNH + 

i^HLRrVHLR :: LN : SL. But the fame proportion will 
hold good with refpeft to the tangents LB, ND, and the line 
B D joining their points of contaft : Therefore, fince the three 
firft terms are invariable, the fourth muft necef&rily remain the 
lame. The lame thing will be proved with relpeft to the dia- 
gonal M G. 

Corollary III. 

68. XF the lines, joining the points of contaft B, C and A, D, 

X are produced, they will meet the diagonal L N, likewife 

produced ii neceflary, in the fame point E. For we fluU have 

• Jrt. 65. *EN :¥l :: RNH : HLR, for both the lines BC, and AD. 

And becaufe RNH : HLR ::SN : SL :: EN : EL; it follows 
thatSN:SL::EN:EL. 

N. B. The line KT, joining the two interfeftions of the four 
tangents falling without the Seftion, will likewife interfe£t the 
diagonal NL, in the lame point E, as the lines DA, CB pro- 

• Art. SI, to, <luced. For we have proved, * that if four tangents AM, MD, 

B G, GC, interfea two by two each other in a right line M G ; 
the lines DA, CB, joining their points of contact, are divided 
by their interfeftion E, and by the line MG, fuch that EA : 
ED :: An 2 nD, as alfo any line drawn from the point E, that 
is, EH : ER :: SH : SR. But this is Ukewife the property of 

• ^/. 61. ^* ^^ K T : therefore &c. 



Fig. 52. 
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THEOREM XIL 

69. XF two paraltellines NM, LE, are terminated by the Curve 

X gf ^ Parabola i the ReBangks of their parts^ terminated by 

the interJeSiiom of any two diameter i bD, mF, are as the parts of 

tboje 
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tbofe Diameters^ intercepted between their verteo^s b, m, and tbojk 
linesy viz. mF : bD :: MFN : EDL. 

Let / be the parameter of the diameter A P, belonging to the 
ordinates MN, EL; then will /xmF =* MFN, and /xbD* -*'• ^^ 
=EDL. Therefore/xmF :/xbD::mF:bD ::MFN: EDL. 
W.fV.D. 

CoROLLARr I. 

70. X F the line AH parallel to the line NM, touching the 
X Parabola in A, meets the diameters bD, mF produced, 

in R, Q ; then by conceiving the line L E to coincide with that 

tangent, we (hall have mF : bR :: MFN : AR. And conceiv- 
ing the line NM to fell upon AH j then will bD : mQj.: LD E 

: AQ^ 

Corollary IL 

71. T F the diameter bD interfedts the line NM in K; by 
j[ conceiving the line L E to fall upon N M, we (hall have 

NKM:NFM::bK:mF, andNKM:LDE:: bK: bD. 

Corollary IIL 

72. T TEnce a Parabola may be de(cribed thro' three givea 
XIX points N, m, M, wnen the pofition of the diameters 

is given. 

For if you draw thro* one of tho(e points as m, and thro' 
the middle P of the line N M joining the other two, the dia- 
meters AP, mF,andyoutake MFN: MPN or PM::mF: AP;, 4^ 
the vertex A of the diameter A P will be given, and a third 
proportional to AP and PM will be its parameter. Therefore 
the Parabola may be defcribed aa in the Article 43,. 

Corollary IV. 

73. "T F two lines DR, MN, terminating in a Parabola, in- 

X ter&A each other in L, and are parallel to two lines E E, F i c 54^. 
AB, touching the Curve inE^ A; then drawing thro* the point 

of 



r 



3» 



• Jrt, 54. 

• Art. 50. 



f Art. Tz. 



Fig. 55. 
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of contaO: A, the Diameter AP meeting BE in T, and from 
the point N, the lineNb parallel to AP, meeting likewi& RD 

produced in b: we (hall have ¥b * orTB : AB :: * RLD : 

MNL::L^Sl7N,orRLD:ML::Lb':LN. And if NQ^ 
parallel to RM, meets RD in Q^ then will ML : RL :: LN : 

LQ, exaeguo^LD: i :: Lb : LQ^r LDxLQ^ Lb. 
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Corollary V. 

HEncc a Parabola may be defcribed thro' four given 
points, R, M, D, N. For, retaining the fwegoing 
conftrudtion, if Lb be made a mean proportional between LD 
and LQ: the vertex A of the diameter AP, drawn thro' the 
middle r of the line MN, parallel to Nb, may be found * as 
well as its parameter ; and therefore the Parabola may be de- 
fcribed. 

N. B. When the point b can be taken on both fides of the 
point L, there may be defcribed two different Parabola's thro' 
the four given points : And when both the points b fall into the 
points R, D, uie conftraftion is impoflible ; becaufe the diameter 
Nb would then pais thro' two points of the Curve, which is im- 
poffible. 

Definitions. 

14. 

TH E Lines T L, R V, drawn thro' the center C of an Hy- 
perbola, parallel to the lines B A, bA, joining the vertex's 
of the axes Aa, Bb, arc called Afymptotes. 

The Square of the part CD or CH of the Afymptote, ter- 
minated by the line B A, or bA, is call'd the Pw)er of the Hy- 
perbola. 

Corollary I. 

y^. XTEnce the tangent EF drawn thro' any of the vertex's 
Jti A of the axes^ and terminated by the Afymptotes, is 

equal 



I 
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equal to die axis to which it is paralleL For becau/e of the pa- 
^Id lines BA, CH, and bA, CD } CB will be a £ A, and 
bC a AF. 

C O R O L L A K Y 11. 

76. rxi jj£ Power "cD of the Hyperbola is =;9^^' 

For becauie of the parallel lines B A, CH, the line CD is ssAH 
sssf bA, or aCDsbAsrAB j and becauie of the right an« 

gled triangle ACB, (AB) 4CD «='CA + CB, orCD « 

CA*+CB. 

4 

THEOREM Xn. 

77. TT P J line MT ie drawn parallel to either ^ the axes i 1 
A fay f^^ ReStangk of its parts MK^ MT^ terminated by 

•tie afymptotes and by any of the Hyperbolical Curves, is equal to 
the Square of the femi-aocis CB^ to which it is parallel, viz. 

RMTcsBC. 

For becaufe of the fimilar triangles CAE, CPT^ we have 

CA{a):AE{b)::CP{u):?r^~. Alfo TM-TP + 

PM = — + y, MR«±PTh=PM«±— 3:v. There- 
a a ^ 

foreRMT = ±i^=:yy = *M. W.W.D. ^ Jn.z^. 

aa 

CoitOLI-ARY I. 

78. itTfEnce, if there be drawn two right lines rt, ^d, pa* 
JljL rallel to each other, the Reftangles rMt, ^ Nd, of 

their parts terminated by the afymptotes and by any of he Hy- 
perbolical Curves, will be equal For if the lines drawn thro* 
their interfe6tions M, N with the Curves, parallel to either of 
the axes, meet the afymptotes in R,T, L> V s then will MR i 

K Mr 
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Mr :: NV :Nd, and MT : Mt ::NL: N^ ; and multiplying 
orderly, RMT : rMt :: LNV : ^Ni But RMT =»LNY. 
Therefore rMt=tfNd. 



Fio. 56. 



• Art. 78. 



Jri. 78. 



Corollary II. 

79. "T F from any two points M, N, taken in the Hyperbolical 
X Curves, the lines M^, Nr and Md, Nt, are drawn pa- 
rallel to each other, meeting the afymptotes in a, r, d, t •, the 
Redlangle ^Md of thofe drawn from one point, will be equal 
to the Reftanglc rNt of thofe drawn from the other. For let 
the lines drawn thro' the points M, N, parallel to each other, 
meet the afymptotes in R, T, V, L; then will MR:Mj:! 
NL : Nr, and MT : Md : : N V : Nt ; and multiplying orderly, 
RMT:^Md::LNV:rNt. ButRMT=*LNV. There- 
fore tfMd=rNt. 



Corollary IIL 



80. 



IF the lines M^, Nr, are parallel to the afymptote TV, 
and M d, N t, parallel to the afymptote R L ; then will 
Ctf=dM, and Cr = tN. Therefore C^ M = CrN. 

If the line Kg joining the vertex's of the axes, interfefts the 
afymptote RLin I, and CI = IK=:^ Ca=zx^ aM^y ; then 
by conceiving the line rN to coincide with the line IK, we fliall 
have aa—xyy for the Ecjuation of the Hyperbola with refpcd 
to the Afymptotes^ 



Corollary IV. 
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K A NY Tangent EF to the Hyperbola, terminated hj 
jCx the afymptotes, is bifedled in its point of contad A^ 
and is equal to the diameter B b, to which it is parallel. For 
let the lines S-T, VL,. parallel to EF, meet the afymptotes in 
R, T, V, L, and the Curves in S, X, N, n. Then bccaufe RST 
=>*TXR=:LNy=:VnL, when the line ST coincides with 
the diameter Bb, and YL with the tangent FE ; the Equation 

RST=;TXR=LNV=:VnL^ will become BC*=:bC =EA 
=:.AF, orBC = EA=:AF. 




4. 



' ~-~T 
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Corollary V. 

82. ^TPl HE parts SR, TX or Vn, LN of any right Knc^ 
J[^ terminated by the afymptotes and the Hyperbolical 
Curve, or bv the opoofite Cmves. are eaual. For becaule • jirt til 



LNV*=VnL, orLNxNn4-nV = nVxNn+NL; we fhaU 
have LNxNn=nVxNn, orLN=nV. In the fame manner 
will be proved that SR=TX. 

Corollary VI. 

83. fTl H E lines AB, Ab, joining the vertex's of any two 

J[^ Conjugate diameters Aa, Bb, are parallel to^ and bi- 
feded by the afymptotes. For becaufe BC is parallel and 
=*AE, the line BA will be parallel to the afymptotc CH, • Ji^. «r, 
which dierefore bifeds the fine Ab, fince BC = Cb : and be- 
caufe the line^ AF is parallel and equal to bC, the line b A wiH - 
be parallel to the afymptote C D, which biieds alfo the line 
AB. 

Corollary VII. 

84. fTp H E Afymptotes of an Hyperbola being given, there 

JL may be drawn a line E F, fo as to touch the Hypei^ 
bola in a given point A. For if the line AD be drawn parallel 
to the afymptote CH, and DF be taken =5DC ; the fine dniwn 
thro' the points A, F, will be the tangent required : Since A E 
being =*AF j CD will be = DF. * Jr^. ^t: 

Corollary VIII. 

85. A NY two conjugate Diameters A a, Bb, of an Hyper- 
XIl bola being given, the axes Kk, Gg^ may be found. 

For drawing the afymptote CE thro* the middle H of the line Ab, 

and g K parallel to bA, fo that CI = I K=:Ig =;^*/cHxHA; * jfrt.io,. 

the fines drawn thro' the center and the points g, K, will be 

the axes required^. 
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Corollary IX. 

W. T5 Ecaufe the adjacent fides CH, HA, and €1, IK of 

f jM. 80. J[) the equal angles H, I, are reciprocally * proportional, 

J it follows, i.^ That the triangles CAH, CKI, are equal ; and 

therefore the Parallelogram, whofe fides touch the conjugate 

Hyperbola's, and are parallel to any two conjugate diameters, 

I' s=:4CEF=4bCA, is always given. 2.^ That die difl^ence of 

the Squares CA— Cb of any two conjugate diameters (propor- 
j| !i * ^'' «*• tional to *4CHxHA)is always given. This has been proved 

already in the Articles 44, 45. 

Scholium. 

Fig. 57. y jV the Hyperbola^ if the lines PM, PM, &c. are femi-erdinates 
X to the diameter CA conjugate to BC, the line AE a tangent 
in A, CN an afymptote^ and Bh a line parallel to CA, interfering 
ike/emi^ordinates in b, b, &c ; and if the Figure CBMP revolves 

• Art. 78. about the diameter C A. 7l&^, becaufe (NMxNP+PM=* AE) 

iPN^iPM^AErrlCB, or PM=PNhpBC, the Surface 
defcribed by P M, will be always equal to the Surface defcribed by 
FN, plus or minuSy the Surface defcribed by Vh=CB. And be- 
caufe this happens every wherCy the Solid generated by the Jpace 
AMP, will be equal to the Difference of the Fruftum of a Com 
generated by the trapezium A E N P, and the Cylinder generated 
by the parallelogram AEbP. 

Aud the Solid generated by the Space CBMP, will be equal to 
the Sum of the Cone generated by the triangle CPN, and the Cy- 
linder generated by the parallelogram CB b P. 



THEOREM Xm. 

87. X N the Hyperbohy if there be drawn a line BD parallel to 
Fio. 88, 59. \^ one of the Afymptotts CT ; I fay its Part B P terminated 
by the Curve and the interfedHon P rf any other line M N given 
in pofitiony will be to theReStangk MPN ^ the parts of that other 
linCy terminated likewije by the Curve and the interfeSion P, in 
a given ratio. 

Let 



1 
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Let the line M N> produced if neceflary, meet the afymptott 
in Q, and the diameter CA, to which it is an ordinate, in 
L, and from the point B draw the line B T parallel to the line 
NM, meeting the afymptote in T, and the diameter in K. 
Then if the tangent A E, drawn thro' the vertex A, meets the 
afmptote in E, and CE = a, AE = ^, BD=r, FD=zx^ 
PM=;^, BT or PQ==r; the fimilar triangles C A E, D L P, 

DKB, wiUgivePLrz— , BK==— . Therefore * QL = rq:.F, c. $8. 

^, MLrr;^^:— > TK=rip^ But (TK — KB == ♦ QL • ^/. 7S. 
-77* _ \2bcr _ ^brx . zbxy 2bxy 

— ML) 3; = IP 3: ^ —yy or yyzn. 1 

^br 



r= — x±:c:+;x. Conlequently aBPxPQ (d:2cfip2r x) 

: MPN {yy q; i^) :: CE {a) : AE {b), or BP : MPN :: 

CE-.zPQjcAE. 

By changing all the Signs^ the Demonftration will ferve for 
the Figure 59, 

Corollary I. 

88. TJEnce, if a line mn parallel to the line MN, interfe<as 

X jL the Curve in m, n, the line B P in p, and the afymp- ^'®* ^^' ^5- 
tote in q; we (hall have aBPxPQ: MPN :: 2Bpxpq:mpn 
\\ a\b. And when the line *mnBccomes the tangent AF j^pjo. 1%. 
then will Bp become =:BF, pm = pn=AF. Therefore 2 BP / 

xPQ^MPN :: 2BFxFErAF. 

THEOREM XIV. 

89. TT F tf line LL, terminated by the Curve of an Ellipjis or Hy-^ 
X f^bokiy interfeSts any two conjugate diameters Mm, Nn, 

without or within tbeSeSiion\ I fay the Re&angk of its partSyp^^^^^^^^^ 
terminated by tbofe interfeBions and by the interferon of the dia^ 
meter A a, to which it is an ordinate^ plus or minus the Square of 

L half 
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half that ItnCy will be equal to the Square of the femi-diameter BC 
drawn parallel to it, viz. ^Rd ±:RL = BC. 

Thro* the vertex's M, N, draw the fcmi-ordinates M P, N Q, 
to the diameter A a, and make CQ^i;, QN = z; then bc- 
caufe of the fimilar triangles CQN,CRd, and CPM, CR^, 

we (hall have tfR= ^ CR,dR = ^ CR, andtfRd= — Cit 

u V aa 

jrt.ss. (fince^v = *-i;,^=«). Therefore — CR±RL=tfRd 
^^ ^ b b aa 

jtt.sg. RL = *BC. W.W.D. 

When the line Ka becomes the tangent AE ; then will RL 
=0, Rd=AF, and tfRd±RL will become FAE = BC. 

• 

And when AE = AF in the Elllpfisj then will Ka become 
acRd, and7R + ia! = BC==:FA. 

Scholium. 



Fig. 62. 



IF AB Cbe an Elliptical ^adranty C A, CB, any two/emi-con-' 
jugate diameters, AF parallel and equal to CB, and tf the y?- 
mi'ordinate RL /^ AC, meets in b the line joining the points B, F^ 

• Jrt, 89. ^^ *^ Diameter CF in a. 7%en becaufe ^ R + RL =s * B C, or 

R<L ^BC — aVi, it is evident that the Surface defcribed by RL, 
in the revolution of the figure CAFB about the diameter CA, will 
be equal to the Difference of the Surfaces defcribed by the lines Rb, 
R a. And becaufe this happens every where ; the Solid generated 
by the Elliptical Segment CRLB, will be equal to the Difference of 
the Cylinder generated by the parallelogram CRbB, and the Cone 
generated by the triangle CKa. 

And the Solid generated by the Elliptical ^adrant ABC, will 
be equal to the Difference of the Cylinder generated by the paralle* 
logram CAFB, and the Cone generated by the triangle C A F. 

The fame thing will happen, if CAB was a Circular ^adrant. 

PRO- 



\ 
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PROBLEM II. 

90. ^TTl defcribe a Circun^erenee of a Circle thro* two given f,c. 63, 64;. 

JL points C, G, 7& that the arch cut off by a right line EF 
given in pofition^ Jhall contain a given Ar^k. 

Let be the center of the Segment which contains the given 
angle. Draw the fubtenfe ef and the radii oe^ of\ bifedt in L^'°- ^5- 
the line joining the given points, by the perpendicular OL which ^' ^' 
meets the line EF in H, and join H, G. Then if from the 
interfe<5lion L^ be drawn the line L B, making with E F the 
angle LB H equal to the angle oef and the line LB be carried 
from the point L, fo as to meet HG, produced if neceflary, fome 
where in D ; the line drawn from the point G parallel to DL> 
will interfed H L in the center of the circle required. 

For fuppofe O to be the Center ; draw the radii, O G, O E, and 
the line LD parallel to OG. Then the triangles H LB, HOE^ 
will be iimilar, iince both the angles LBH, OEH, are equal to 
the angle (7 ef : therefore HL :HO :: LB : OE :: LD : OG. 
Confequently, fince OE = OG, LB will be =LD. W.W. i>. 

N. B. I. If the line LB can be carried from the point L, to two 
different points of the line H G, the Problem will nave two Solu- 
tions i but when it cannot be carried to any one,, the Problem is 
impoffible. 

II. If the given angle be a right one, the center O will coin- 
cide with the point H. For E F will then be a diameter of 
the circle, as well as the line L H produced *, therefore their inter^ 
iedion H will be the center. 

III. If the line CG interfedis the line EF at right angles, the 
fine LO will be parallel to EF, and LO=:BE, LB =OE. 
Therefore the two circular Arches, deicribed from the centers? 
C,G, with the radius BL, will interied each other in the cen- 
ter O. 

IV. If the point L coincides with the point A, and alfo the p ^ ^ ^ , 
fine GH with GA. Then if from any point of the line HO, 
except the point of interfeftion L, the line L B be drawn as be- 
fore, and carried fomewhere upon the line CG; the reft of the. 
Conftmdion, as well as the Demonftration^will be the fame. 

ArJ: 
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And if !the points * C, G, coincide, fo that the line CG be- 
comes a tangent, and L its point of contadt ; then will H G be- 
come =HL, OL =OG, HD=HL 4-(LD=*) LB. There- 
fore the proportion HD : HG:: LD : OG, will become HL + 
LB: HL::LB:LO, in this cafe. 

V. The angle ef is equal to the difference of the given angle 
e cf to a right one. For half the arch e nfvrVX be the meafure 
of the angle e cf^ and half the arch rf^ terminated by ^ ^ pro- 
duced, wUl be the meafure of the angle ef. Therefore half the 
iemi-drcumference e n r will be the meafure of their difference. 
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Corollary I. 

HEnce, two Points E, F may be found in a right fine 
given in pofition, from which the lines drawn to any 
two other given points R, C, without that line, (hall make a right 
angle ERF on one fide, and a given angle ECF on the other. 
For draw the line R A at right angles to EF, and take in the line 
pafling thro' the points C, A, produced if neceflary, the point G, 
iuch that -:^ C A : AR : AG ; the circumference of a circle, de- 
icribed thro' the points G, C, fuch that the arch ECF may con- 
tain the given angle, will cut the line E F in the Points requir'd 

For by the property of the circle, EAF =: CAG equal to A R by 
conftraftion. Therefore -H- EA : AR : AF ; confequcntly the 
angle ERF is a right one. 

Corollary IL 

Fio. 66,67. 92. TT F any two conjugate Diameters Aa, Bb, of an EUipfis 

X or Hyperbola, are given ; there may be found two others, 
which (hall contain a given Angle. For if in one of thofe given 
diameters as A a, produced in the Ellipfis, you take the part AG 

BC 

equal to half its parameter, that is = 



AC 



and thro' the vertex 



A, you draw the line EF parallel to bB : then if thro' the points 
C, G, be defcribed a circumference of a Circle, fuch that the arch 
ECF may contain the given angle ; the lines Nn, Mm, drawn 
thro' the center C of the Figure, and thro' the interfedlions E, F, 

will 



\ 
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of the circumference and the line E F will be the Diameters re- 

quircdi For becaufe of the Circle, CAG =E AF equal to BC 
by conftradlion. Therefore the lines N n, M m, will be * two • ^^ ^ 
conjugate Diameters, and NCM will be equal to the given angle. 
If the femi-ordinate AP be drawn to the diameter Mm, and 
CM, Cm, are made equal to the mean proportional between 
CP, CF ; the points M, m, will be * in the Curve. In the* ^^- S4- 
fame manner will be found the interfedtions N, n, of the Dia- 
meter Nn, and the Curve. 

Corollary III. 

93. fTp H E two Axes may alfo be found, in the following p^^ gg^ g 

JL manner. Thro' the vertex A of one of the given dia- 
meters,, draw the line Ak at right angles to its conjugate Bb, 
and upon the middle of CG (the difi&ence in the Ellipfis^ or 

BCn 

the fum in the Hyperbola, of AC and Xp J ered a perpendicu- 
lar, and from its interfedtion O with the line A k as a center, 
defcribe a circumference of a Circle thro' the center C of the 
Sedtion; Then the lines Mm, Nn, drawn thro* the center C and 
the interfe£tions K, k, of the circumference with the line kK, 
will be the Axes required. For by the property of the Circle, 
GAC=:kAK ; and becaufe of the right angled fimilar triangles 
KAF,kAE, we have AK:AF ::AE: Ak, or kAK = EAF 

equal to BC by conftraftion. Therefore the lines Nn, Mm, 

will be two * conjugate Diameters, and KCk will be a right • ^/. 89. 

angle. 

Corollary IV. 

94. X N the Parabola, if in the diameter AP, produced towards - 

X its vertex A, be taken the line A O, equal to half its pa- ' ^' '^* 
rameter, and from the point O as a center, be defcribed a circu- 
lar arch EF, fuch that each of the angles OEF, OFE (fuppofing 
the line E F to be parallel to the prdinates of the diameter A P) 
be equal to the given angle, contained by the diameter fought and 
its ordinates. Then the lines drawn thro' the interfedion E or F, 

M ofi 
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<^ the arch with &e line EF^ parajlkl to the diameter AP^ wiQ 
be the Diameter required. 

For if from the vertex's A, M, be drawn the femi-ordinatcs A Q, 
MP, to the diameters MQ, AP ; then will MQ= *MF=AP 
=x, AF=PM=5/5 and becauib 2px^=:*yy^ wcfiiall have FQ^ 
(2x) : AF {y) :: AF {y) :: AO {p). Therefore fince the adja- 
cent fides of the equal angles QF A, O A F, are proportional, the 
triangles QF A, FAO, will be fimilar. Oinlequendy the angle 
FQA will be equal to the given angle DFO. 

It the circular arch EF onljr touches the line EF in D, the 
diameters EL, FM, will coincide with the line Dp, which will 
be the Axis. For drawing Ap perpendicular to Dp, the triangles 
ADO, ApD, will be fimilar} therefore pD: AD:: AD : AO, 
or2/x=};^. 

T H E O R E M XV. 

F- 7^7«»73« 95- T F from a point E, taken in the Curve of any Conic-Se^ion^ 

JL lines are drawn upon the Jides of a trapezium AB CD 
infcribed in the SeBion^ parallel to right lines given in pofition ; the 
ReBangle SET ofthofe falling on the oppofte Jides ^ will be to the 
Re^angie QER ^ tho/e falling on the other oppojite Jides^ in a given 
ratio. 

Cafe I. Let the fides AB, DC, and the lines ER, EQ, be 
parallel betwixt themfelves, and the lines E S, E T, parallel to the 
fide BC If EQ^ produced till it meets the Curve inK; 
then will K Q^=: E R 5 becaufe the diameter L V, bife^ng the 
parallels AB, DC, will likewife bifeft EK and RQ^ There- 
fore the Redlangle EQK or REC^will be to the RcaangleCQB 
or TES, in the given ratio ; of the Squares * of the tangents pa- 
rallel to thofe lines. 

Cafe 2. Suppofe that the lines AB, ER, EQ, arc only parallel, 
and the lines ES, ET, BC. If Ct, Dn, are drawn parallel to 
AB, interfering the Curve in d, n, and the lines ET, CB, in 
t, N : Then if the line joining the points A, d, kiterfeds EQ, 
DN, in r. Mi the fimilar triangles CTt, DCN, will giveCt or 
EQi Tt :: DN: CN, andRr : DM:: Ar:AM, asBQ= SE 
to BN (becaufe of the parallel lines AB, RQ, DN) or Rr: SE 
: : DM : BN, and multiplying orderly EQj< Rr : T t x S E 



Fic. 71. 



♦ Art' SO. 
•Fio. 72, 



• • 



7 



^ 



6 



K 

R 
R 



^, 





*l!iHl^\ 






. -f/ 



I 



» V 



CyCoNIC-SBCTlONff. 45 

:: NDM : C NB, a srEQj oSEt, by the firfl Cafe j and by dU 

vifion EQxrE — RrrSExEt— Tt, orRECtLSET::NDM: 
CNB. ButNn=DM, andNDM=:DNn5 therefore RE Q^ 
:SET::DNn:CNB. 

Cafe 3. Suppofe laftly, that the four lines ER, EQ, ES, ET,Fic« ?$• 
make given angles with the fides of the trapezium, or, which 
amounts to the fame, are parallel to lines given in pofition. If 
£q be drawn parallel to AB, meeting AD in r, and st parallel 
to BC meeting BA, CD, in s,t : Then the ratio of EQ to Eq» 
of ER toEr, ofEStoEs, and of ET to Et, will be given 5 
becaufeall the angles of the triangles qEQ, REr,sES, tET, ar^ 
given ; therefore the compounded rations of QER to gEr, and 
SET to sEt, are given. Confequently the ratio of QER ta 
SET^ 

Corollary I. 

96. T TEnce may be found fiich a Point E (the reft as before) Fic. 74, 
J^ X *^^* ^^ Reflangles QER, SET, are in a given ratio* 

For drawing a line CH, from any angular point as C, meeting 
the line BA produced in H, and A Din I: Then Jbecaufe all 
the angles of the figure, are given ; the ratio's dF ECto E Qand 
EC to ET, and therefore the ratio of EQtoET, will belTke. 
wife given. Alio takbg the ratio of EQ^to ET, from the given 
ratio of QER to SET ; the ratio of ER to ES, will be given ;. 
and adding the given ratio's of EI to ER and ES to EH; thfe 
ratio of EI to EH and confequently the point E will be given* 

Corollary II. 

97. T F a Parallelogram B QES, whofc oppofite angular pomts p ^ ^ ^ 
JL B, E, touch the Curve of any Conic-Seiftion, be given, ^^ 

and from the interfe^iions C, A» of the adjacent fides of pne of 
thofe points, lines are drawn to any point D of the Curve : The 
parts ER, ET, of the other fides, cut off by thofe lines CD, AD, 
will be always to each other in a given ratio. For dividing the 
antecedents of the proportion * REQj^ SET:: NDM : CNB*^r/. 95, 
by EQj^and the confequents by ES; then will ER: ET ::^^-^*' 

NDM 
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y^^ : ^^, But the ratio of NDM to CNB, as weU as the 

EQ_ ES 
lines E Qj_E S are given. Confcqucntly the ratio of ER to ET, 

is given alio. 

Corollary III. 

98. TXEnce if from the points A, C, lines are drawn to any 
Jl 1 other point as d of the Curve, meeting the Sides EQ^ 

ES of the parallelogram, in rand t; then will ER : ET :: Er:Et: 

: -:£r^. Like wife the ratio of the lines ER, ET, making 
EC^^ ES 

given angles with the Sides Eq, Es, of the parallelogram BsEq 

will be given ; fince the ratio of Er to.ER, of Et to ET, and of 

Er to ♦ Et, are given. 

Corollary IV. 

99. TT F the point d coincides with the point C, the line Ad will 
X become the line AC, and the line Cd will only toud 

the Curve in C; if therefore AC interfefts the line EQjJi m, wc 
ihall have ER: ET :: Em: Et. But if the line DC coin- 
cides with the line AB ; the lines AD, BC, will then become 
two tangents in A and B, and the line E T will become = ES. 

Therefore the ratio of ES to REQjwrill then be given. 



Corollary V. 

loo.T XEnce (the reft as before) may be found the Locus of all 
Jl 1 the points E. For drawing a tangent, * thro' one oi^ 
• Jrt. 99. angular points B of the given trapezium ABCD, and from another 

point A, the line AH parallel to tnat tangent ; and finding its mtcr- 
? Art, 96. feaion * H with the Curve ; then the line B F drawn thro' the 

middle G of AH, will be a diameter, which will be determined 

by finding its vertex F. Therefore the reftangle BGF will be 

to G H as B F is to its parameter. Confequently the Curve may 
be defcribed. 



F I o. 72. 



Fic. 75. 



THEOREM 



iiii 



cy Co N I C -6 E C T I O N s/ 45 



THEOREM XVI. 



lOI. 



IN any Lmtc-Hettttmy tbe iHegments UM1£U, UMrtI, ter- 
minated by the Curve, and by two lines joining the extre-^^^- 7^»77* 
mities tf two parallel Urns BD,EF, terminated by the SeSion^ 
will be equal. 

For bccaufc the diameter HK biieding the lines EF, BD, will 
likewife bifed all the lines MM, MM parallel to them, as well 
as the fame lines, produced if neceflary, and terminated by the 
lines FD, EB. Therefore, fince the correfpondent lines MO are 
always equal to each other ; the Segments BMEO, DMFO will 
be equal 

COROLJUARV I. 

102. T TEnce, adding to, or lubftradling from, the equal tri- 
Xl angles DEB, BFD, the equal fegments E M B O, 

FMDO; theSpacesDBME,BDMF, will be equal. 

Corollary II. 

103. T F the iegment BAD be added to the equal fpaces Fig. 76. 
1 EMBD, FMDB ; the Segment EBAD will be equal 

to the Segment FD AB. But if the Ime BD, inftead of cutting 
only touches the Sciflion, in A ^ the Segment EBAE will be 
equal to the Segment FDAF. 

Corollary IIL 

104. T TEnce, in any given Conjc-Sedtion, may befeundtwo 
J7I Se^ents EBAE, FDAF, fuch that each of them 

be equal to a given Segment BAD. For drawing BF parallel 
to AD, and DE parallel to AB; then the fegments ABA, 
DMFOD, being between the parallels AD, BF, as well as the 
triangles BAD, ADF, will be * equal. Therefore FD AF=: * ^'- '^'•. 
BAD. In the fame manner will be proved that EBAE=BAD. 

N THEOREM 
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THEOREM XVU. 

105. rrl HE SeBors DCF, BCE oj an Elli^ or Hyperbola, 
F. 78,79»8o. ^ terminated by lines drawn from the center C, to the in- 

terfeSliom of any two parallel lines BD, EF, with the Curve, are 
equal. 

For drawing the diameter CA thro' the middles H,K, of the 
parallel lines BD, EF 5 and luppofing that the lineBD, produced 
if neccflary, meets the lines CE, CF, in n and r. It isevident that 
the fpaces EBn, FDr, being the differences between the equal 
trapeziums EnHK, FrHK, and the equal fegments EBHK, 
FDHK, are equal. But the triangles CBn, CDr, having equal 
baies Bn,Dr, and the &me altitude CH, arelikewiie equal. There* 
fore the StStor DCF is equal to the SeAor BCE. 

Corollary I. 

106. XF the line BD be fuppofed to move parallel to itfclf, tiB 
Fig. 78, 79. J|[ it touches only the Curve in A ; it is evident, that the 

Sedor ACF vdll be equal to the Sedlor ACE. 

Corollary II 

107. TTEnce if the Diameter C A, be drawn thro* the middle 
X X K of the line joining the Legs of the fe<aor ECF j 

the Seftors E CA, FC A will be equal. 



Fig. 8i. 



Corollary III. 

108. T F from the points F, D, B, E, where the lines terminat- 
X ing equal Se<ftors F CD, BCE, meet the Curve of an 
Hyperbola, lines arc drawn parallel to one of the afymptotesCT, 

^ and meeting the other in G, H, K, L j then will CG : CH :: 

CK : CL. For the lines drawn thro* the points D, B, and F, E, 

•>/.ioi. meeting the afymptotes in Q>^, andP, N, will be parallel,* 
and drawing DS, FT, parallel to the afymptote CL, meeting the 
otherCT in S, T; the triangles D QS, MBKandFPT, NEL 
will be fimilar and equal*. TEerefore TF:SD::TP: 
QS. But ♦ becaufeLE : BK :: CK : CL, and TFssCG, SD 



• jfr/. 82. 

• j&t. 80. 
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=CH, TP=LE, QS=JVIK; it foUowsthatCGcCH ::CK 
:CL. 

Corollary IV. 

109. TrTEncc, if the parts CG, CH, CK are in a continual 
* 1 geometrical Proportion^ and the lines drawn thro' 
the points G, H, K, meet the Curve in F, D, B ; the Seniors 
FCD, and DCB, will be equal. For if in the preceding Pro- 
portion, CH be fuppofed=CK, and CL to become==CK ; then 
will CG: CH:: CH : CK, and the Seftor DCE will become the 
Sc<aorBCD=;DCF. 

Corollary V. 

no. TF in the Afymptote CN of an Hyperbola, you take as 
X many parts CG, CH, CK, CL, ^c. as you pleaie, in a 
continual geometrical progreffion, and from the points G,H, K,L, 
&c. you draw lines parallel to the other afymptote. CT, meeting 
the Curve in F, D, B, E, &c. the Seftors FCD, DCB, BCE, 
&c. will be equal. For becaufe ^ CG : CH : CK, the Seftors 
FCD, DCB, will be equal : and fince -t-CH: CK:CL, the 
Sedors DCB, BCE, will be equal, and fo ad infinitum. 

Corollary VI. 

111. fTpHerefore, if CH be the firft of two mean proportion 

X nals between CG and CL; the Sedlor FCD will be 
to the Scftor FCE, as i to 3. And in general, if w expreflcs 
any whole number, and CH be the firft of fo many mean pro- 
portionals between C G and C L, as the number m — i contains 
units : The Scftor FCD will be to the Scdor FCE, as i to m. 

L 

Corollary VII. 

1 12. TF CG : CH ::"CK : CL ; the Scaor FCD will be to the 
X Sedor BCE, as 2 to i. For if C V be taken fuch that 

^ CV : CK : CL, or C VxCL='cK, and the line VO be drawn 
parallel to the afymptote CT, meeting the Hyperbolical Curve in 
O i the Scaor FCD will be equal to the Scdor OCE, * becaufe • An, ft. 

CG 
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6G:CH::(CK)CVxCL:CL::CV:CL. But the Sedor 

BCE is equal to the Seaor * BCO, fince CVxCL=CK.* 
Therefore FCD : BCE :: 2 : i. 

If CG : CH ::"CK : CL'j the Se<ftor FCD will be to the Sec- 
tor BCE, as 3 to I. For if CVxCL=CK; the Seftor OCB will 

be to the Sedor BCE, as 2 to i, fince CV :CK:: CK: CL, or by 
compofition OCB+BCE, or OCE : BCE :: 3 : i. But becaufe 

CG : CH : iCK (=CVxCL) : ol' : : CV : CL j the Scftor FCD 
will be equal to the Sedor OCE. Therefore OCE or F CD: 
BCE::3:i. 

In general if /w exprefles any whole number, and CG: CH:: 

CK: CL"i theSedtor FCD will be to the Seftor BCE, as 
m to I. 

Corollary VIII. 



1 13. TF there be taken CK : CL :: CS : CTj the Seaor 
i BCE will be to the Sedor DCF, as « is to m. For if 

•Art. 112. CV:CK:: CK':CLj then will * BCE:OCB:: i : », and 
OCB:DCF :: «: i } ex aquoBCE : D CF :: «: m. 

m M n n 
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If/CK :V^CL:: v^CS : /CT; it maybe proved in the 
fame manner as before, that BCE : DCF iimm. 



Corollary IX. 



114. 



IT is evident, that each Hyperbolical Trapezium DHO 
is equal to its correfpondent Seftor D C B. For taking 
the common part ACH from the equal triangles *BCK, DCH, 
and adding to them the curvilinear Space A B D j then will 
DHKB«=DCB. 



Corollary X. 



115. T TEnce it is evident, that whatever we have demon ftra- 
JL X ted of the Sedtors of an Hyperbola, ought likewife to 
be underftood of the Hyperbolical Trapezium's D H K B, &c. 

THEOREM 
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THEOREM XVIII. 

1 16. "f Et there be two Hyperbolical Curves AM, AN, or fiM, Fic. 82, 83 
P ^ D N, ivbicb have the fame center C, and the fame line 

AC for thefemi-conjugate diameter /o B C, DC. If the tines C N, 
CM are drawn from the center to the extremities of any femi-ordi- 
nate?^; the Se3ors CAM, CAN, er CBM, CDN, will be to 
each other as EC to DC. 

For PM:¥c :: CP:4:AC : AC :: PN : DC, or PM:PN :: 
B C : D C } and becaufe this happens every where, and the tri- 
angles CPM, CPN having the dime bale, are as their altitudes 
PM, PN J it follows that CAM : CAN or CBM : CDN:; BC 
: DC. ^. ^. D. 

Definition i6. 

TWO Curvilinear Figures arc laid to be fimikr, when fimlkr 
rectilinear Figures can always be iimilarly in^bed in each 
of them. 

Corollary. 

117. TrTEncc it follows, that fimilar Curvilinear Figures are as 
jLi the Squares of their homologous Sides. For there 

may be conceived an infinite number of Poligons infcribed in 
thofe Figures^ fo that the laft coincides with the Figure itfelf. 

THEOREM XIX. 

118. X F the Semi-diamefers CB=tf, CD=^, of two Hyperbola's Pio. 85:. 
J|[ BL, DNi are proportional to their parameters py y, that 

n^ if ^ = -^ : and from the interfeSiions Lj'tJ{ofa line drawn from 

the center with the Curves) the femi^ordinates L p, N P are drawn 
to thefemi-conjugate C A 5 the Segments CBLp, CDNP wilf be 

to each other as CB to CD» 

O Fcf 
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• Jtt. 39. For fince ♦ -Cp*=pL— Cb| and A cPs-PN— "cD : we 

P 9 



a^' h 



ihallhave - Cp: -CPorCp:CP:: pL — CB: PN — CD, as 

pL to PN,bccaufc of the fimllar triangles CpL,CPN; andbydivi- 

fion, CB : CD: : pL:PN : : CL :^N. Therefore the lines B L, 
DN are always parallel. Alfo theSedors CBL,CDN are fimi- 

kr, confequently they are as the Squares CB, CD, as well as .the 

fimilar triangles CpL, CPN. Wherefore CBLp : CDNP:: cT: 

CD. fr. W. D. 

• > Corollary I. 

« 

Fig. 84. 1 19. y F from the common center C of the fimilar Hyperbola's 

JL AL, BN, the line CN be drawn at pleafure, and from 
the points A, B, L, N, where the iemi-diameter C B and the line 
CN meet the Curves, the lines AD, BE, LF, NG, arc drawn 
upon the common afymptote CG, and parallel to the other CS ; 
the Hyperbolical Trapezium's DALF, EBNG, will be to each 

r ^r/ 1,4, oth^ 41 as CA to"CB, or as^CD to CE. 

Corollary IL 

120. T F the line FL produced, meets Ae Curve BN in M, and 
X EBthe Curve AL in K; we (hall have EKLF :EBMF 

ZAri.io. ::CD*:CE. For FL*=^i^, and FM=^— j there- 

c i?T i7Tv>r CDxDA:CExEB, 7^ 7T^* . r 

forcFL:FM:: — — ~— — i, as CD to CE, becauie 

of the fimilar triangles CDA, CEB ; and fince this happens every 
where, it follows that EKLF:EBMF::CD:CE. 



Cor- 
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Corollary III. 

121. T F CD :CE ::«:», there may be found an Hyperbo* 

JL lical Trapezium RS VT in the Hyperbola VTL, equal 

to a given Trapezium EBMF in the Hyperbola BN, the point 

R in the afymptote C S being given. 

For, becaufeEKLF: EBMF ::;»:», ifCS be taken fuch 



m n n mm 



that /CE:y'CF::/CR:V^CS,ori/CE:i/CF::CR:CS5 
the lines R T, S V, drawn parallel to the afymptote C G, will de- 
termine * the Trapezium required. * Jrt, 113. 

THEOREM XX. 

122. T F three tangents to any Conic^Seilion^ interfeSl each other 
JL in L, T, H, and jrom one ofthofe interfeQiom as T^ be 
drawn a diameter TA, and from the vertex A the tangent EF '^' ^' ' 
meeting HT, LT, in F, E ; then if in the Eilipfs and Hyperbola 
the conjugate diameter to T A, meets likewife thofe tangents in K,k j 
nvejhallhave KH:KF :: kE: kL. 

For if from the points H,L, the lines HB, LD, are drawn 
parallel to EF, and meet the diameter in B, D : then will CB : C A 
:: KH : KF, and CA : CD :: kE: kL. But CB : CA :: * CA; • Art. 61. 
CD; therefore KH:KF::kE:kL. 

And in the Parabola y if thro" the points ofcontaEi N, M, ^y^f^^^ g 
the tangents l!^ T , ML, HF, be drawn the femi-ardinates N Q, '°* ^' 
MP, mp; then will 2BH=QN+pm, and 2DL=QN— 
PM. 

For let VM=y, AP*=sAE=x, QN=2:, AQ=*AT==«, •^.54. 
D L s /7 ; and the parameter of Uie diameter A P, = i 

thenwmPM:PE::LD:DE=s — ^, or DE + EA=a. 

UA=: — +x, andON:QT::DL:DT=— , orTA- 
y ^ z 

TD=DA=»— — =s |-x, or becaufe x=yy, u=zz} zz 

z y 

— 2az=s:2ay+yy. From whence we get zz—yy:=::2ay+2az^ " 

or by dividing by j^+z, z^ssi2a=:2Dh. 

In like manner may be proved, that aBH&ssQN+pm* 

CoR« 
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Corollary I. 



123. X N the Ellipfis and Hyperbola, if there be drawn another 
Fig. 85, 86. J^ tangent, meeting the tangents T H, T E, inl, hj we 

fliaU have KH: Kl:: kh:kL. For KF:KI :: * kh:kE, and 
KH : KF :: kE : kL; ex aquo KH : Kl :: kh: kL. 



• Jri. 122. 



Corollary II. 

124. T TEnce the diameter DB bifedting in u the diagonal 
Fig. 88, S9. JlX L 1 of a trapezium L H 1 h, whole fides touch any 

Conic-Sedtion, will likewife bifed the other diagonal Hh of that 
trapezium in r. For if in the Ellipfis and Hyperbola the lines 

•^Art 122. LD, Id, hb, HB are drawn parallel to the diameter * Kk, and 
ifCK=Ck=/?, DL=;dl=^,BH=x, bh=;^ ; the parallel lines 
KC, HB,ld, and kC,hb,LD, will give KH:K1:: (CK — BH: 
CK— dl) tf— x: a—b ; aud kh : kL :: (Ck— bh:Ck— DL) tf— j 

^ Art. i2z. :a—L But *KH:K1:: kh: kL ; therefore a — x:a—bi: a—j 
: a — ^, or a — x :=a'—y. Hence at =:;^ (B H = b h) : Confequently 
hr=rH. 

And in the Parabola, if from the points of contact, the iemi-ordi- 

Fic. 89. jj^j^g NQ, MP, nq, mp, are drawn to the diameter DQ^ then 

^Jrt. 122. becaufe 2DL=*qn— PM, 2dl = QN— pm, 2BH=QN+PM; 
2bh=sqn+pm; if (DLssdl) qn — PM=:QN— pm, or qn-j-pm 
=QN-|-PM J we fliall have BH=bh : Confequently hr=rH. 

THEOREM XXL 

125. T jF two given jingles B AK, BDK, revolve about their an- 
F 1 c. 90^ J^ gular points A, D, foced upon a Plane : I fay the interfec- 

tion B of the legs AB, DB of tI:>ofe Angles^ will defer ibe a ComC" 
SeSlion^ whiljl the interfeSiion K, of the other legs AK, DK, de^ 
fcribes a right line KF given in poftiony and which does not pafi 
thro' either of the points A, D. 

Let the legs AK, DK pafs thro' a given point F of the line 
KF, and let C be the interfefliion of the other legs ; draw the 
lines CR, CS, fo that the angles ACR, DCS, be equal to the 
angles AFK, DFK. Then lw:aufe of the equal angles KAB, 
FAC, and KDB,FDC, the angle KAF will be equal to the 

angle 
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angle CAR, and KDF=CDB, and fo the triangles AFK, ACR, 
andDFK, DCS, will befimilar; wherefore CR:FK:: AC: 
AF, and FK: CS :: DF: DC^ and multiplying orderly, CR: 
CS::ACxDF:AFxDC. But fincc the lines A C, D F, A F, 
DC, are given, the ratio of CR to CS will be given alfo ; and as 
the angles D C S, A C R, are likewife given, the point B will al- 
ways be in the Curve of a * Conic-Sedion pafling thro' the points * ■^'' 9^- 
A,C, D. W. W. D. 

N. B. When the line F K paffes thro* one of the fixed points 
as D, it will coincide with the leg D K, alio the other leg D B 
will be given in pofition, and therefore the interfeftion B will 
always be in the right line D B. 

If the legs of one of the moveable angles coincide with each 
other, the Propofition will remain the fame. 

Corollary L 

126. T TEnce, if the leg AB coincides with the line AD, the 
XjL leg D B will b^ome a tangent at D to the Sedlion ; 

and if the leg DB coincides with the line DA, the leg AB will 
become a tangent at A ; fince in both Cafes, thofe legs meet the 
Curve but in one point, and fall intirely without the £une. 

Corollary IL 

127. TF the legs AK, DK, coincide with the line DA, fo that 
X the moveable Angles BAK, BDK, become the angles 

V AL, EDL ; the Angle E made hy the interfe£tion of the other 
legs, produced at the other fide 01 the points A, D, will be the 
dLBference of the moveable Angles to two right ones. 

Corollary III. 
128. 



I 



E K, may contain the difference of the two moveable angles to 
four right ones j and if the legs AL, DF of the moveable Angles, 
pafs thro' the interfedlion G of the circumference, and the dia- 
meter HG perpendicular to FK ; the other legs AX, DN, will 
be parallel to one of the axes. For becaufe the difference of the 

P move- 



54 



The First Book. 



moveable angles X AG, GDN, to the angles GAD, GDA, is 
equal to two right ones by Hyp : , the legs A X, D N will be 
parallel And it the inter&dtions N, L, X, F, of the 1^^ the 
Curve, and the line F K, as well as the point H, are joined to 
the points A, D, the right angled fimilar triangles HAG, GTL, 
andHDG,GTF, wiU give AGxGL=HGxGT=*DGxGF. 
But becaufe the adjacent fides of the oppofite angles at G are 
proportional, the triangles AGF, DGL will be fimilar; and fo the 
angles GAF, G DL, or their equals NAX, NDX, as well as their 
alternate ones AND, DXA, will be equal. Therefore the per- 
pendicular QM, which bi&ds one of the lines D N, will alfo 
m jrf^ -J, bifedl the other AX, and confequently will be * one of the axes. 

THEOREM XXII. 

129. Tp yER T Tihing elfe being as hefere .* I fay that in tbt 
Fio. 92. Pj Ellipjis or Hyperbola, the parts HT, TG of the dia- 

meter HG, produced ifnecejfary, terminated by the line FT, exprefs 
the Ratio of the Axis^ parallel to the legs DN, AX, to its Para- 
meter. 

Let the leg A B of the moveable angle KAB, be perpendicular 
to the lines AX, DN 5 fi-om the point F draw F V, FS, and thro' 
the interfedion K the Ime KR at right angles to KA, AL and 
DF produced. Then if TH=:^, TG=/, TF=5:r, TL=i, 
LF=r, GF=;/, GL=;w, FK='y, AP=//, DP=x, PB=s7; 

the fimilar triangles GTF, KRF, GDH, wiU give ^ « PR, 

n 

^=sKR, andGDaf^::^. Alfo DG + GF + FR = 
n n 

-i-~ , finoe «»=rr+# i and becaufe of the fimilar tri- 

n 

angles D R K, D PF, we haw (D R : R K : : DP: P B) apy^r ry+ 

rvysspvx, or V = ^Py'r-f^y g^^ ^^ ^ |^ XAL, BAK 

px--ry ° 

ait equal, and XAB is a right angle by Hyp:; the angle K AG 

will he a right angle alfo, and fo the lines KA, AH will coincide. 

Therefore the fimilar triangles HTK» F VK, GTL, LSF, wiU 

give 
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givei.oGL:LT::KF:FV=^^=:l^ 2." GL:GT::LF: 

tn 

FS=VA=^, 3.<>LT:TG::HT:TK=^,AlfoTK-TF=u 

s px — ry * ^ -^^ 

And the fimilar triangles A V F, AP N, will give A V : V F : : 

AP:PN=a—xtffr—ris wherefore DPN=-T-x/z* — ri, or —r 

pc ^ pc ^ a 

xD?l<i^apx^rjx=acy. Confequently * DPN: APB (^>) •^'•/.47. 
::a:p. JV. W. D. 

Corollary I. 

130. \X 7 HEN the line KT falls without the Circle AGD, 
Y V the interfedtion B will dcfcribe the Curve of an 
EUipfis. For the angle AKD being always lefs than the com* 
plement of the two moveable Angles to four right ones, the legs 
A B, D B will always interfe£t each other wherefoever the inter* 
fc^on K falls. Therefore the Curve defcribed by the interfcc- 
tion B, will return into itielf in this cafe, and coniequently wiU 
be an Ellip£s. 

When the line K T cuts the Circle AGD, the interfeition B 
will defcribe the Curve of an Hyperbola ; becaufe when the in- 
ter&<£iion K falls in the interfe^^ions of the line KT with the 
circumference ; the legs AB, DB, will become ♦ parallel between • Art. 12S. 
themfelves ; therefore each of them will meet tne Curve but in 
one point: and iince there can be drawn no other two lines, which 
are not parallel, fo as to meet a Conic-Sedtion but in one pointy 
befides thofe which are parallel to the afymptotes > it follows^ 
that, &€. 

And when the line KT only touches the Circle AGD, the 
interfe£tion B will deferibe the Curve of a Parabola, fince the 
ratio of the parameter py to the axis a becomes infinite in that 
cafe. 

N. B. The Axis parallel to the lines A X, D N will be always 

the firft $ iioce it is always greater than its parameter in the £1- 

lipfis. 
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lipfis, and is always in that angle made by the afymptotcs, in 
which the oppofite Hyperbola's are. 

Corollary II. 

131. X F the Ratio of the firft Axis to its Parameter be given, 
FtG. 93. J|[ you may defcribe the Curve of an Ellipfis or Hyper- 
bola, thro' four given points A, B, D, E. For joining three of 
them as A, E, D, by right Hnes, and if upon A D as a chord, 
you defcribe a circular arch A H D, at the other fide of A D, 
withrefpedt to the point E, which may contain the angle AED: 
then if you make pafs the legs of the angles BAK, BDK (equal 
to the complements V A D, L D E of the angles D A E, A D E to 
two right ones) thro' the fourth point B -, the line K T, drawn 
thro' the interfeftion K of the other legs, and tangent to the Cir- 
cle Tt defcribed with the center C of the former Circle, and 

# ^^ .^ whofe radius CT is to the radius CG, as * a±f is to tf ip/^, will 
ferve for defcribing the Curve required. 

iV. B. As there can be drawn two tangents from the point K 
to the Circle Tt, lb there may be defcribed the Curves of two 
Conic-Sedtions of the fame kind thro' the four given points. 

In the Parabola, the line K T is drawn a tangent to the Circle 
AGD. 

THEOREM XXIII. 

132. ^TT^ HE Curves of any two Conic-SeSiions can cut each other 
I c, 94. j^ ^.^ ^^ ^^^^ than four Points. 

Let m, H, K, n, be four contiguous interfcdlions of the Curves 
mHL n, and m HP Kn, draw the lines mH, n K, meeting each 
other in T, and make TH:Tm::RH: Km, andTK:Tn:: 
S K : S n. Then becaufe the parts of any line T E, terminated by the 
f jirt. 53. point T and the Curves, are always as the * parts terminated by 
the line R S and the Curves : and as the line T E meets always 
the Curves in two points L, F, on one Side of the line R S by 
Hyp :, it follows that it will likewife meet always the Carves in 
two points on the other. 
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PROBLEM III. 

133. fTTl dejbribe the Curvi of aComC'SeSim thrd Jhe given ^i^ ^ 

X points A, B, C, D, E, provided tj}(ft but two are in 
a right line. 

Join any three o^ thofe points as A, D» E, hf right lines, and 
thro' the two others kt pafs the legs of the angles 3AK, CAF, 
equal to the complement V AD of the angle PAE, to two right 
ones, and the angles BDK, CDF, equal to the compkment 
LDE of theangkADE: then the interie<£tion B of the legs 
AB, DB, of the moveable Angles KAB, KDB, revolving about 
the points A, D, will defcribc the Curve required, whilfl: the in- 
terfedion K of the other legs AK, PK, defp-ibes ^ * right line* ^t. 1*5. 
KF drawn thro' the points K,F. W. W. D. 

Otberwife. 

From any of the given points as E, draw the lines E Q, ET, f i g. 95. 
parallel to the Sides A B, B Q of the trapezium formed by the 
lines joining the four others A, B, C, D, meeting the four Sides 
in R, Q, 8, T ; then if from the point C the fine C/be drawn 
parallel to B A, and from its interfeAion J with S T, the Um 
fx parallel to TR, meeting EQJn rj the interfcdion d of the 
lines C/and Ar will be in the Curve. For becaufe of the pa- 
rallel lines TR,/r, we have ET : ER :: E/: Er ^ therefore the 
pomt d will be m the Curve * of a Conic-Sedion, which pafles • Art. 98. 
thro' the five given points A, B, C, D, E* 

And if A u be drawn parallel to BC, and thro' its interfe<aion 
u with E Q, the line \xg parallel to RT meeting ET in g : dicn 
the interfeAion e of the lines C^ and Au, will be alfo in the 
Curve. Therefore the interfeftion O of the lines drawn thro' 
the middles of the parallels AB^ dC» and B C, Ae, will be the * ^- 36^ 
* Center, which being pitmifed. 

Let the lines CB, CA, produced if neceffary, meet the dia- 
meter mM, bifeaing AB, dC, in t, P. Then if 0M=Om 
be taken a mean proportional between OP, and Ot } the points 
M,m will be ♦ in the Curve. '^z. 54.56. 

Q_ In 
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In like manner will be found the vertex's N, n, of the dia- 
meter N n conjugate to M m.' Therefore the Curve may be de- 
fcribed by Article 43. 

N.B. L When Mt>MP, the Scftion will be an EUipfis; 
when Mt<MP, an Hyperbola; and when Mt=sMP, it will 
be a Parabola. 

11. Becaufe the line F K is determined by the interiedtions of 
Tic. 90. ^ i^gs AK, DK, whilft the others AB, DB, pafs thro' the two 
given points B, C, and fince the moveable angles are formed by 
means of the three others A, D, E ; it follows that a Conic-Sec- 
tion can pafe thro' no more than five given points. And as the 
Curves of two Conic-Se6tions can cut each other but in four * 
points ; it follows that there can be deicribed but one Conic-Sec- 
tion thro' five given Points. 

PROBLEM IV. 

134. f I 1 O defcribe the Curve of a Gonic^SeBion^ thro* four given 

Fig. 96,97. X p(^nt^ A, B, C, E, which Jhali touch a right Une bT 

given in pofition. 

Cafe I. Let C be the point of contadt, as alio one of the given 
points. If three of thofe points as A, B, C, are joined by right 

Fio. 96. lines, and from the fourth E you draw the lines ST, EQ parallel 
to BC, and AB interfering in Q, R, S, the lines BC, AC, AB, 
and the tangent in T ; then if in the lines S T, E Q, the points 
t, r, are taken fuch that ER: ET:: Er:Et; the interiedtion 
d of the lines drawn thro' the points A, r, and C„t, will be in 
♦ the Curve. Therefore, five points A, B, C, d, E, being given,. 

• jtt. 98. ^^ Curve may be defcribed as before. 

Cafe 2. Let G be the point of concourfe of the lines drawn thro* 

F 1 o 07 t^c fo^ given points, and T, b, their interie Aions with the tangent. 
If the rciflangte AbB=:tftf, BGA=*^, EGC=rr, CTE=^^, 

bd 

and bD : DT :: a : — ; the point D will be the point of coui- 

ta£t. For if the line TS parallel to AH interfedts the Curve in 

•^/.48. R,Sithcnwil!*EGC:BGA::CTE:RTS=^ — , and* 

bd^ 

bD:DT;:VAbB(/i):*^RTS (7) W. W. D. 
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N. B. As the point D may be taken within or without the 
points T, b, except when the redangles A bB, RTS are equal, 
{o there may be defcribed two Conic-Sedions thro' four given 
points, and k> as to touch a right line given in pofition. When 
AbB=RTS, then willbDbezrDT. 

PROBLEM V. 

135. ^TpO defcribe the Curve of a Conic-SeBiony thro' three given 

JL points B, C, D, Hvbicb Jhall touch two right lines AT/ ' ''• ^^^ 
P T, given in pofition. 

Draw the lines D C, D B, thro' the given points, interfering 

the tangents in I, L,E,H, a nd mak e KL : KI :• /CLD : VdIC 

andER:RH::i/DEB:/BHD; then the line drawn thro' the 

the points R, K, * will give the points of contadt A, P. There- *^'"'' ^^* 

fore the Curve may be deferibed as before. JV. W. D. 



PROBLEM VI. 
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136. ^Ti dejcribe the Curve of a Conic-Se&ion^ thro* two given ^'^• 

X points D, E, which Jhall touch three right lines A T, 
TN, NC, given in pofition. 

Let the line joining the given point?, interfe49: the tangents m 

L , P, F. Thenif KL:KF;:^ELb:i/DFE;andFtf;Pj;;^ 

VDFE : v^EP p, the points K, a, * will be the points of inter- * "*"'' ^^^ 

iedlion of the line DE and the lines joining the points of con* 

ta£t B, A and A,C, and if from the point K you draw a line to 

the interfe£tion N of two tangents, interfering the third in R, 

and the line AC in r, and you make KR:KN:: RrrrN ; the 

point r * will be in the line AC. Therefore the lines drawn* *''''• *3r 

thro' the points r, tf, will give the points ofcontadt A, C, and the 

line drawn thro' the points K, A, will give the point of contad 

B : and confcquently the Curve may be defcribed. W. W. D. , 

P R O B L E M VIL 

137. ^TiO dejcribe the Curve of a Conic'Se£iionj thrd a given jf^^^ |^ 

X point E, which Jhall Umb four right lines* NT, TM^ 
MH, HN given in pofition^ 
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' The intcrfeaion a of the diagonals HT, NM, of the trape- 
zium formed by thoie tangents, will be in the feme point as 
the interiedion c^ the lines joining the points of contaA A, C 
end B, D ; therefore if the line drawn thro* that intedeo- 
tion a^ and the given point E, interiefts three of thofe tan- 
gents in L, P, F, and i^F : a?.\ SFEiEPS, the point S will 

Vr/. 65. be in the* Curve. But if ELS: SFE::KL:KF, the pomt 
K wiH be in the line joining the points of contact B, A, from 
which drawing a line to the intcrfeftion N of the tangents N T, 
HN, meeting the tangent TM in R : and if KN: KR :: rN: 

J ArtM. rR ; the point r will be * in the line joining the points of con- 
ta£fc A, C. Therefore the line drawn thro* the points r^ a^ will 
give die points of omtad: A, Q the line drawn thro* K and A, 
will ^e the point of contad B ; and laftly the line drawn thro' 
the points 3> a^ will give the point of contad D. W. W.D. 

PROBLEM Vm. 

13S. ^TTl O defcrihe the Curve of a Conic-SeBiony which Jh&^ 
Fio. loi. JL twcbjhe ri^ Unes GH, HM, TK, MF, FG, gktr. 

in pofition. 

The interfeaion a of the diagonals GN, TF of the trapezium 
; JrL 67. GTNF will likcwife be * the interfeftion of the lines dmwn thro 
the points of contad A» D and B» E; the interfeAioa b of the 
diagonals GM»HF, of the trapezium GHMF will be the in- 
terfedion of the lines drawn tlu-o' the points of contad A, C and 
By E ; and the intededtioo n of the diagonals GL, HK of the 
trapezium GHL K, will alfi> be the interiedion of the lines draws 
thro* the points of contaft B, D and A, C. Therefore, by the 
help of the three given points a^ 3, n, the Points of contad will 
be found W. W. D. 



Fio. 102. 



Scholium. 

I- T^ f he fve preceding Problems^ the center or a focus of a Conic- 

X. Se^iony is to he taken for two points y and an ajymptotefor tvc 

tangents. For example, if the two nfymptot^s EN, BP of the op- 

pofite Hyperhola's A(i,DK, and the tangeot BF are giveni it ij 

plain 
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plaitty that the tangent E F is parallel and equal * to the conjugate 
of the diameter A a, nvbicb bifeSis that tangent ^ and confequently 
pajfes thrd the point ofcontaB. 

IL If a point D (f the Curve^ and the afymptoteSy are given. 
By drawing DB at pleajure^ meeting the afymptotes in N, B, and 
/«j/J/«^BR=sDN i the point R will be in the Curve. 

III. If three points Q, D, R of the Curve^ and the afymptote E N, 
are given. By drawing two lines thro* thefe pointSy meeting the 
given afymptote inL.N: and j/" BR=DN, QP=rDL ; the 
points P, B, will be in the other afymptote^ which therefore will be 
given in poftion. 

IV. If the center O and the three points A, B, C of the Curve p,^ ^^ 
of an Ellipfs or Hyperbola are given. Draw the diameter Mm 

thro' the middle of the line AB joining two of thofe point Sy and join 
the points A, C, then the rejl may be done as in Article 133. 

V. If the center O, the point m of the Curve^ and the two tan^ F i c. 99. 
gents TA, TB, are given. It is evident j that the line AB join^ 

ing the points of contaSi A, B, is bifeSted by the diameter T O, and 
is parallel to a line given in pofition. For taking the circular arck 
ath able to contain the angle ATB, and making the angle dtf b 
equal to the angle QT B ; then if from the interfeSlion d, of the 
line a d and the circumference ^ the line dt be drawn thro' the mid- 
die q of the line ah > the triangles ATB, a thy and QTB, qtb^ 
will befmilar. ^ereforey bq :qt :: BQj/^^*. whicbbeing pre^ 

mifed. 

Draw a diameter thrd the given point m ; then the line drawn 
from the pointy where that diameter meets B A produced {found as 
before *) parallel to the line given in pofitiony will determine the * ^f- n^ 
points A, B, required. 

VI. Lajily if the center O and the three tangents AT, TN, 
NC, are giveny it is plain that the rations of the fides oj the tri^ 
angles ABT, BCN, ABC,^r^ given \ fince the lines AB, AC, 
BC, are parallel to lines given inpofition. Therefore if BT^ssXy 

BN=tf-x,AB=— , BC^'i^Ilif, and ABiBC ::d:ny or 

a a 

bnxssacd-^cdx ; wejhall have x==r— — — . "^e value of x gives 

the point of contaSl B 5 and confequently the points of conta^ Ay C^ 
are alfo given. 

R L E M^ 



$^ 77;^ First Book. 

LEMMA I. 

Fic. 103. 139. 'TFthe angle mtn, and the ratio of the Sines ds, dr, tftht 

\^ two parts mtd, dtn of that angk^ are given i the line ti 
will he given in pofition. 

For if the line tc be drawn at right angles to the fubtenie ma 
of the given angle 5 the iimilar triangles met, msd, and net, 
nrd, will give tc:tn::dr:dn. and tc:tn(=s=tm)::ds:dni. There- 
fore dr: dn::ds:dm confequently the ratio ot the lines md, do^ 
being given, the line td is alio given in pofition. W. W. D. 

LEMMA II 

• V f- te>A '4®' fW^Hf^ points A, B, C, beir^ gtven^ to find a jmrth\ 
- ^' X fuch that the Differences of the lines AD, BD, CD, 

Jball be given. 

Suppofe BD=«, AD=r+«, CD=</+«, AB=<x, BC=i; 

t^BP=^^=^, BQ=:^^=^, and from the points P, an. 

draw the lines PS, DF and QR, DE, perpendicular, and DS, 
DR parallel to the lines AB, B C. Then if D S =sFP=sx, DR 

«EQ=^, BF wiU be «x-ff±£f , BE=*jr-^^ : and 

becauie of the right angled triangles AFD,BFD, andCED, 

BED, we have (AD=AB+BD+2ABxBF) cu=dxM 

(DCe:BC+BD4-2BCxBE)^«=:^^j and by cxterminadngfl, 
we ihall have bcyt^adx. Therefore, becaufe the ratio of the 
lines D S {x\ D R (^^ ) is given, the line drawn from the mtetfe- 
tion T of the lines PS and QR, to the point D will be alfo given 
in pofition. 

If the line TD interfeOs the line CB m(a)i the fimilartii- 

angle? TQf, TRD, will give tfQ(«): « T (/»):: DR (jrsj) 

:DT=55f= — 7-. ■ Therefore, if the line rx be drawn fuch that 

rT:rx :: dmibn^ the line BD drawn from the point B parallclto 
xr, will interfea the line TD in the point D required. JV. W.d> 

PRO 
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PROBLEM IX. 

141. Pnri HE focus F, and three points N, L, M, of the Curve F i c loj. 

Jj^ of any Conic^Se&im 6eing given^ to find the Axis and 
the other Focus. 

It is evident that the three Ibes MF (tf), LF {b\ NF (r), are 
the difierences of the lines M/(«), L/(^), ^f{z\ to the firft 
axis A a in the EUipfis, and the fame lines added to the firft 
axis, are equal to the lines u^yj z, in the Hyperbola, viz. a^^-us 
Aa=^+^; h+y=C'\'Z; a+u^c-^-Zy or j— ^=ey— .«, r— ^ssy 
— Zy c-^a^sau — Zy in the Ellipfis 5 and u — a:szy—by y-^h^ssz^c^ 
u-^a::s:z^^Cy ot h^^assy^^Uy h^^c^y^z^ a^-^c^ssu — z^ in the 
Hyperbola. Therefore the other Focus f as well as the firft 
Axis, may be found by the preceding Lenuna. 

Otberwife. 

Join the given focus and the given pdnts by right lines, and 
take in the lines NM, NL produced, the points P, D, fiichj that 
FN:FM:^NP:MP, and FNrFL:: ND iLDj the line FB 
perpendicular to the line drawn thro* the points D, P, will be the 
Axis, and D P the * Diredfaix. Therefore the reft may be found •i>j/f«i/. 13. 
as in Article 1 5. 

For drawing the lines N K, L Q, M H perpendicular to D P ; 
the fimilar triangles DQL, DKN, and PHM, PKN, will give 
ND:LD::NK:LQjis FN to FL by Conftradtion, and 
NP:MP::NK:MH::NF:MF. Therefore the line * D P is • i*t. 13. 
the Diredbrix of the Section, which pafles thro' the points M, N, 
and the focus of which is the point F. W. W. D. 

Corollary I. 

142. TT F inftcad of three points, there were two points and a 

X tangent, or two tangents and a point given : it is evi- ^'®' '^^* 
dent, that the other Focus and the firft Axis may be found in the 
iame manner as befere. For example, fiippofe a tangent to be 
given inftead of a point. 

If from the ^ven focus F the line FD be drawn at right an- p^^ ^^ 
gles to the tangent D I, and DL be taken equal to D F; then the 

line 
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^'* «7- line \if will be equal to the ♦ firft axis 5 therefore itsDift- 
rence to another line drawn from a given point of the Curve to 
the focus f^ will be given. 

But if three tangents EM, HN, DI, are ^vcn. From the 
given focus F draw lines FM, FD, FN, at right angles to thofc 
tangents : then the center C of the Circle, whoie circumferenoe 
pafles thro' the three points M, D, N, will be likewiie * the cen- 
ter of the Seftion. 

Corollary IL 

Fio, 105. 143- ^TpHE line FP joining the focus, and the interfcdion of 

JL the directrix with the line drawn thro' the two points 

N,M, of the Curve, will biied: the complement EFM of the 

angle made by the lines drawn from thofe points to the focus. 

For drawing MT parallel to NE, we fliallhavc PM:PN:: 
?>/.i4i. MT:NF::*MF: FN; therefore MT=FM. Confqucntly 

the angle MFT is equal to the angle MTF, or equal to b 

alternate one EFT. 
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SECTION IL 
<y Conic-Sections cwjidered in tJx SoliL 

Definitions. 

I. 
Fig. 113. ttF a right line KY drawn thro* any immoveable point K, 



I 



ways, and moves quite round that circumference j then each of the 
fuperficics ddcribed by the motion of the line K Y, is call'd a Cj- 
niC'SuperJiciei j and both together, Oppojite CmiC'Superjicies: 
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1 
* 

a 

2. 

The immoveable point K, common to both the oppofitc Su- 
perficies, is call'd the vertex. And the Circle YxXy the Bafe. 

1 3- 

The Solid comprehended between the bafeYxX^, and the part 
of the Conic-Superfides between the bafe and the vertex, ia 
called a Chm. 

4. 

Any line as K Y drawn from the vertex K to a point Y in 
the bafe, is called a Side of the Cone. 

5- 

The line drawn from the vertex thro' the center of the bafe^ 
is called the jixis of the Cone. 

i 

If the Axis be perpendicular to the Plane of the bafe j the 
Cone is called a right Cone : but if the axis inclines to it> the 
Cone is then call'd a Scalene Ckme. 

7- 

If a Plane KDd be drawn thro' the vertex K of the Cone, 
parallel to the plane of any Conic-Seftion MAN 5 the mdefinite 
right line D d» formed by the concurrence of that plane^ and the 
plane of the Cone's bafe, is call'd a Dire^rix. 

8. 

A Conic-Sedion MAN is call'd an EtlipJiSy when the direc* 
trix Dd* falls without the Cone's bafe ; an Hyperbola^ when die m p,o. i,,; 
fame ♦ fells within or cuts that bafe ; and a Parabola^ when it 9 p^^ * 
only touches * it • f 

The interfedkion nam of the Hyperbolical plane, and the "** 

oppofiite Cone, is called oppofite Hyperbola to the former MAN. 

S o. 
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A right line drawn in the plane of a Conic-Sedion^ which 
touches only the Section in one pointy and being continued both 
ways, does not cut nor fall within it ; is called a Tangent. 



Corollary L 



FaC. 112. 



144. ALL the Sides of the Cone will interied the Elliptical 
J\, Plane, fince they meet all the plane KDd psirallel 

thereto in the point K. From whence it appears, that the El- 
lipfis returns into itfelf. 

Corollary IL 

145. A LL the Sides of the Cone, produced if neceflary, will 
Fio, 113. jLJL nieet the Hyperbolical Plane, except only KD, Kd, 

which are drawn from the vertex K to the interfedions of tbe 
Directrix,, and the circumference of the baie ; fince they meet 
all the plane D Kd parallel to the former, in the point K. More* 
over the fides of the part of the Cone KdYD, do form the Hy- 
perbolical Curve NAM,, and the Sides produced of the part 
KdXD,. do form the oppofite Hyperboliod Curve nam. From 
whence it appears, that each of the oppofite SeAions ace infinite^ 
and do not return into themfelves. 



Fig, 114. 



Corollary IIL 

146. yt LL the Sides produced, will meet the Parabolical 
XjL Plane, except the Side KD, which is drawn fi-oi» 
the vertex K thro' the point D, where the diredrix touches the 
baie : becaufe they meet all the Plane KDd parallel to the for- 
mer in the point K. From whence it appears, that the Para- 
bola extend itfelf^ ad injimtum. 

Corollary IV. 

P10, 1,3. 147. T T is alfo evident, from the generation of the Cone's Sur- 

X face, that its interfe<aions KE), Kd with any plane, 
pafling thro' the vertex K, will be two right lines, 

LEM- 
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LEMMA m. 



14?. 



I 



always be right lines. 

If the axis EF be parallel to the plane AB, all the inter/e^ioksT 10. 107; 
GH, gb, ofthofe planes^ will be parallel ta the axis £F, ana tbere-^ 
fore parallel between themfehes^ 

But if the axis EF is mt paraM to the plane AB^ the inter^^io^ «o8- 
Je£lions GH/gh, will always meet in the Jame point G^ wherein tbe^ 
axis EF does meet the Plane AB» 

This is fo plain^ that it requires no demonfbatioiir 

LEMMA IV. 

149. TT F upon a radius CA {produced if neuffarf) of a CireU,^^^^ ^^^ 

X y^ take ~- CB I C A: CS, and the line DB be drawn iio. 
at right angles to Chi Ifay^ the line ah joining the points of eon- 
ia£l cf two tangents, drawn from any point rfthe line DB, will 
always pa/i thrd the point S. 

For Joining the center C and the point of concoarfe D of the 
tangents hj ari^ ISne^ meeting ahmV *y then becanfe of the 
right angled iiimlar triangles CBD^ CPS, we have CPiC&r:; 

CB:CD, or(C&5cCB) CA=sCPxCD. Therefore &e. 



LEMMA V. 

15a Tp P tht lines D^^Db, touch a Circle in tf,b, ond if frrnn^^^ 

Jt their interfeSion D,. a line DY be drawn, meeting the 
circumference in X, Y, and the line ab in S > Ifayy DX iDY :•: 
SX:SY. 

Thro* the points Y,X, draw the lines Y7, X^, paualld to^b, 
interfedting the Curve in x, y, and- the tangent in F, E ; then the 
line drawn thro' the points y, x, will pafi thro' the point D^ 

Therefore DE:DF:r EX iFY:: Ex: F;^, or DE:¥F::(XE 

5c=) aE : (YF^=) ^ f'^ Alfo DE : DF iiaE: ^ F5 and confe- 
qiiently DX : DY:-.SX;SY- 

T HE»^ 
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THEOREM XXIV, 



•«« 



Fic 1TC *5^* T "^ ^'^^ ^^^^ ^^^^ MN,mn, terminating in aOnlk'Sictm^ 
'ii6. X interfedi each other in P, and ate parallel to fwo ather 

lines KD, Kd, given in pojitioni Ifay^ tie Re&angks MPN, 
mP n, are always t$ each other in a given ratio. 

- The Planes drawn thro* the parallels KD« MN» and Rd, 
mn, will form two right lines YXD,;^xd, in the plane of the 
bafe, the lines KMY^ KNX, andKm^, Knx» in dw Cone's 
Sur&ce and their common inter(edion the line KPS, whidi 
meets the plane of the bafe in the point S, wherein the lines 
YX D, yxA^ intedea each other. Now if thro' the point S you 
draw the line RV» in the plane YKD, parallel to MN, and 
the line rtr, in the plane j^Kd, parallel to mn^ and yon [make 
DK=^, dK=*, YD=y, DX=:x, ;rd=2;, dx=i;. Thcnbc- 
caufe the triangles KPM, KSR, and KPN, KS V, are fimilar, 
as are likewife the triangles KPm, KSr, and KPN, KSt^; we 

(hall have KP: KS*:: MPN: RSV:: mPn iv^u. But bccaufe 
of the parallel lines KD, R V, we have YSi RS :: YD {y): DK 
{a)y and SX: S V :: DX {x) : DK {a)y and multiplying orderly 

Y^HiKSYv.xyiaa, orRSV=— xYSX, likcwifc rS«= 

xy 

—xySx. ThereforeMPNrmPn::— xYSX:— xvSx But 

. vz ^ xy vz; '^ 

becaufe the lines dK (^), DK f^) as well as the points d, D are 
given; and by the property ot the Circle the redanglesYSX, 
ySx^zxc equal; and the redarigles YDX (xy)ydxy (vz) remain 
always the iame, wherefbever the lines D Y, dy^ arc diawn ; it 
follows, that the Rectangles MPN, mPn, are always to each 

other in the given ratio of — to — : 

'^ xy vx 

Corollary L 

Fig. 117. 152. T T is evident, that if in the Hyperbola, the line NM 

X becomes parallel to one of the Sides of the Cone, which 
pafles thro' the interfedtion of the diredrix, and the circumference 

of 
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of the Cone*s bafe, or in the Parabok^ be parallel to the Side 
KX of the Cone, which pafles thro' the point ofcontadt Xof 
the dirciarix, it will meet the Curve but in one point M ; and 
the Rccftangle mPn, will then be to MP in a given ratio. 

For, if thro* the point P the line ahht drawn in the plane 
YKX, parallel to the line YX, and the reft as before j we fliall 

have mPn:^Pb::rS« : YSX; or becaufe*rS«= — xySx,and»^^^.^ 

H 

YSX=ySx,mPfi:a?h::—%ySx:YSX::66:vz. But the 

^ vz ^ 

line Pb is given, fince MP is parallel to KX,aiid ^ P is always 
as MP; Therdfore mPn:MPb::^^:i;a;. 

Corollary IL 

153. TT F the plane ;^mK^x be fuppoied to revolve about the 

X line Kd as an axis j it is evident, that all its interfec- ^'°- *^5» 
fedions mn with the plane MmN parallel to the axis Kd" "'^^ 
of revolution, will be always parallel to each other; and all 
its interfeaions d^ with the plane of the Cone's bale, will always 
pais thro' the point d. And when the plane ;^Kd touches the 
Cone only at the Sides KY, KX, the interfeftion mn will be- 
come the tangents M e, N/ 

Corolla RV III. 

154. T TEnce if the Plane YKX paflfes thro' the points ofcon- 
XTX tadt Y,X, of the taqgents drawn from the point d to 

the Cone's bafe, the line mn will be always bifedled in P by the 
line MP, wherefoever the plane ^Kd pafles. For * ;^S : ^d :: • uf-/. 150. 
xS :xd; and fince * ^S:^d:: rS: Kd, and »S::yd:Si/: Kd ;• jrt. 15*; 
rS will be =s Si/, and becaufe ru, and mn are parallel to each 
other; it follows that mP=:Pn. 

Corollary IV. 

J r^. T N the EUipfis and Hyperbola, If the angular point d of Fig. 115^ 
JL the plane j^Kd, moves along the diredrixDdj it is "^• 

€vi* 
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evident that the line Kd will remain always parallel to the plane 
MmN of the Sedtion, and the line YX, joining the points of 
contaifl of the tangents drawn from the point d to the bafeof the 
» >/. 149. Cone, will always pafs thro' a given point*. Therefore the 
plane YKX will turn about a line as an axis, which there- 

• Art. 144. fore will always * bifedl M N 5 fince DX :D Y :: S X : S Y. 

Corollary V. 

• Art, 154. 156. T) Ecaufe the line MP bifefts always * the parallellmes 
^^?^ "^* f) mn: it follows that the line MP is a diameter. 

Whence it appears : That all the diameter of an EUipfis or Hy- 
"^ Art. 155. perbola, bifeft each other* in one point: and that in the Pa- 
rabola they are all parallel to the Side K X of the Cone, which 
pafles thro' the point of contaft CX of the directrix dX, and 
confequently are parallel between themfelves. 

THEOREM XXV. 



Tic. m8. 



157* TT F tf right Cylinder Ab, he cut by a plane BMAN o^/Zp/; 
X to its ba/e jsb, the SeSionBMA'tJ will be an Ellipjis\ 
that is, if any two parallel lines M N, m n, terminating in tht 
SeSiiony are cut by another line AB terminating likewife in tk 
Se^ionJnP,^: 7/iy APB : ApB:: MPN: mpn. 

For the Planes drawn thro' thofe lines [perpendicular to the 
bafe of the Cylinder, will form in its Surface the parallel lines 
Atf, Bb, Ms, mr, Njy, n^r, and in the bafe the parallel lines 
r AT, sy^ and the line ^ b, and their interfcdions will form the lines 
^Uy P V. Now becaufe of thofe parallel lines, we have i.^ tfV: 
au:: AP : A p j 2.^ b V: b ^^ : : B P : B p ; and multiplying or- 
derderly, tfVbitfz^b:: APB: ApB. In the feme manner may 
be proved that sV^:r«« :: MPN :mpn. But by the pro- 
perty of the Circle tfVb=:sV^', and auh^ssrux. Therefore 
APB: ApB:: MPN : mpn. 

"He End ofthejirjl Book. 
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SECTION I. 



LEMMA I. 



158. '"^p^ HE produd: of a multiply'dl into a \&a 1 

that of ^4-* into a-\-x is a-\-x ^=,a-\-x . In 



T 



general the produd: of a multiply'd into a \^ a , that of 
a-^x into a-^-u is tf+x . Likcwife the produdt of jc x 

This is c- 



OT-|*« 



iKT-Hv 



tf+;c multiplyed into x xtf+^ is x Xtf+;c 
vident from the Compofition of Powers. 

LEMMA 11 



159- ^Tl H E quotient of ^^ divided by a is a ^ ^sza^ I 
-*- that of i3t-f;v divided by <ar + ;c is i^ + ;c s=s 



«. 



tf + a; • In general the quotient of a divided by tf is ^ ', that 

Likev^iie the quotient 

of ^ xa-^- X divided hy x y^a^ x is;c^xj+* -Thifi 
is the inverfe of the fir ft Lemma. 



oftf + ;c hy a-^-x is a-^-x 



Cor; 



7* 
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Corollary I. 



360* T> Ecaufe — saui^'^^^ and -;:::::::: = ^ + « j it follows 

that the denominator of a fraAion or a broken number may be 
put into the numerator, by changing only the Sign of its expo- 
nent. For if we iippofe a^ ^i, the fradion ■ — =:tf ,will be- 



m 



come — ^ = ^~** Like wife iSa-^x = i, the fraftion ^J±^ 



= ^+« will become — „ = tf +« 



Corollary IL 



161. TTEnce, will-/jf=-«*, v^x =«3, /tf4"«= ^ + «' , 
•■• -■• and in general •tf +« = a-^-x^. For if both fides 

of the Equation -Z^+w = a+w* are elevated to the Power m 

I I 

we (hall have tf +*'*<'+«• ** 3 ^c. continued to m terms> 



that is sstf+3c»» =stf +x. 



LEMMA in. 
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162. TF a Series b +ia -{-iia +^ ^ fi?^* (formed by 

Jl a bmomial a+6y of which the exponent n of the firft 

nunofcber decreafes, and the exponent of the fecond increaies by^ 

Unity) be multiply'd by the difiercnce ^a— ^, ribe produd: will be 

^a '*" — ^ . For the iaid produd will be tf*^' + ^^*^'— 



ia 4- Ua — ^^tf + ^ 3 which fhews that all 



the terms vanUh except the firft and the lafl. 



Colt. 



Corollary III. 

163. T TEnce if a binomial a^ —b"* be divided by thft difier-- 
JLJL cnce a—b of the two numbers, the quotient will be 

Gompofed of as many poiitive terms as^ the exponent n contains- 

units, and the greateft exponent will be n — i ; therefore a^ — b^ 
divided by a — by gives aa-^-ab-^-bb. 

LEMMA IV. 

164. ^Uppofe a Point {a) to be continually moved by two Jhrces pj^ ,j^,g. 
^^ at the fame time^ the one con/iant or given^ and in the direc^ 

tion AP, and the other varying every where according to Jbme given 
laWy and in the direSlion Aj£>. parallel to the femi-ordinate PM,y3 
that the^ point {a) may defer ibe a Curve4ine AM n ;. then the Ve- 
locity with which the point {a) arrives at ar^ given place M, in the 
direSlion AP, will be to theYdocity with which it arrives at M 
in the direSlion AE, as the fubtangent TF is to the femi-ordinate 
PM. 

Let the point a continue to move uniformly with the Velocity^ 
with which it arrived at M. It is evident,, tnat inilead of con-^ 
tinuing to defcribe a Curve- line M'n, it wiU defcribe a right line- 
MN touching the Curve in M* For if the motion in the direc-^ 
tion AE be a retarded motion, fb that the Curve be concave next 
to A P; and if the lines L p,,Nq arc any where drawn on both 
Sides of the point M, parallel to AE, meetmg the Curve in m, n,, 
the line MN in L, N^ and the line EM parallel to A P in F, r ; 
then, whilft the point a movca from F to M, and from M to r, 
in the diredtion AP, with an uniform motion, it will move from^ 
ni' to F and from r to n in the diredion AE„ with the retarded 
motion : and iince the velocity of the point a is lefs in M than^ 
m m, and greater in M than in n, by fuppofition 5 the ipace mF, 
will be greater, and nr leis than the ipaces LF Nr^ which the 
point a would defcribe uniformly in the lame time with the ve^ 
locity it has at M, Therefore the line TMN, lies on the fame- 
fide of the Curve, and meets the fame but in one point M. 

Now becaufe, whilfl the point a moving uniformly from M 
to^ N with the velocity with which it arrived at M in the direc* 

U tioa> 



r 



^^ The Second B«^ s. 

ilon M N» moves from M to r, with the velocity with which it 
arrived at M in the direction AP or E M, and Jrom r to N, with 
the velocity with which it arrived at M in the dircdlion AE or 
P M : and fince the Spaces described uniformly iin the fame time, 
.are as the velocities with which they are tiefcrihed:: it follows that 
,the velocity of the points at M or P in the diredion AP, is to 
ihe velocity at M in the direftion AE, as Mr to rN, or becaufe 
of the fimilar triangles TPM, MrN, as the 5ubtangcnt TPis 
Xo die Scmi-ordinate P M. IF. W. D. 

Corollary I. 

165. T> Ecaufe the point a defcribes the Curve AM, with the 
j3 compound motion of the two forces acting in the di- 
rections A P and A E ; the velocity in any place M of the point c, 
generated by that compound motion, may be laid to be the velo- 
city with which the point a moving in the Curve arrives at M. 
Tor it is evident, that the more or lefe the compound motion i$ 
: accelerated or retarded in a given time, the point will defcribe . 
greater orleflcrparts^of the Curve. 

N. B. Though we have fuppofed one of the forces which move 
sthe point a over the Curve given, yet they both may vary ac- 
cording to different laws; for the Demonftration above holds good, 
in all Cafes which poffibly can be fuppofed with refpcdtotkir 
variation. 

Definitions. 

TH E velocity with which the point a arrives at M or P in 
the dire<ftion!EM or AP, is call'd the Fluxion of the Ab- 
fcifs AP. 

The velocity with which the point a arrives at M in the dlrec- 
-tion AE or PM, is call'd the Fluxion of the Semi-ordinatePM. 
And the velocity generated by the compound motion, and with 
whida the point a arrives at M^ is callUthe Fluxion of tiic Cunt- 
line AM. 

In general, if the line AP exprelTesany variable Quantity what- 
foever, generated by a continued motion, varying according toanj 
given law ; the velocity at any given point P is call'd the Fkxm 
of the Line or Quantity A P. 

Adc 
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And reciprocally, thofe Lines or Quantities are £ud to be the 
FluefUs of Uicir Fluxions. 

N. B. Hereafter we (hall always exprefs the conftant or inva- 
riable Quantities by the firft letters of the alphabet as a^ b^ r, d^ e^ 
&c. and the flowing or variable Quantities by the latter as, i, /, u^ 
Xy y, Zy and their Fluxions by the fiimc letters with a dot or 
point over them, as v, ;c, j?, z. 

PROBLEML 

1 66. ^ O find the Fluxion ofyy. 

^ Suppofe X ^yy^ and AM to be the Curve of that E^ 
quation, which will be tlie common Parabola : for if AP~ x, 
PM =^, and the parameter of the diameter AP be unity ; then 
will.A:=^;^andthe^SubtangentTP will* be =2A:=2y^. Therefore* An, 2j^ 
TP {7,yyY PM (])^) : : ^ : V, or x^^iyy^ confcquently 2yy is the 
Fluxion required oiyy. W. W. D. 

PROBLEM. IL 

167. ^Tl O find the Fluxion (fy^* 

JL Let x-^^y^y and AM be the Curve of that Equation. BT 
Ap=5C, pms==y, and Aq=i/^ qn=z j then will u=z'^ j and ful> 
itrading the fi r ft Equation fro m the laft, we fhall h^vt u—x=z 

z^—y^ =2 — y xzz+zy-\-yy. Now if the line n m meets the 
diameter AP in t ; then will qn— pm {z—y}: qp (u—x) : : pm 
: pt : : 1 : zz-^zy+yy and if the lines pm, q n, ar# fuppofcd 
to approach continually until they coincide with PM } it is cvi* 
dent, that the line n t, will likewiie coincide with the tangent 
TM, and z will become =y> Therefore PM : PT : : i : ^yy 
I :y:Xy or x=i ^yyy -, and confcquently syyy» ^^^ he the fluxion. 
defiredof;f5. ff^. fF. D. 

In gemraly let it be required to find the Fluxion ofy^ . 

The lame t hing being fuppofed as before, we fhall have u—h 
^ss^m ^ym ss^z—y X iuto z^»—^ -^y z^—^-^yyz'^'^s 4- &c. con- 
tinued to/w terms* : therefore pm : pt : : i :;?;«:— i-j-y^*'— 2+ • ^/. le^ 
&c. and when the line nt baomes the tangent TM i, 2, will bo- 

comcL 
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• >/. 163- come safcy, and a?*— »+^'««— ^-ffi?^ * =^w>*^^ ConfequcntlyPM 
: PT : : I : my^i : :j^ : ;f ; or xssmyf^^^ j therefore m)f^^ 
will be the fluxion deured of/* . 

PROBLEM III. 

i68, T' O find the Fluxitm ofzy. 



Fi«. 120. 



Let the Curves A mMr^ AoNs have the fame vertex A^ and 
be fuch that the redangle pmxpn, of the femi-ordinates be al- 
ways equal to the common abici& A p mnltipKed into unity ; 
therefore, if Ap=:jc, pma=y, P^^^t Aq=r, qr=:«, qssrv, we 

(hall have x=yZy r= uv^ and r — x^uv—yz^ or 1= ^ 

< 2 

4^*""-9i V^^Z {/""V 

-3— I — -— X -— : and if the lines rm, sn, meet the diameter 

?>/. ,67. APint.Uithen will*~=^. tE^^JI » *°^ ^thc kft 

uz+yz vy'\'Zy 

Equation will become -riCT. — — TTT^ =1. Now when the 
^ apu • apt 

ordinites mn, rs, coincide with NM^ the lines rt, su, will 
likewife coincide with the tangents MT, N V : and y will be- 
come =ir, ««v, pussPV, ptwPT. Consequently the laft E- 

y^ ^y 

•jH 16 ^^^^^^ ^^ become py+pf t=:i^ ot yz +«j^ = x becauie ♦ 



Corollary L 

169. Trt Ecaufc we have always Nr : rM : : MP : TP, It is 
J3 manifeft that the ratio's of the vanifliing lines nr, rM^ 
nM» are equal to the ratio's of the Fluxions of the iemi-<x'dinat€ 
PM, abfcifs AP, and the Curve AM ; fince rn, rN, become 
equal in this cafe as well as Mn and MN. Therefore we {hall 
hereafter exprefs indifferently thofe ratio's, either by the vanifli- 
ing lines nr, rM, nM, or by Ac Sides of the triangle MPT. 

Cor. 
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Corollary IL 



I/O* ^Tp HE Fluxion ofxyz, will be xyZ'\-yxz+zxy* For 

X ifxy=!/, (whofe fluxion is xy-\-yx=:u); then will 

xyz=:zuz: therefore the fluxion of uzy =uz+zu=sxyz+yxz 

+ zxy (becaufe xy+yx=u, and xy=u) will be the fluxion of 
xyz defired. 

Corollary III. 



X— I 



171. T TTEnce the Fluxion of 2; , is„ zz» . For ifz" =:x, 
X X or z=ix" the fluxion of which is z=znxx"^^ or 

zz» =nxx''y becaufe ;s « =sx ; therefore fubfl:ituting z for x"^ 

I 

and dividing by nz; we fhall have i zz"'^^ ^x\ which is the 
fluxion fought. 

Corollary IV. 

172. Mp HE Fluxion of a+x", will be «5C x^+«*^' . For 

fuppofe tf+5(?"=5?, or a+x=z^ ; then will x^n 
I 1 

s;« ' ^, or ;25CXtf+ A? '=;s* 2?; therefore wxxH^'^'sri ; be- 



caufe a+x^^Zy and /2+i«=^*. 

1 

In the fame manner may be proved that the fluxion of ^+ x % 



I 
. — i 1 

is » «xtf+x* 



Corollary V. 



i73.»TpHE Fluxion of ** x «+« ,isOTa!x*""»x«4-»*+ ««x* 



»mI 



x<i+» . For if tf 4-38 sBjSf, then will «*xtf+« 

X 
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^zx'^Zy and the fluxion of x'" z will be, mxzx^^^ + zx'^ =m 
xx'^'^^ X tf+»? ^'^^^'^x ^z+x''""^, becaule ^H-a; =zz, and ;za:x 

• Jri I X ^ r ^ = *2;. Hence we difcover the following ; 

General Rules for finding the Fluxions of variable 

Quantities. 

I. 

174, MrtO find the Fluxion of any quantity as ^72?^, where the 
JL exponent m exprefles any finite nnmber whole or bro- 
ken. 

• >/. 167. Multiply the quantity by the * exponent of the variable quantity^ 

and change ore of its dimen/ions into itsjluxion. I'hus mazz^'^^y 
will be the Fluxion required. 

11. 

175. TO find the Fluxion of two variable quantities ay^z"^ 
elevated to any povers m^ n, and multiplyed into each other. 

• Jrt. 1 68. Multiply the fluxion of each quantity into * the other quantity ^ 

the Sum of the two produSls az^'y^myy^'^^'^'ay'^ xn zz'^^ will 
b€ the Fluxion required. 

HI. 

m 

176. TO find the Fluxion of a binomial ^4-x* elevated to 
any power m. 

Multiply the produSi of the fluxion of the variable term x » and 
the exponent m of the binomialy into the binomial^ whofe ex- 

• jrt,\iz. pnent lejfen by unity ^ that is * mnxx'^^xa+x" ittiU 

be the Fluxion. 

IV. 

177. TO find the Fluxion of any binomial mfildply'd into a 

variable quantity elevated to any power, viz.x''-Ka-\-x''' . 

Mul- 
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Multiply thefu)cion of the quantity which multiplies theBincmial 
itifo the Binomial^ multiply likezvife the Jluxion of the Binomial into 
that quantity : then the Sum of thofe t'lco products 'will be the Fluxion 



m • — — /«_! 



7\' quired : viz. * rx x*''^ ^x^+:«« -^-nm xx''-^"^ xa-^-x" . • jrt, i '^^ . 

N. B. Though we commonly fay that iiich a quantity, as 

for example, myy^^— , is the Fluxion of ^'^ ; yet that cxpref- 
(ion is not futticiently accurate : Therefore, the izwis, in 

which we defire to be underftood is, that i : my"^^^ ::y : myy^—i 

that is, unity is to my^—^^ or y is to myy'—^^ as the fluxion or 
velocity with which ^ is generated, is to the fluxion, or contem- 
porary velocity with which y^ is generated, and fo for the reft. 

Scholium. 

AS in the ufe of fluxions, there is required no more than the 
Ratio's of the Velocities, with which variable Quantities 
as X, y^ Zy &c. are generated in the fame time, and fince we may 
exprefs thofe Ratio's, by fiich lines as increafc or decreafe in the 
fame proportion, as thole Velocities: it follows, that we may con- 
ceive the Velocities, with which thofe lines are generated in the 

fame time, as the fluxions of the former, «,^, z, &c. or as the fe- 
cond fluxions of 5C, yy Zy &c. And likewife the velocities, with 
which the lines, exprcfling the Ratio's of thefe fecond fluxions, 
are generated, as the fluxions of the fecond fluxions, or as the 
third fluxions of x, jy, z. And fo on to fo many fubordinate 
degrees of fluxions as thofe Ratio's vary. 

The fecond fluxions of Xy y^ Zy are denoted by XyyyZ; the third 

m • 

by Xy yy Zy &c. and fo on. 

To illuftrate this, let the abfcifs AP, be always to the corref- Fig. 119. 
pondent femi-ordinate P M, as the degree of velocity denoted by 

re, is to the' degree of the contemporary velocity denoted by y \ 

and let the ratio of thefe fluxions x, ^, be expreflTed by any Equa- 
tion, fo that the Curve AM may be defcribed : then the fluxion 

« of Xy or the fecond fluxion of Xy will be to the fluxion y of y, 
or the fecond fluxion of ^, as the fubtangent T ? is to the fenii- 

or- 
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ordinate P M. Therefore, if «=>' 3, T P will be = 33c=3^*, and 
confequently T P : P M : : 3^^ ly : : oc : jy , or oc == lyyy. 

Corollary I. 

178. Tf? RO M whence it eafily appears, that the feconJ firj. 
j|/ ions are the variations of the velocities, with whi 

Quantities are generated in the fame time ; the third fluxio 
the variations of thcfe firft variations ; and the fourth fluxi 
the variations of the fccond variations, &c. 

Corollary IL 

179. XF AP is an axis, that is, if the femi-ordinates PM l 

X at right angles upon the diameter A P and if x, v, .. 

denote the fluxions of the abfcifs AP, of the femi-ordinate P V 

Jrt. 165. and of the Curve AM : then becaufe thefe fluxions are as *u 

Sides of the triangle TPM, we fliall have zz^^xx-^-^.c: 

the fluxion of this Equation, will htz z=iX x^ when y is comb. 

zz^yyy when x is conftantj and x ?c4-^>'=o, when 2 is cc:- 
ftant. Which fliews, that if one of thefe firfl: Fluxions : 
conftant, the other two, are reciprocally as their fluxions. 

It is evident, that this Corollary may be alfo apply'd to a: 
right angled Triangle. For if one of the Sides is conftant, u' 
other two will be always reciprocally as their Fluxions, 



\ 



Corollary III. 

180. ^TpHE Method of finding Fluxions being known, Tr- 
J. gents may be drawn, to any Curve whofe Nature :' 

given. For, becaufe * y: x::PM{y):T P=:^, if inkd c 

... y , 

the fluxions x, y^ their ratio be fubftituted, which will be fcu: 
by the help of the Equation of the Curve, the Subtangent m: 
be determined. And if A P is an axis, and M K a pcrpendicu 
to the tangent ; the right angled fimilar triangles TPM,Mri> 
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will give PK=^. Therefore, the fubperpendicukr PK, may 
be found likewife. 

N. B. We may oblerve, that if the fluxion y of the &mi-or« 
dinate, be fuppofed equal to the femi-ordinate y itfelf, in the E« 
quation of a Curve ; then the fluxion x of the abfciis> will be 

yx 
equal to the Subtangent TFT fince TP=4- becomes = »• 

. . . y 

Therefore, if the Fluxion of the abfcils is taken as ufual, and 
the terms in which the femi-ordinate is, are only multiplyed by 
the Exponent of that quantity ; the fluxion of the abfcijfe, wiU 
be equal to the Subtangent. Example, let ;c=^«» be the Equa* 
tion of the Curve : then will TV^=:x=my^ . Likewife, if axy 
^y3z=iX^+i6x be the Equation; we fhall havejjfy+^«^+3^3 ss 

2xxx+bbx, andTP=j^^^^3^^- 



^^@^@^@:^@^@^^@@^:^@^^@^:@@@@^ 




S E C T I O N II. 

TJje Ufe of Fluxions in fnding Maximums and 

Minimums. 

Definition. 

LE T M E m be a Curve whofe ordinates are parallel to p ^ 
each other : and let this Curve be fuch, that while the Tm!*** 
abfcifs AP continually increafes, the femi-ordinate PM 
increafes alfo, until it comes to a certain point D, and afterwards 
decreafes, or on the contrary, if the iame decreafes until it comes 
to a certain point D, and afterwards increafes. 

The line D E is called the greatefl or leaft femi-ordinate, or 
a Maximum or Minimum. 

Y CoR. 



\:? 



ail. 
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Corollary. 

Pic. 121, i8i. TTENCE, if the femi-ordinate PM to the axlsAB^ 
123- XJL confifts of one or more variable quantities as AP; 

it IS evident, i^. that if while A P continually increafes, PM be. 
gins from nothing to increafe likewile continually without de. 
creaiing, or begins from infinity to decreafe continuaDy without 
cheating; the expreffion v^rill contain neither a Maximum nor aJ 
nimum. 2^. IiPM begins from nothing to increafe continual 
for a while, and afterwards decreafes continually without incie:. 
ing ; the Expreflion will contain a Maximum D E ; on the coo 

F I c. 1 22, trary,* if it begins from infinity to decreafe continually for a wE^ 
> ^4- and afterwards increafes continually without decreafing ; the £i 

jr,o. i2Sf pJ'cffion will contain ^Minimum. 3^. Laftly, *if PMbcgiri 
from nothing to increafe for a while, until it becomes DE, as: 
afterwards decreafes till it becomes FG, and then increafes agai: 

Fic. 126. or if it begins * from infinity to decreafe until it becomes D£ c 
afterwards increafes till it becomes FG, and then decreafes a^J: 
and (b on alternately : the Exprefiion v^U contain fomeilk 
mums and ibme Minimums. And in the firft cafe, the firil Dl 
will be a Maximum, the fecond F G a Minimum, the third : 
Maximum again ; and in the fecond cafe, the firft D E will ''i 
a Minimum, the fecond FG a Maximum, the third a Minitfy- 
again, and fo alternately in both cafes, as many times as thei^ n 
Maximums and Minimums in the Expreflion. 

I General Problem. 

j82, ^Ti HE Nature of the Curve MEm, being given, ftp 
JJL tbe greatefi or leaft femi^rdinate D E, or wkui /i '- 
fame thing, an Exprejfion being given, to find its Maximums ^1 
Minimums. 

It is evident, that when the Semi-ordinate P M become! :i 
''1*22! *'* grcateft or leaft DE, the tangent TM, will either become par:- 
to the axis AB as in figures 121, 122, or perpendicular to :: 
fame as in figures 123, 124$ and therefore the fluxion of the: 
fcifs AP will be infinite with regard to the fluxion of the len: 
ordinate P M, in the firft cafe, and on the contraiy, it ^ 
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bjs nothing with regard to the fluxion of the femi-ordlnate in the. 
(econd. Confequcntly, if the fluxion of the fcmi-ordinate P M^ 
be fuppoied =50, you will find fuch an Expreflion AD for A P 
tHat the femi-ordinate DE be the grcatefl or leaft required in the ^ ' ®- '*3« 
firft cafe 5 and if the fluxion of the abfcife AP be fuppoicdsso, *^^' 
or w^hich is the fame thing, if the fluxion of the femi-ordinate 
P ;M is fuppofed infinite, Ae Expreflion AD found for AP will 
determine the greateft or leafl femi-ordinate D £ in the fecond. 

iV. B. It may be obfenred 1^. that fuppofing the femi-ordinate 
P ISA conflant or invariable, is the fame thing as fuppofing its 
fluxion equal to nothing. 2^. That if the Expreflion found by 
taking the fluxions of the variable quantities be a fraction : then 
tlie numerator will eive a value for A P, when the tangent be* 
c^omes parallel to me abfcifs, and the denominator when the 
tangent becomes parallel to the femi-ordinate 5 fince in the firfl 
cafe the fluxion of the abfcifs is infinite^ and in the fecond 
that of the femi-ordinate. 

EXAMPLE I. 

183. ^nr\ O divide the line ABssa in fucb a manner, that the Fic it-r. 
X produS AD xDB ^ss.^Y.a — x , he a Maximum. 
Suppofc the perpen^cular DE=y, fo that^=:x»xj — 5C*, be 
the Equation of the Curve AEB. Then the Fluxion * rnxx""^^ • ^/. 177, 
Xdi — x^'-^nxx^^a—x"^^, being fuppofed =0, and divided by j 

5C5c«— 'x^— « gives/»tf— WM— «^=bo, or AD=:x= — —. 

If n and m are any whole or broken pofitive numbers, D E 
will be always a Maximum^ for if «=o, or 5C=:^, the Equation 

^rsoc^xj— X* will give ^=0 5 and therefore, DE * will he a ,^^ ^^ . 

Maximum. And if ;? be negative, and lefs than )tv^ DE will be No. 2. ' 

ma 
always a Minimum j fince, the Equation x^^ZTZ.> &^^ x>a i 

^ x^ 

and the Equation jfssM^x^—^g will become^=:— -«: and when 



y 
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• jrt.iSi. ^ ^^ equal to a^ or infinite, y will be infinite alfb ; and confe- 
No. 3.* quently DE will be a Minimum. 

In this laft cafe, the Problem may be thus laid down. Con- 
tinue out the given line A B towards B, to the point D, in fuch 

■ m 

that be a Minimum. 



a manner 



DB' 



EXAMPLE IL 
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iS 4,. ^^ F all the Re3f angles PMmp, that maybe infcrihi 
\^ in a Semi-circle AM ma, to find the great eji. 

LetAa=:2tf, CP=«?s thenwill2PCxPM=y = 25cVtf^— vvj 

the fluxion of which, zxyaa^xx--,/ = y bemg made =c, 

will give CV=x:=z±V\aa s and y will be a Maximum ; fincc 
when x=a^y will be =0. Which fhews that the arch AM, cr 
am is 45 degrees. 

EXAMPLE IIL 

185. ^^F all the Cylinders that may be infcribed in a Sphere 
V>/ tofindthegreateft. 

Suppofing the reft as before, PpxPM=^=:2x'Xtf^ — xx^ wiC 
be as the Cylinder defcribed by the rotation of the rectangle pM 

about the diameter Aa. Therefore, the fluxion zaax — 6xw, te- 

ing fuppofed =0, will give CP=«=±V^ftfJ. 

EXAMPLE IV. 

186. /^^ ^^i the Cones that may be infcribed in a Spberty to 
\^ find that whofe convex Surface is the greate/i. 

It is evident, that Amxpm=V^2^^7+2tfxx/i?^ — xx^ will be 
as the Surface generated by the line Am revolving about thedia- 

meter Aa. Therefore the Fluxion ^J^^^^_ xW^^ ^ 

Vzaa+zax Vaa — xx 

beir.: 
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bemgaso, gives ««— 2tf*— 3«mc=o, or «=!-, 

3 

EXAMPLE V. 

187./^ F tf/?/i&^ ParaUeleptpedonSy wbtcb are equal to agtvett 

^^ Cube a^t and have a given Side by to find that having the 
leaji Surface. 

3 

Let N be one of the unknown Sides j then "- will be the 0^ 

bx 

3 3 
ther i and the Sum of the alternate planes, ^ «+—+?_ , will be 

» b 

3* 

equal to half the Surface. Therefore the fluxion bie^-tJi being 



3 
=0, ^ves ««=''- i which is a Minimum, fince the ExprefGoii 

3 3 

^j«+— +^, cannot become =0, but may become infinite.^ 

X b ^ 

From what we have laid ^th regard to the Method of finding 
Maximums and Minimums, the Reader may eafily perceive, how 
to apply it in any other caie j and as in the Colledion of Pro- 
blems at the end erf" this Work, we give feveral ufcful Problems 
depending thereon, we fhaU not infift any loiter on it here. 

SECTION IIL 

TheVfe of Fluxions in Jinding the Radii of Evolution, 

LEMMA V. 

188. TTF the point B, mvuing in the radius CA, accordingtofome-^^^ ,2- 

X ^w, iefcribes any line BN whilft the point A defcribes. ' 
the circular arch AM. about tbe center C ; then the circular Velo-. 

Z " ' city^ 



I * 

I 
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City tf the point AatM cmfidered in the dire&im (fthe Uni^ 
T Rl, or perpendicular to the radius CM, will be to /& Velocity 
cf ihe point B ^/ N confidered in the dire&ion nH ferfenikukir b 
the radius CM, as CM is to CN. 

F<^^ the velocity with which the point A, dcfcribing tfe 
•>m65. circulac arch AM, arrives at M, is as * the tangent TM: 
and the velocity with which the point B, ddcribing ih 
Cui-ve BN, arrives at N, ,is as the Tangent VN } and bcouf: 
the velocity in the diredlion V N, is equivalent to the vd:. 
cities in the diredlions uV, uN j the velocity of thcpoU3 
at N in the dircftion perpendicular to CN, will be asuN, 
Therefore TM:uN::CM:CNj that is, the velocities ofi 
points A, B, at M, N, confidered in the direftion pcrpcndicil: 
to CM, arc as the Radii or Diftances CM, CN, from thectnir 
C JV.W.D. 

N. B. Hereafter we (hall always confider the velocity of: 
point in any place, and in the diredtion perpendicular to it 
hm moving with an aneular motion, as a circular velocity, tb. 
is, as the velocity with which the faid point would arrive at k 
place if moving in a circular arch. 



Fig. 130. 
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Corollary 

189. TF the point C did likewife move according to fome b 
X fo that it may defcribc the Curve CO, whilft the p(C 
B defcribes the Curve BN, and the point A the circular arch 0: 
the circular veloci^ of the point A at M, will be to the circu!. 
velocity of the pomt B at N, with lefpeffc to the point or ^ 
O, as the radius O M is ta the radius ON. For lif the line 01 
be drawn perpendicular to CM 5 it is evident, that the points M^ 
will endeavour to tum about the point O only with the diffflc^ 
T t, V u, of their circular velocities T M, V N, to the circct^ 
locity XO of the point O. Therefore OM : O N, or 1:1^ 
::Tt:Vu. 

Definit ion« 

IF you conceive a Curve B D F^ concave thi 
envelop'd by a thread ABDF^ one end of 
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at F^ and die other A from the pofition A B of the tangent at fi^ 
moves tightly lb as to di&ngage it&lf continually from the Curve 
BDF : the uid end or point A of the thready will defcribe a Curve 
AMN, which is called an Involute Curve. 

The Curve BDF, is called the Evolute of the Curve AMN, 
or the Evolute Curve. And each of the flrait parts D M, F N, 
of the thread, is called the Radius of Evolution. 

Corollary I. ' 

190. T> Ecaufe the length of the thread ABDF, remains always 
|j the lame ; it follows, that the part D F of the Evo- 
lute, is equal to the difference of the Radii DM, FN, which 
part from its extremities; as likewife DB=DM— AB. And 
if ABsso, the parts BD, BDF, of the Evolute, will be always 
equal to the correfpondent Radii. 

Corollary IL 

19 1 . TT T is evident, that the ^Radius of Evolution, is always 
X perpendicular to the deicribing part of the Involute. 

For if the point A did continue to move uniformly, when ar- 
rived at M, with its lafl velocity, it would defcribe a right line, 
touching die Circle defcribed with the radius D M about the 
center D $ and becaufe it would likewife defcribe a tangent to 
the ♦ Curve AM ; it follows, that the £iid point would proceed * -^^ '**^ 
in a right line perpendicular to D M. 

Corollary III. 

192^ ^Ince the fame right line T M, may touch both the Curve 
C^ AM and the Circle defcribed with the Radius DM 
about the center D \ it follows, that the velocity with which the 
point A arrives at M, defcribing the Involute, vdll be equal to 
the uniform velocity, with which that point would defcribe a 
circular arch in the fame time with the radius DM : and there- 
fore the Radius of Evolution D M. may be confidered as invari- 
able as well as the point or center D^ whilfl the other variable 
lines vary. 

COR- 
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Corollary IV, 

ipj, Y> Ecaufe the Curvatures of (TifFer^nt Cfrcfes, ait recir: 
J) cally as their Radii ; it follows, that At Ctifvature 
M of the Involute A M, is to the Curvature at any other pci 
asN, reciprocally as the Radius of Evolution FN is to the E 
dius of Evolution D M. 

General Problem. 

194. mrMI E Nature (f the Curve AM being given^ toJirJ: 
\_ Length DM of the Radius rf Evolution^ draunj 



?»• 



a given point M. 

Caje I. Let all the femi-ordinates P M, be perpendicuk : 
the luie AP, and let the part Mm of the tangent, exprdi: 
Fluxion of the Curve A M, and Kk that of the line AK ; tk 
Kn|be drawn perpendicular, and kn parallel to KM,and APs 

PM=^, PK=r, KMrrc, Kk=sy« j the fimilar triangles JE 

Knk, will give Kn=a^^ , for the circular Velocity of thcp:. 

c 

m 

*%'^^ K. Butt>M:KM::TP:TM::*«:Min=— . Theii 

• drt. i8y. . . y , 

DM:DlC::~:-2:^} and by divifkm DM:KM(f)::-.: 

~ ^^^— ; or D MsB 

If the line DE be drawn perpendicular to MP produced;'^ 

ccv ccr 
wHIME^-Ht, andDEsi:- . 

Cafe 2. Let all the femi-ordinates F M, ifllie from tkc to 
^ ' ''• ' 5 ^- point P, and draw KPT perpendicular to P M : then if Mtn^ 
preflcs the Fluxion of the Curve MN, K n (j^) the fluxh 
PK, and KL perpendicular to PK, the circular velocity or S. 
ion of the point K with refped to the radius P K j and if KR 
drawn perpendicular, and n k, L R, parallel to KM; thee- 
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rence kR, between KR, and Kk, will exprefi the circular ve- 
locity or fluxion of the ptant K with relpea: to the radius DK. 
Fot becaufe the velocity in the dire<aion PK, is retarded, whilft 
the line DM and the right angle MPK, revolve about the points 
D and ?, when the Curve M N is concave next to the point P, 
and fo the circular velocity KL, will be like wife retarded j and 
therefor©, the circular vekxdty Kk, muft be fubftraaed from 
KR in this cafe. Now becaule of the fimilar triangles KPM, 

nkK we (hall have Kk=— , and the radius PM will be to the 

radius PK as * the circular velocity (x) of the point M, is to the • ^/. iw. 

circular vdodty KL=!^=V. ^ ^ pc^tK: likewife KM:'^'- »»•• 



KP :: KL : KK=^, and therefore kR«^^-~ . But KP:KM 
liVMiTMi:* y'Mmzsy» and confcqucntly DM:DK::^: 



* jHtiSi. 



KM 



r r c 



c 

or DM= ^^^ , If DP be drawn perpendicular to 

it-^rr^rsy 

ccy J TVTj ^^ 

PMi then will ME*^;;::!— , andDE^^.;;;^^- 

j^ . Otberwije. 

i9S.If ME»»^MT('J):*ett thefimilar triangIesTPM,MED, Fio.^i 

will ovc DM»^ i and becaufe the Radius of Eroludon DM> 

«. • be confidcrcd as * invariable, by taking pt as conftant, the* -♦'. ' 

Fluxion ^7^^-» 1^ te «o. Thcreftae*=^¥, in figure 

,3,, becaufe y«i. And i^ %«« 132, PT(«)tPM(i)uME 
V .nE-?^> and lie radios PM iff to the radius PE, as the cir- 

A ft cular 
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cular velocity (x) of the point M, is to the circular velor'r • 
the point E or Fluxion of D E : and becaufe the fides c \ 

• Jrf. 179. fjgiit ^gie D£P, are reciprocally as * their flaxions ; it wiJ i 

y : x::DE(?^>. — — to the Fluxion of PE ; and fo z=y- ", 

* ^ . .. ) 

Confequcntly fubftiluting for z, its value into vz+vzzzo, i 

will become ME (; ; =-r-^. fF. W, D, 

yv — yv 

COROLLART. 

196. TVEcaufe, Tl- («):TM {v) ::PM (;r):KM(c)of;= 
F I e. 131. — ; whofc Toxion will be v — ^^* ^'^. or if /t-i 

.. /)!)'« — cyx 

V ="~~^^ y ^^^ (^ fiituting for v, — v, their values, b 

ME=— ^ we fliall fin: ME=— ^ : And finceff=vr+r 

the fluxion of which a-str/yssrV+^jy, or ifr=sjy, will ^. 
t=—r-' Therefore ME=--~-, becaufe cc^y^^n; c 

DE=-i^. 

r— jj< 

By determinbg the quantity, q.staf, by the help«f theE 
quation of the Cunre, the Radius of Evolution vdU be (te- 

• ^'- *'"• mined; and fince * xr^zyy, the Equation of the Curve bee; 

given, the value of r may be found, and confequcntly tb cf 
q, s, or /. 

Fio. tji. As the Radius of Evolution DM has but one value, folw 
the Curve AMN but one Evolute BDF. 

N. B. In the Curves, where the tangent at the vertex k {c 
pendicular to the axis, if the point M coincides vdth the vene 
A: it is evident, that the Radius of Evolution DM becomes: 
KM=to PK=r in that point. 

Coi 
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example l 

197- T ^'^ ^^ ^ '^ Conic-Parabola and 2px=s)y, its E- Fi«. 133. 
;-*-^ quationj whofe fluxion /x =r;'_y, gives r=r/=^,thcrc. 

fore r=o, and *5=o, and fo DE (=7— )=— =/+2«, be- 

caufe ff=2/x+^, and/ssr. ^„. . 

In order to find the nature of the Evolute BD ; draw DF («) 
perpendicular to AP : then becaufe, when the point M coincides 
with the vertex A, MK becomes =AB=r=:^} and if BF=», 
we (hall have AP+(DE) PF=:;>+3«, AF— AB=:«=3x, and 
DE— PK=FKs=:2M. Therefore PK:PM::KF:DF=a= 

— V^, or pzz=:Sx\ and 27fzz=Su\ becaufe «=3«. 

EXAMPLE IL 



198. 



L 



I 



ti 



Fluxion «v+>=o, gives — )i3=4^=r, and —zy^y =rs=*ii, •^. ,9^. 



CC CC 



or -3;'>'=J. Therefore DE {-^TZr^-^-Z:^ t«ca»f« -;'3«r. 
Confequently, if PF=tKT, the perpendicular F^ toCP will 
determme the Radius of Evolution required: Since ^ J:* K: KM: 

K T : The negative Value^^ of DE, (hews that the point D 
falls on the contrary fide of the pomt M with refpeft to the 
point K. 



EXAMPLE in. 



log. T ET x=r be the Equation, which is that of all Idnds F'°^ '3J. 

\^ of Parabola's, when m is pofitive, or of all kinds of 
Hyperbola's, when m is negative j whofe Fluxion x=/wiy«»7'. 



I 



• . » ' • * .' * • 
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ff 



cc 



Therefore DE {•^::z^) -^fi^ **c*^« '■=Jy*^. Confeqoaii 

If pp_ .. KX, the perpendicular FD to PK, will Jeteniii 

the Radius of Ewltttion DM nqatred. 



EXAMPLE IV. 



200. "T ET the Curve AM be an EUipfis or HypttboKwk 
i "I's'e!"* A-* Equationis±— ;y=tftf-K«j then wiU PKrr^ 



t 200. T '. 

136. -^^ Equation 18 at— 



• Ui 15^ -^, and CKasarp^ , and fo * ^i ««=p^, or j=i+J 

Therefore DM (_£- - ^^ = iL, becaufeff^ 

a 

J^,ind±^j=.pp^^uu. Confcqueatly, if DNi 






taken a fourth continual proportional to die fenu-fNUUiKiB 
and KM {c) j the point D wul be in the Evdute^ 
When UK point M coincides with the vertex A, DMvl^ 

€aDM«AB srs~ sA becnife tf thea becomesstf ; aod «^ 

in the £llipfis» the point M comcides with the verta b (vtv: 

•>/.". condaxi«,DMwillbeooine*s=:*^=-. 

Pi 

EXAMPLE V. 

Fic. n-r aoi'T ET AM be the Logarithmical Cun«i whofc^ 

1 A is fuch, that drawing any perpendicular PMO' 
its alymptote FK, and a tangent MT, the fubtangcnt FI \ 

•>/.i96. "wH he always ^ven. Tlicrcfore rss^^and *;s:^, aa^^ 

\ )as — -, becaufc r=a^^ 

r—sy^ — r a ( 



i-3» 



M * ."I 



■k •.•.! 



I" « » 



FlaXeX./^a^.^S. 



^ 




r 
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EXAMPLE VI. 



202 



LET PFM be the Logarithmical Spiral, whofe property « 
is fuch, that the angle TMP, made by the tangent '* "' ' 
and fcmi-ordinate, is always given. 

Through the Pole P draw TK perpendicular to PM : then 
becaufe the angles of the right angled triangle MPK, are given, 
the ratio of the fides PM, PK, will be given alfo. Therefore, if 
PK=r=/«fy, we fliall have r=:jy=:wy, or sssm i and DM 



EXAMPLE VU. 



L 



:>»,.. m 



that the radius PN (i) be to its part PM (y^ ) terminated by 
the Spiral, as the whole arch ANB (a) is to the part AN {z) ter- 
minated by that radius. 

Therefore ay^ =z will be its Equation ; and becaufe the ra- 
dius PN is to the radius PM, as * the circular velocity z of the point • ^^ , g^ 

N isto the circular velocity ;? of the point Mj we (hall have «=— • 

y 

and fubftituting for z its value, into the fluxion mayy^'^^^ ssz^ of 
the Equation ay^ —z^ it will become mayy^ zsx. Therefore 

PK=r= JLxyi^« and fo lHHLyy-^ ^r=:sy, or j=J~^, 
ma ma ma 



y^m ^ Im^, and ME {—r^—) = — ^^=- , becaufe 

cc=irr-\-yy. Confequcntly, if TP+«»+ iPK : TK :: PM : 
ME; the perpendicular ED to PM, will determine the JRadius 
of Evolution DM required. 



B b EX- 



P4 77?(? S E c o N D B o o K. 

EXAMPLE VIII. 

Fig. 140. 204. \ E T PFMB, be the reciprocal Spiral, with fuch a 

I Property, that the Produft of any arch AN {z), of 
- * "^ a Circle defcribed with the pole P as a center, and 
terminated by the radius PN and the firft radius PA, multiplied 
into the part PM (y) of that radius terminated by the Spiral, be 
always given. 

Let the arch AB, terminated by the firft radius PA and 
by the Spiral, be =;t, and PN =tf; then will an=zyz} and 
becaufe the radius PN is to the radius PM, as the circular velo- 

f jrt. iSi. city — z of the point N, is to * the circular velocity x of the point 

M J we (hall hz\c—yz ^axi and fubftituting for — z , its value 

any 
into the Fluxion— =;5. of the Equation an=:yz^ it will l»- 

yv, . 2yy . 2y 
come ny =yx 5 and fo r = — and r =~r" =-i>' , or — = i. Therc- 

ccy 



fore ME {cc'\'rr — rjy)= — , becaufe r=^ and rr — rr=yy. 

y n 



SECTION IV. 

The Ufe of Fluxions in f?; ding ofCauJiicks bjy Refracii^ 

on and by RefleSiion 

Definition. 

Fig. 141 T^ ^^ diredions of an infinite number of Rays FA, FM, 
142. ' X aW iffuing from the fame luminous Point F, be altered after 
their concurrence with a Curve AMN, either nearer or farther 
from the perpendicular DM to it ; and if the law of alteration be 
continually fuch, that the Sine DE of the angle of incidence 
DME, be to the Sine DB, of the angle of refradion DMB, in 
the given ratio of m to n: the Curve KLH, which touches all 

the 
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the broken or refracted Rays, or their continuations AH, ML, 
is caird the Caujlick by Refra&ion. 

Corollary 

205 T F the Cauftick L H, be taken as an Evolate, and the f i g. 141: 

X Involute A Q^be defcribed from the beginning at A : 
then if from the center F, the circular arch AP be defcribed, the 
line QL plus the part LH of the Cauflick, will be always *= »^//. 190. 
AH: and if the part Mm, of the tangent at M cxprefles the Flux- 
ion of the Curve AM, and M/^ M^, are drav/n perpendicular, 
and m/^ m^ parallel to the incident and refraftcd Rays FM, ML; 
Jtti will exprefs the * Fluxion of PM (FM — FA) and m^ the » ^^,. ,64, 
Fluxion of QM (AH— MLH). Now becaufe of the fimilar 
triangles M/m, MED, and M^m, MBD, we fliall have /m : 
DE::Mm: DM; and^m:DB::Mm: DM; ex aguo^fmigmi: 
DE: DB:: m: n. Therefore the fluent PM of the fluxion/m, 
will be to the fluent QM of the fluxion ^m, as tn is to ;/, or 

^PM=QM=:AH— LH— LM. Hence we get HL=AH— 

LM— - PM, 

There arc feveral Cafes according as the incident Ray FA ispic. 142. 
greater or lefs than FM, and the refradled Ray AH, wraps about 
or unwraps itfelf from the part HL of the Cauftick; but it may 
be proved as already, that the Diflference between the incident 
Rays, is always to the Diflference of the refradled Rays plus the 
part of the Caufl:ick between thofe Rays, as m to n. 

If the luminous Point F removes at an infinite difl:ance from 
the Curve AM, that is, if the incident Rays FA, FM, become 

parallel; we (hall ftill have LH=;AH— ML— i? PM 
* m 

GENERAL PROBLEM. 

206 ^Tp HE Nature of the Curve AM and the luminous Point f i g. 141. 

Jl F being given, to determine the Length ML of the re- 
framed Ray drai<:n from a given point. 



Tic. 143 
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Let DM b3 the Radius of Evolution, and MI]J::=:r7, ATB=.'^, 
FM=/, ^y^—x ; then bccaufe of tlic Similar triangles, ML: i\iL:: 

Tvl/': M^== ; and the radius FM will be to the radius FE Q'+i?), 

ft*' 

as the cireul.ir velocity rvl/of the point M is to the circular velo- 
city Ee = ^:- , or fluxion of DE, which is to the fluxion Bb 

y 

of DB as w to w, that is Bb=-^:^ . But the radius LM, 

is to the radius LB, as the circular velocity Mg- of the point M is 
to the circular velocity Bb of the point B, and by divifion LM : 

bx bx nyx—naxy bbmy 

BM ib\.\ - : ' ^,orLM=-7 which 

Divi \y).. a a vty bmy—any—aan 

gives the following Conftruftion. 

Make the angle EDC equal to the angle BDM, and in the in- 
cident Ray FM, take MK=— •, then if C K: CE:: MB: ML, 

the point L will be in the Cauftick by refraAion. For by rea- 

bm 
fon of the Similar triangles, DB: DE:: n\ m:\ MB: CE=— } 

and fo CE-ME=CM=^"^> and CM - MK = CK = 

n 

h my-any-aan . Therefore CK :CE:: MB :LM=^—^^^^ 

When CK^-^^ — ' — ^^ negative, LM will be ib likcwife. 

Whence it follows, that when the point M falls between ^t 
points B,L, the point C will fall between the points K, E. 

If the luminous Point F be next to E, or, which is the iamc, 
if the Curve AM be concave next to Fj then y will be changed 

bbmy 
frompofitive to negative, and confequcntly LM = ^— _^^^_^^^^ 

in this cafe, and the Conftrudion will be the feme. 

If y be fuppofed to be infinite, that is, if the incident Rays 

FM. 
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FNf, FA, are parallel between themfelves; then will LM=r. 

Jmy^any^ becaufe aan^o, with rcfpe<a to 6my^ any. And fince 

faa\ 
MK ^ — ^then vanifhes, we need only make CM: CE :: MB : LM^ 

If the Radius ofEvolution DM be always infinite, that is, if the 
Curve AM becomes a right line; then ME {a) and MB (b) will 

bbmy • cm 

be likewife infinite, and LM = , Therefore if CK = 

aan y 

the reft of the Conftradion will be the fame as before. 

Corollary- 

207. T F the point E falls on the other Side of DM with re- F i o. 142. 
X ^pc<^ to the point B> and DE=sDB; then will m=:n^ 

ay 
and LM=rzzrr, becaufe a is here negative and=^: And 

the Curve LH is call'd the Cauftick h^ RefleStim in this Cafe, 

If FM (y) be infinite, that is, if the incident Rays are parallel 
between themfelves; then will LMb^j^^ME: becaufe a is 
s= o, with refped to y. It is evident, that if any two of the. 
points F^ D^ L^ are given, the third will be given alio. 

EXAMPLE L 

ioS.T' ET the Curve AM be the common Parabola, and thepic. 144. 

I ^ luminous Point F its focus) then it is manifeft, that 
all the refieded Rays LM,^ will be parallel to the axis AF, ther&. 

foreLMas - , will be infinite, and fo a=2y. Confequent- 

ly, ifM£s=2MF, the perpendicular ED to ME, will determine 
the Radius of Evolution MD. 

EXAMPLE II.. 

209. IT ET Ae Curve AM be an Ellipfis, and the luminous p,c, 145; 
P ^ Point F one of its fod; then all the refiedied 

C c Rays 
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Rays LM will pafs thro' the other focus f. Therefore, if 

lAf^z=~ -, wefhallhaveME=^=:-^--^. But if the 

Curve AM be an Hyberbola, and the luminous Point F one of 

its foci: then the reflcdted Rays LM, produced at the other Side 

IP I G. 146. of the Curve, will all pals thro' the other focus fy and therefore z 

will be negative, that is— ;^= — <—. or ME (a) =-525. Con- 
fequently, if in both Cafes, ME be taken a fourth proportional 

Art, II. to half the fiift axis * Aa P-rz5jand to the incident and refleded 

2 

Rays, the perpendicular ED to ME, will determine the Radius 
of Evolution DM. 

PROBLEM. 

Fic. 147. 210. 'T^ HE Curve HL and the luminotis Point F being given, 

X ^0 find a Curve AM, whereof HL may be the Caufiick 
by RefraSiion. 

From the luminous Point F draw a tangent FH to HL, in 
which take the point A as one of the Curve fought, and in any 

refraded Ray as LM, take LK=^FA+AH— LH, and join the 

PI ' 

points F, K: then if Km= », mf=m; the line FM, drawn pa- 
rallel to ftn^ will determine the point M of the Curve required. 

For Km (»):m/(w):: KM: FM, or KM= " FM, and 



(KM+LM=)''fM+LM(=LK)=— FA-fAH-LH, by 



Suppofition. Therefore /^IpM— FA =^~ PM=:AH— LH — 

^'■'- "5- LM. Confequently the Curve * AM thus defcribed, will be that 
required. W. W. D. 

Fi c. 1 48, If the incident Rays FM, are parallel between themfelves j take 
LK.=AH — LH, Km=«, and from the point m, draw my pa- 
rallel to AH and =mi then if the line drawn thro* the points K,/, 

inter' 
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intcrfc&s the line AP perpendicular to AH in P, the interfeftion 
of the line PM parallel to AH, and the refraAed Ray LK, will 
be a point of the Curve required. Fov^mf^m) : Km (n) :: PM-; 

~?M=K1A, and (KM+LM=LK=:}^ PM + L M ~ A H 

m m 

— LII, or-«PM=AH-LH-LM. 

m 

Corollary. 



I 



nous Point F, becaufe the value of the line LK changes. There- 
fore the Curve HL may be the Cauftick by refradion of an infi- 
nite number of Curves. 

PROBLEM. 

212, A Curve AM and the luminous Point F ieing given, to find f\ a. i^^. 

XjL another Curve BN, which Jhall refra&^ all the Rays 
MNy fo as to pafs thro' a given Point D. 

It is evident, that if the point D be confidered as the luminous 
Point of the Curve BN, which refrada the incident Rays DN, fo 
as to coincide with the refrafted Rays.LM of the Curve AM; 
then the Curve HL will be the Cauftick by refradtion to both •, 
and if from the centers F, D, the circular arches AP, BQ, arc 

defcribed, we (hall have-^PM=:AH— LH— LM, and-^aZSr=e 

m tn ^^ 

BH— LH— LN; and fubftrading the laft Equation from the 

firft, their diflference will bc^PM—iLQN = AB-MN, bc- 

m m 

caufe AH— BH=AB, and LM— LN==MN. Therefore, if the 

point B be taken as one of the Curve fought, and MK be = 

^ PM+J^D— AB+2MN; then if the point N be found, asin 
m m 

the preceding Problem, fuch that NK=5-NDs it will be one of 

m 

the 
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the Curve required. For (NK+MN=MK) 'N D + M N = 

1 PM+^BD-AB+2MN, or 1?M-1 QN=A B - M N, 

MM JM M 

finceND— BD=Q^. H^.W.D. 

If the incident Rays FM of die ^vcn Curve AM, are parallel 
between thcmfclves, the Conftmaion will be the &me: and if 
the incident Rays DN of the Curve fought, su-e parallel to each 

otherj then if MK=«^PM-AB+2MN, andNK-"QN,thc 

at m 

Point N will be in the Curve required. For (NK4-MN=MK) 

?-QN+MN=-PM-AB+2MN, orlPM— - QN = AB- 

M n Mm 

MN. 
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BOOK m. 

Of FLUENTS. 

SECTION I. 



^TiHE Metiiod of finding Flaents, is the inveri^ of tbal ( 
finding Fluxions. For the fluent of tfix*. is -r-rr-af^' 



♦ 



7 



0fiK8»-»W' 



[+«y«"«8»— «, is s^y» 



xe-^fs 



sfjf*^ 



;andthatof--^;S-1 'is**; Si 



Since 



the fluxions of thefe fluents*, are the very^uue as thole piopoled, *^' «y4? 
From whence ixre dttliux thf. inWrmnna '75* 



From whence we deduce the fi>lbwing 



General Rules for finding Fluent*. 

I. 

2^3' f\F an Expreffion as «»«•, the exponent « being any 

\y number.' ' 

Jnfleadoftbefumon («) 4uU unity to the atponeta («) end divide 
fl»^>^-*fimfytieEi^kma{m'^i)tlmssHcreaf€diJ^ 
*^ -STT^**"* «»? ^ tbeflwia required. 



Pd 



IT; 
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n. 



i2i4-.C)F an Expreffion as dzz^^^xe-^-fz^ ^ in whic 
quantity dzz"^^ without the Vinculumy is to the flusdon 



the 
^ ^ , of the 

quantity under the Vinculum^ in a given ratio. 

Add unity to the J^xponent m tf the Vinculum^ and divide the 
'Exprejfion by the produS of that Exponent («r+i) thus increafed^ 
multiplied by the Fluxion of the quantity under the VinculuoDi 

d jif |.i 

[nzz^^^^Y^ '^^^ ^^^ quotient — j-^r-^e^fz"^ will be the 

fluent required; 

IIL 

£ I ^. OF aa Expreflion as^ «2:»y^*— ' ^nf^zTff^^y containing two 
variable quantities, z?"^^^ each of them multiplied by the fluxion 
of the other^ and a^Aed with the fame Signs; the exponents 
n^nty may exprefs any numbers. 
-*•/. 213. Find the fluent rfeacb variable quantity*j confidering the other 
which multiplies the fluxion^ at conflant : then the Sum divided 
by the number tf TernUx ^^^^ ^ ^^ fluent required i >dz.. 



EXAMPLE. 

" .1 - 



#>/.2i4. g^6.T TEnce, the fluent of x^y=xgct, is»4^r*-'a=jy^/y . that 

■*• ^oi^::^xx-iy is2«— /*'=2t/« } that oixx^aa+xx 

^xx%aa+xx' , is t Ma-^rX^ i that of JZ^±^ =— !)c;cx^— wc^» t 

3 V^ — ^X 4 

is \faa--xxi tfiat of xx^^aa-^-xx^xxxaa-^xx^ » ^^ I xaa + xx ^ 
ifrij 2ii. 2Lnd that oiaax^axx-^xxx. is * aax^iaxx^^jrx^^ 

PRO- 
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PROBLEM I. 

£17, ^Uppo/e m to be any poBthe or negative broken number^ t$ 
O ffi» ^^ ^/^^ wherein the Fluent of an Expre^on as dzzK 

»+/^> ^^y htftmnd in a finite number of terms. 

Cafe X. If we fuppofc e-^-fa" =v«, or e-^fzF^v j then 

will »»=7 — ^5 and cxtrafting the n root a?=r7n — ' 



s 



whofe fluxion is zszmVK rx i and elevating »=——£- 



n 



to the r power, we (hall havc«^ = — - — . Now fubftitudng the 
values thus found of «, sr, e-^fz"" into the former Ezpr^oo, jt 



'-^' —1 



will become ~vif%^L-lJ* * Therefore whea —:;; — ■' 



/ 



*^4-l 



is a whole pofitive number, the fluent of this laft fluxion, equal 

to the fluxion propoied, will be found In --^ terms. For by the 
nature of powers,, the binomial v— ^ elevated to the powee 
~ 1 will contain as many terms plus one, as that Exponent 

contains units. 
€^ 2. Let ^^^ ^Vi then viBe+fz^szvz^y or sfss^—ri 

Ae n root of which will be g=s _ j^ whofe fluxion ia^ 
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i 

t 






»=— ^w — /4>i J and dcvatwg »5===J>totherpow-^ 

er , itwaibe2-==^fiand if wcadd *toead» Side of the 






f!^ Therefore if thcvalues of 4^% 7^",^ fubftitoted 

— — -«. 



« « 



Confcqucntly when^^r^* is a whole negative number, the 
binomial «— /will come into tb« niuwator, and fo the fiwnt 



will be foundia "-^; — tepus 



Corolla XT 



ai8.TF!±i 



"Vivien I is a whole 



fitive number, the fla«nt of that E^bfeffion may be ^o^^J^^ 
^te numbcir of termsj for if ^e+>«^, it may be changed 

into this other, ■- w^-t^* which being elevated to f— i pow- 
er, its fluent will be found by rule firft in s terms. And^^ 



•.tft^nm' 



a5K8*--«»w5^ Ac ftwft of??iM«hinayhi 
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found, when / is a whole negative number ; Since if liA* s^v. 



d- '* 



that exprcffion may be dianged into tlus other, — ^^« x ==-/-4-i ; 

whoie fluent will be found in / terms, as will appear by the fol- 
lowing examples. 
N. B. When i is a whole negative, or / a whole pofitive num- 

ber; the fluent oi diz^xe^fz'^ , may be reduced to the Quadra-* 
ture of the Conic-Se&ions, as will be fhewn hereafter. 

EXAMPLE L 



*^9'T ET ^x3/tftf+5c», be a fluxion propofed: then will 
1 ^ i/=i, «=S52, 3=iw— I, ori=:2. Therefore, )S aa-^ 

9cx=v^ that Exprefiion noay be changed into this other '-w« x 

v^aa, whofe fluent will be * ^v--^aa x vs^^^ — j- — -xaa-^xo^^ * >^- 2»3J 
becaufe aa-^xx =v. 



EXAMPLE IL 

220. T ET ^*~*4 V^tftf+xAT, be a fluxion propoied; then will 
1 ^ </=si,/«=J, «=2 and— 4= /«— WW— i,or— i=A 

Therefore, if ^ . ^il aaa;^ that Expreflion will be changed into 

XX 



this other-^ — , whofe fluent will be — — =s ^aa'\-xx * 

2aa 2aa 3^^ 

N.B. It maybe proper here to obferve, that becaufe the invari- 
able quantities, have no fluxions, it is fome times required to add 
to, or fubftraft fi"om, the Fluents found by the preceding rules, 
fomeconilant quantity, in order to make them compleat; but as 

£ e there 
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there is no general rule for determining that quantity^ we refer 
the reader to the Examples hereafter. 



PROBLEM 11. 



22 1. ^TTi O elevate the Bmomial i-f ss to any power m politivc 
J^ or negative, whole or broken. 

Let I +25= I +az-{-6zz+czi +0"^ . the fluxion of which di- 



,m 



▼ided by «, wiU give -ll^=a+2bz+z^zz+ &c: this laft 

I-pZ 

Equation being divided by the firft, we fhallhave 



i'^az'{'bzz+ &c. ^ 
duced into aa infinite Series by a continual divifion, gives m mz 

^mzz-'^c. ^a'\'zb'^aaz'\'2>^-'iab+a^xzz+&c. Now '^ 
we compsare t he terms 6f this equation, in which z is elevated to 
the laftie power; we fhall have the following Equations, m^a 

2^--jj=— /»,3r— 3tf^+tf3=f» jwhichgives ^= — X— IL-, ^^_ 

I. 2 ^ 

^ab — tfi+>wsss — —^ ' ^ 1 X— — X-— ■• Con- 

2 ^23 

fequently, fubftituting inftead of tf, 3, f, their values mto the firft 
Equation, it will become i+j2f=5i4 — ^+ —^x ~I^j^2f+~x 



^— I ;«— 2 



X 



>w — I m^^z m — 3 



z^+^y. X X i«4+ &c. W.W.D. 



2 3 12 3 4 

Corollary I. 



222 



. T TEnce, if the Binomial, inftead of being i+z", was 
^+y^*, we ftiaUfind^'-|^«==e«»+^»^«-^i +7^-7' 



/^2nr«-^2+ eifc. Or if A=4iB«A-* C=B ^— ^'D=C 

^ ~ € ■ 2 



2 
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m — 3 — '-—M 

E=D-~^,we fhall havc^-{-/ »' =e«xinto i + Amjzo+B 

Corollary II. 

223. T T Ence, we have like wife a general Form, for cle- 

XjL vating any Multinomial, as a -^by -^cyy -\- &c. 

to any Power niy in a very concifc manner. For by fuppofing 

its firft Term a equal to the firft Term r, of the Binomial e'\fz'' » 

and the reft by-\- cyy-]^ dy^ -j- &c. equal to the fecond fz^ ; 

and fubftituting for fz"^ and its Powers, by -4- cyy-\' dy^ + &c. 

and its Powers, into the iSeries ^ xinto i-|-A)w/z* +B — ~ 

ffz^-\^ — ~P z^^ A^ &c. the above general Form will be 



accommodated for elevating a Multinomial] to any Power m. 
The Reafon of which is manifeft ; for, if inftead ot the fecond 
Term r, of a Binomial i-[-. r, elevated to any whole Power, 
(fuppofe to the Square, i-f^ar-j-rr) you fubftitute any Number 
of Quantities a\ o^cA^ &c. you will have that Power of the 
Quantities \\a\b, -j- &c. and as the fame Rule ferves* for ^m j^ ^^t; 
levating a Binomial to any power 5 fo will this be true in any ' 

other Cafe, as will appear by the following Examples* 

EXAM1>LE I. 

224. To find thefquare Root of tftf-j-^x-j-jfw. Suppofe /w=f, 
^=fltf, /«« =:^«+«x } Then wiUA=^. B=A., C=--Z. 

D= — ?— * E =s — ^ — > ^c. and a x into i+--Ax ^5c4-x» — • 

(iaa %aa I 2 I 

~-Bx^A?-f-«« ^•— g C X Tx^^% ^ -^ S?r. will be the Root required. 

EX- 
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EXAMPLE II. 

reduce the fradion ^^^':^J' aa^i^xx 

into an infinite Series. Suppofe »i« — i, e—aa^fz^ =533c4-3C3C, 

1 A B ^ C ^ D ' 
then will Ass—tBsss — — ,C=— — »D= — i::*E= — — W/. 

and —X into i — AyAx-^xx — B^x-^xx — C x bx-^^ ^ — , &c. 
-will be the Series required. 



S c H o L I u 



M. 



Br the properties of Powers, if the coefficient of the firji term 
of a Binomial elevated to any whole pmver be unity 5 that 
of the fecond will exprefs the Sum of the Roots ; that qf the 
third, the Sum of all the ReEl angles made of thbfe Roots ; that of 
thefourthy the Sum of all the Paralklepipedons ; that of the f^b^ 
the Sum of all the ProduSls of the Roots taken by four and four at a 
time, andfo on. "therefore, ifm Number of different Tiings as a, 

b, Cf </, &c. are conjidered as tbofe Roots X then-— x , vnU 

12 

exprefs ibe Number qf times, that thofe things may be taken by 2 

. m m — I m—z 
and 2 at a tme j —jc -^x — — , the Number of times tbey may 

, , , . tn m—i m — 2 m — 3 

betakenby land^i ~T^'~r^~~r'^~r'* the Number rf 

times tbey may be taken by 4 and 4-, andfo on. For Ltfiance, if 

mr^i then wtU Y'^ "T" = I5. ^ ^^ Number of times that 

6 things may be taken by 2 and 2 at a time differently j if m=8, 

m m — I «— 2 
then mil —x —^ x— — = 56, be the Number of times that 8 

things may be taken by $ and s differently j arid if jw=4 ; then 

will 
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nviJl — X X c^j^ be the Number of times that 4 Tmngs 

123 
/J, b^ Cy dy may be taken by 3 and 3 differently ^ viz. abcy abdy acd^ 

bed. From hence may Hl^wi/e be deduced in a very Jhort manner^ 
that mxm^iy exprejjes the Number of different PoJit ioHj of m dif- 
ferent ^ings ay by c, &c. taken by 2 and z ; and mY.m — i ^m — 2, 
the Number of different Pofti^ns of m different Things^ taken by 

3 and 3 ; and rA'Am — l ^m — 2 ^ fn — ^x &c. continued to m FaElorSy 
the Number bf drfferetft Pofitions of m different Things taken m 

and m. For Example^ if mtrzt ; then witi mxm — 1 :s=2> be the 
Number of different Pofitions of two different things ^ as Oy by taken 

by 2 and 2, vte. aby bai iffn^^ j then nviil mxm — i =6, be 
the Number of different Pofitions of three different Things y ay by r, 
taken by 2 and 2, viz. ab, aCy bCy bay cay cby andfo on. 



PROBLEM. IIL 



226. 



1 O eoiprefs the Fluent of a Binomial, as dzz^^^ xe+A* » 
by ah infinite Series. 

Bcciufe e+f^ = ^x into i^Amfsf'+B——ffz^ + 
C — —ft z^" +&C, if this Series be multiplied by ^i;2'^',and the 
fluent of each term be fbuttd* we fhall have <fe* xr% into ~+ *Art. 213, 

A ^qi/^''4-iB;q:i;-f^^" + t^pq-^ ^' '+ &c. for the fluent 
required; andA= -, B=A-» C=B-^, Ds=C , 

E=D— ^ &c. 

The Law of this Series being known, it may be continued at 
pleafure to any Number of Terms, and may ferve as a general 
Form for all Binomial Exprcflions, as will appear by the fol- 
lo^ng Examples, 
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EXAMPLE I. 



^^7' T ET xy/x—xx, or xx* xi— M»,be the Fluxion propo- 
■■-^ fed : Then if we fuppofe 2=:«, r— i =s J, J= i, «=s^ 

— /=:i,«=:i,*asiijwe{hallhave</ias'^ix?4-/«" = *x*xi «** 

Therefore A= I, B= J A, C-— JB,D=: — JC. Ea= — ^D 

©f. and X t X into f— j- A*— r7B*«+ jtC** — ♦Ti Dx* 
+ &c. will be the fluent required. 

EXAMPLE IL 

228. L ^ '^ v^T^^' yxi^ ""*' ^ '^^ ^"^^^ propofcd. 
Then if wc luppoie ^=;2?, ^==i> — 1=/* t=>w> «s=2, ^=1, 



r=si 5 we fhall have dzz^^^ xe-Yf^" =J?>^i""Jjy, *andj^xintoi-{- 

AiH;!r-tBi7jr+tCi^>'-Pib^+ ^^5 for the fluent 
required; andA=i, B= — JA, €=— JB, D=— fC, E= 
— JD, e?r. or fubftituting for A, B, C, D, &c. their values 5 

the fluent will become this, y'\'Fiy^+^^y^'-\-Tfi^ 

iV. B. It is to be obferved i/, that the Denominators of the 
Terms of the Series, mufl; always be greater than their Numera- 
tors s otherwiie the Series will diverge, and therefore not approach 
nearer and nearer, to the true Value of the fluent required, 2.% 
that the Law of the Series is here always known, fo that when 
for the greater accuracy, more Terms than we have given, are re- 
quired i thefe Series may be continued at pleafure. 
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SECTION 11. 

The Vfe of Fluxions injinding the ExpreJJions cf Areas y 
Surfaces and Solids , together with the Retiification 
of Curve^lines* 

General Problem. 

229. ^Tl O Jlnd the Fluxions ofJreas^ Surfaces and Solids. 

Suppoie that the Semi-ordinate PM, perpendicular to the Axis 
APy or the Surface defcribed by that Semi-ordinate in the rota* 
tion of the figure AMP about the Axis AP, moves from the 
beginning at A along the line AP, with a continued Motion ac- 
cording to fome Law ; then the fluxion of the figure gene- 
rated by that Motion, will be equal to the product of the genc- 
ratmg quantity PM, multiplied by the Fluxion of the Abfcifs 
AP. For the degree of Velocity with which any part of that 
Figure is generated, in a given time, will be always proportional, 
to the Sum of the Produ(fts of each Particle of the generating 

Quantity, multiplied by its Velocity in that Place ; and becaufc 
le Velocities of each of the particles, are here equal by Suppofi- 
tion, that is, equal to the fluxion of the abfcifs AP ; it follows 
that the Produdt of the whole generating quantity PM multi- 
plied by the common Velocity or fluxion of AP, will be the 
Fluxion required. 

In the fame manner may be proved, that the Fluxion of the 
Convex Surface of the Solid, is equal to the Produd of the ge- 
nerating circumference (whofe Radius is PM) multiplied by the 
fluxion of the arch AM. For if you imagine another Curvi- 
linear figure whofe corrcfpondent abfcifles and femi-ordinates, are 
always equal to the arch AM and the generating circumference : 
then the confequence will be, that the Area of that figure, will 
be always equal to the Surface defcribcd 5 and therefore its fluxion 

(which 
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(which is equal to the Produdt of the femi-crdinatc multiplied by 
the fluxion of the Abfcifs, or equal to the produft of the gene- 
rating Circumference, multiplied by the fluxion of the Arch AM 
by fuppofition) will be equal to the Fluxion required, 

Likewife, if the Figure AMP, be fuppofed to revolve about 
the line CB, drawn from a given point C perpendicular to AP, 
produced if neceflary, as an axis ; then the Product of the Sur- 
face defcribcd by P M, in that rotation, multiplied by the fluxion 
of the abfcifs C r , will be the Fluxion of the Solid generated by 
the figure AMP: and if the line M QJyt drawn perpendicular 
to CB ; the Produift of the Surface, generated by the line Q^ 
about the axis CB, multiplied by the Fluxion of the abfcifs CQ, 
will be the Fluxion of the Solid generated by the outward fpace 
CAMQ: and laftly, the Produdt of the cimim&retite deftiibed 
by the point M, in that rotation, multiplied by the fluxion of 
tne anch AM^ will be the Fluxion of the Surface of thoie Solids. 
If the right line AM ciDntinually terminated by the CafVfe 
AM) be imagined to revolve about the vertex A iei6 a ceilter^ with 
an uniform motion ; then the Fluxion of the Area AM A« geim^ 
rated by AM In that motlbd, will be equal to the Produd dE tho 
generating line A M^ multiplied by half the circular velocity of 
the point M, For the velocity of each particle of the line A M^ 
*^r/. 188. ^^ always^ as itb didAtite from the center A } aAd therefore tht 
Velocities of all the particles will be to each other, as the Terms 
of an arithmetical Progtefllon : Con&quently the mean Velocity 
(which is equal to half the Velocity of the point M) being mul- 
tiplied by the generating line, will be equal to the Sum of all the 
Produds of the particles, each of them multiplied by its Velocity^ 
that ts^ equal to the Fluxion of the fpace AM A. WWJD. 

Corollary I. 

230. TF APaEMasx, PM = CQ^^, CP = i/} then 
J[ will yx be the Fluxion of the Area AMP ; and by the 
fame reafbn 4^y, will be the Fluxion of the Area A EM : and be* 
caufe the line A C or Q^E is conflant, the Fluxion of the red- 
angle A Qjwill be = QExyaaswy — xyj and therefore the 
Fluxion <^ the fpace C AMQj^iU be equal to uy^xy+xy^iuy. 

Cor. 
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Corollary IL 

231.T F the part MN of the Tangent at M, cxprcflcs the 
X Fluxion of the arch AM, and if the lines Ns, Nm, 
are drawn perpendicular to AM and PM produced ; then Ns 
will be the Fluxion or circular Velocity of the point M, with 
refpedl to the radius AM, and Mm, mN, the Fluxions of the * ^ ji/. 164, 
femi-ordinate PM and of the abfcifs A P. Now if the line Nm 165. 
interfefts the line AM in n ; the fimilar triangles M P A, Mmn, 

Nns, willgive i,^ PM : PA: :Mm: mn = — , or Nm— nni 
_;f— ^j 2^ AM:PM::Nn:Ns, or AMxNs(=PM 

y 

xNn) =^x — »y. Therefore, will be the Fluxion of 

the Segment A M A. 
It is evident, that the difference between the Fluxions y x^ 

^ — , of the Space AMP, and of the triangle AMP, will 

be equal to the iame Fluxion. ^ 

Corollary III* 

232. X F from the center C of an Ellipfis or Hyperbola, thep,e. i^j; 

X line CM be drawiTat pleaiiire, and from its interiedion 154^ 
M with the Curve, the Jemi-ordinate MQ^to the fecond 
axis CB : then if CP=Q^=:«, PM = CQ==^ 5 the Fluxion 
of the ipacc C AMQ^ill be j^ 1/, and that of tHe triangle CQM 

— ) will be — - — • and therefore their diflbrence ^ — - — 
will be the Fluxion of the Seftor CAM. 
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Corollary IV. 



233. T F — expreflcs the conftant ratio of the Radius to its Cir- 

cumferencc; then will— be the circumference whofe 

r 

cyy ^ cyyx^ 

radius is PM, and -— : the Area of its circle. Therefore—— 

will be the Fluxion of the Solid, generated by the rotation of the 

cuuy 
Space AMP about the Axis AP ; and by the iame reafon — — ", 

will be the Fluxion of the Solid, generated by the rotation of the 
outward Space CA M Q^ about the axis CB. 

Corollary. V. 

234. TJ Ecaufe -— exprefles the Cylindric Surface^ defcribed 
-»-^ by the rotation of the line PM about the axis CB j 

JL — ^ will be the Fluxion of the Solid generated by the rotation 

of the fpace AMP, about that axis. 

Corollary VI. 

235*TF the Fluxion of the aich AM be 1; ; then will -i^ 

be the Fluxion of the Surface, generated by the rotation 
of the arch AM about the axis AP, or which amottnts to the 
fame thing, of the Surface generated by the motion of the cir- 
cumference whofe radius is PM, along the arch AM : and— — 

the Fluxion of the Surface, defcribed by the rotation of that arch 
about the Axis CB. 

Co^ 
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If by the help of the Equation of a Curve, you find fuch Ex- 
prefHons, as are equivalent to theie general ones, and which con* 
tain buto^e fort of variable quantities ; then having found their 
fluents, by the Rules given in the firft Seftion of this Book, you 
Will ha\ic the Expreflions required of the Areas, Surfaces and So- 
lids, generated by that Curvilinear figure. 

Scholium. 

^though we bavejiippofed in the preceding Problem and in all 
its Corollaries^ that the femi-ordinates P M, QJM, fall at right 
angles to their abfcijfes A P, C Q^ yet the Jluxionary Expreflions 
rfthe Areas^ Surfaces and Solids^ will bejlill the fame y when they 
contain any ether given Angle y provided you fubflitute reJpeSlively 
into their 'fluents y infieadofthe abfcifs AP, or CQ, the line drawn 
from the beginning of that Abfcifs^ perpendicular to the femi-ordi^ 
nate f M, ^r QM ; or inftead ^ the femi-erdinatesy the line 
drawn from the point M, perpendicular to the Abfcifs, ATy or 
C Qj and therefore wejhdlt hereafter ufe indifferently tbofe general 
ViXpreffiom in both Cafesy always referving in mind this DiJiinSiion. 

EXAMPLE I. 

236. 'ir J2 jT ATssy** be the Equation of the Curve AM, and letfic. 151; 

JLi if be required to find the Expreiflion of the Area 
AMP. 

If the fluxion x =/«fyy »— > of the Equation ^ = ^«» , be mul- 
tiplied by ;f, we fliall nave * {yx^ myy^ , for the Fluxion of • An. 230. 

that Area. Therefore the fluent * , . y^^ = , \^ xy. will ' ^'- *»5- 

be the Expreflion required. 

If the Fluxion x^myy^-^^ be multiplied by — , we (haUhave* « ^^, ^jj 

(c V V X X mc 
~p ^J — yy^^ for the Pliixidh of the Solid generated 

hf^ rotation of the fpace AMP about the diameter AP j and^ j jft, 
■ ih c m ex 

7+m "" ar>*^ = 1+^ "" i7^^» ^^ ^ Exptcffion of that So- 
Ud. ~ And 
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» 

And if both Sides of the produft xx^as^myy^^''^^ of the Equa« 

. , cy 

lions X =:^», X :=: myy "^^^ >2iVQ multiplied by , we (hall have 

^Jrt. 234. — myy ^'^ C^=^ yxx ) for the Fluxion of the * Solid, generated 

by the rotation of that Space about the tangent A T : and there- 

m c m cxxy 
Art. 213. fore * — ; X y2fflr+i — — X -. wiU be the Exorelfioa 

of that Solid. 

Corollary. 

Fig. 152. 237. T F w be negative; the Equation «=:^« will be that 

X of all kinds of Hyperbolas with refpefl: to the afymptotes 

— /« — /w c m 

AT, AR J and the Exprcffions 73^^:;^, — - x -^;^,7i:^ 

c m m c t ^ 
^ "Wiwy, will become — — --xy^ x — -wyy, and x 

c ^ m 

— xxy. Therefore, when fn>\y then will, — ^T" ^y be the 

Expreffion of the fpace ARSMP, infinitely produced towards 

m 
R S : and when m<i ZZ^y «y will be the Expreffion of the Ipace 

PMy T, infinitely produced towards VT ; fince that ExprciHon 
being negative, the fpace ought to be taken fo too ; but when 
«= I, the Equation ^=y— ^ will be that of the common Hyper- 

bola, and ('j^'i^y= J oXy^ fhews, that the ratio of thccir- 
cumfcribing parallelogram to that ipace, is infinite. 



Corollary IL 



w 



m 



preffion of the Solid ^nerated by the Ipace ARSMP ; and when 
m<2j that of the SoUd generated by the foacePMVT But 

'if 
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.^ . m c ' c 

itm^i, then ^^~ x — ^yy ^^^ become =: ~xyy. Which 

fhews, that the ratio of the circumfcribing Cylinder to that Solid 
is infinite. 

E X A M P L E IL 

239. TT ETt the femi-ordinates P M fall at rigbt-angles to AP, F i #. 151, 

I ^ and let it be required to find the Expreffion of the Arch 
AM. 




Arch. Now if this Fluxion be compared with the general Form* • j^t. z\%. 



dzz'^ x e-\-fz^ , we fhall have r=o, m=j, «s=:2;w— 2, and 

I — ^= J j=:— — T, or /»=s — — — : Likewile f 

^ n y 2/^—2' 2 5 V « 

~ ^ '~ 2^Il2» or »j = ^7117 5 or if we fuppofc — /, m =5 

2/ 
— -J— . And becauie when i is a whole pofitive, or / a whole 

negative Number, the fluent of j^/i4-w*;r2«— « may be found* « Art ii 
in i or ^ Terms } therefore, if we iubftitute fucceflively for 5, the 

2 J "4' I 
Numbers i, 2, 3, 4, Gfr. into the Equation m = — ! — and if 

2i * 

the Exponent m exprefTes anv of the Values found by that fubfti- 
tution, the Arch AM may be redified. 

For Example, if r = i j then will w= C — -!— ^ \ j and 

JL 

the refore if ^ =;^*or xx=y^ be the E quation, the Fluxion 
y^iJ^m^y* «— 2 will become y^i^^y^ whofe fluent will be* * ^^' *^+*' 

Y X iHri^** ^^' when ^ = o, the arch AM will be likewife 
= o 5 and as there remains -^ V o^ the fluent, by fuppofing 

y s= o } we muft fubftradt that quantity V ^^ om tne fame, in 

« 

order to have Y x 1 + 4^* — Y> for the trae Expreflion re- 
quired of the arch AM. 

Hh KB. 
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N. B. If the Numbers i, 2, 3, &c. arc fubftituted fucceffive- 

ly inftead of /, mto the Equation m = ^ , wc (hall find the 

^mc values for was before, except that the Fra<aion will bereverfed. 

2 / 

And becaufe the Numerator 2 / of the Fradlion rrrz is lefs 

2r-j-i 

than its Denominator 2 /4- i 5 the Curve AM, will be convex 

next to the Abiciis AP in this Caie ; which I prove thus : 

r !L 

Suppofe ^~~ 9 then will x^y « be the Equation of the 

J jH. 180. Curve AM ; and * (^x —'^yn —JZ.^ will be the Expreflion of 

the fub-tangent. Now if r > i, the fub-tangent will be greater 
than the Abfcife AP ; and therefore, the Curve AM will be con- 
cave next to AP, But if r<i: the fub-tangent will be lefs than 
AP, and confequently the Curve AM will be qonvcx next to 
AP. 

X E X A M P L E III. 

« 

240. TP find the Expreflion ef the Surface defcribed by the 
^ Rotation of the Arch AM about the Jbcis AV, 

c 

'•At. 235. It i8 evident, that* -^yy^j.^*y2m^2 will be its Fluadon, 

« 

which being compared with the general Form dzz' x e-\fz.''^ 
gives Q— =;,=-_, or«,=-:^ , and (-31^^-=) 

W+I 2/ — I 

*" ^= 2m— z >^^- 2t-\-~i * Therefore, fubftituting he- 

ceffively for j, the Numbers i, 2, 3, 4, &c. into the Equation 

s-\-i 
«= 7~» we mall find fuch Values for the Exponent «, 

which being taken fucceffively for the iame, the fluent of the 
Fluxion ~yyy/i-^m*y^^z^ wiU be found in s terms, and 

fubftituting fucceffively for /, the Numbers i, 2, 3, 4, &c, into 

the 



{ 
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at — I 
the Equation m = ^TTT* W^ ^^ find fuch values for m^ which 

being taken fucceffively for the fame, the fluent of—yy^i^f^t y**— ^ 

will be found in f terms. 

2f — I 

JV. B. Becauie the numerator of the fradion — rrT"> is lefi 

2/4-1 

than its denominator, the values found for m, by means of the 

Equation m = " ^ , , will give the Cafes, in which the 

Surface generated by the rotation of the arch AM about the 
axis, towards which it is convex, may be found in a finite num- 
ber of terms. 

For Example, if 5=51, then will m ( =s;--^ j = 2^ and 

x=y* will be the Equation of the Parabola, the parameter of 

which being ssi j and the Fluxion —^J?v^i+>w*>^''"^* "^^^^ ^- 

come = —'H'^i'^-^ \ whofe fluent will be — x i + iww • 

But becaufe when^=o^ that Surface is likewife =0 ; and iince 

c 
there remains 4" — of the fluent, by fuppofing^=o, veemuft 

fubtrad that quantity 7— from the fame, in order to have 

^ c 



i_|_4^ — — - for the trac Expreffion required 



EXAMPLE IV. 



241. >T^ find the Expreflion of any Space as BCMP of the v -. 



T 

Mto 



paralh 

Let 



I20 77;« Third Book. 

Let AB^BC = i, BP=flc, PM=f ; then will—— = y be 



X 



the Equation, and (y;c==) 737— the Fluxion of that Space^ 

which being reduced into an infinite Series by a continual divifion : 

^r/. 213. ^^^ the fluent of each term* found, gives 5C — t«-i"t^^4"4** 
--|-^!x;5 — 6?^. for the Expreflion required. 

When PM falls between the afymptote AR and the line BC, 

that is, ifAp=«i, and pm==y 5 then will - — r" = > he the 

Equation, and x-\-tx*-j-fx^^'\-j;x^ -f- &c. be the Exprefnon- 

Now half the fum of thefe Series, will be »^fx^-\-^x^'\-^9fl 

[+fx'^&c. and half their Difference ^x* + t«-^+t«^4-ix«-|- 

o.ooi I o*oti 

&c. andwhen^rr * tr:o.i, thefiiil will become 0.1+-- — tT 

* 3 5 

O'O^^ . , « > A -.^-oi . 0,0? I . c.o? I , , . , 

— — &c. and the laft *— r 4- — : — \^7r + &c. which be- 

ing reduced into deciftidh will give the foUowihg numbers. 

o. 1 ooooooo^oooo b,o<?5ooooooo6oa 

3333333333 256000000 

2O0OOO0O . 1666666 

142857 12500 

nil 100 

• • • 

9 I 



c. 10033534773 10 0.0050251679267 

Thefe two Sums being added together will give C, 0,1 0536* 
05156577 &c. for the Expreflion of the Space BCmp^ and 
their Difference will give D, 0,0953101798043 &c, for the 
Exprefliion of the Sjpace BCMP. 



mmmmmm 



^ q} Stands for 600 ^ qj fiandi for 00000 tsfc. 

COROI^ 
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CoROLLAUr I. 

242. T^Ecaufc, when the Sectors mAC, mAM^ mAN &c. 

IJ or the correipondcnt Spaces mCBp, mMPp, mNQp, 
(which are * equal to thofe Se£tors) arc in an arithmetical Pro- , ^^ 
greifion, the correijpondent abfcifles Ap, AB, AP, AQ, &c. ' "** 
will be* in a geometrical Progreflion ; it follows, that the faid» ^/, ,,o. 
Spaces are the Logarithms of their correfpondent abfcifles ; and 
therefore Q is the Logarithm of Ap= i^j\^Q.g ; and D the 
Logarithm of APs=i+^=ii. 

Corollary IL 

243. T F we £iy» as theExpreflion D, of the Hyperbolical fpace 
X BCMP, is to the Reaangle ABCD (=1) or power 

of the Hyperbola, fb is the Logandun f .041^926851582 of 
APs^^, (equal to the Difierence of the Logarithm of 11 and 
that of 10) to a fomth number r=o43429448i905 &c. =5 
ABCD, this fourth number is called the Logaritbmical Modu^ 
kis : and tf we divide Unity by that number, me Quotient J=fR 
2.302585092994 &c. is called the reciprocal Modulus. 

Corollary IIL 

■ • - 

244.TTENCE, the Rcdangle AC, is to any hyperbolical ^ 

JX Space BCNQ^as the Modulus r, is to the tabular 
Logarithm of AQj and on the contrary. The Modulus r» is to thp 
Tabular Logarithm of any abfcifs AQ, as the Reftangfe AC, is 
to the Expreffion of the hjrperbcJical Space BCNQj:orrefpon- 
dent to that abfcifs. Therefore the power of the hyperbola, that 
is, the redangle AC being given, the Space BCNQ;Jnay be 
found wherx the Log^itbm of AQ^is, given \ or that Log^thm 
may be found, when the. Space BCNQ^is given. For Example 
let L expre&.i^ Tabular Logarithoi of AQj^ then if w^ make 

r(=s||^).:L:: ABCD: ^L x ABCD= RLx ABCD; this 

li fourth 

^ — T , 

t See Sbirwin^i Mathcmatiail Tables, Page 18. 
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fourth term will be the ExprefHon of any hyperbolical fpace 
fuch as B C N Q;_ ^bis mujl be well tAJervea^ hecaufe it will/emje 
hereafter as a Canon, for finding the ExpreJJims of fuch Spaces^ 
or of any Spaces^ which may be reduced to them. 

Corollary IV. 

245. T> Ecaule when AB is =1, the fpace B CMP is the Lo- 

11 garithm of AP, and the ^ace B CNQ^ that of AQ; 

I it follows, that the di^ence PM N Q^of thofe places is the 

AQ^ 
Logarithm of Tp. 

i Corollary v. 



i 

I. 

I- 
\ 

li 
i 



I. 



I 
I 



*+^- Qlnce j^ is the Fhxion of the fpace BCMP, that is, 

the Fluxion of the Logarithm of AP, it follows, that the Fluzioii 
of the Logarithm of any Qiiantity (AP) is equal to the Fhudoa | 
(x) of that quantity, divided by me iame (i+^)- ^bis mu/l be 
well remembred, becaufe it will be of great Vfe hereafter. 

EXAMPLE V. 

ii«i 15 jf *47« ^ O fi^ *^^ Expr^on^ a Circular Jk'ib hM^ 

-^ wbofe RaMus AC and tangent AT are given. 
Let ACbessi, AT=2r, tTssz, and draw t r perpendicu^ 

kr to the' Secant CT : then will CT=^i-|-«2f, and becaufe 

of the right aisled iimilar Triangles CAT, Trt, we /hall 

z 
havcCT:CA::Tt:tr=5-==} and the Radius CT, 

# >f. s88. "^U be to the Radius CM,^ as the circular velodty tr of the 

z 

point T, is to the circular velocity ^ , of the point M, which 

is equal to the fluxion of the arch A M. Now that Audon being 
reduced into an infinite Series, and the fluent of each term faani, 

will 



i. 



Of Fluents. 

will give z X into i— faj'+f^*— ^;s^ + ^;5^— &c. for the Ex- 
preflion required. 

It is evident, that when AT=:z= Vf J the arch AM will con- 
tain 30 Degrees. For the fine PM of an angle of 30 Degrees is 
= f, and the co-fine CP=:i^3 5 therefore CP : P M : : C A : 

Confequently fubftituting for z and its pow- 
ers their values, wc (hall have y^fx into 1— •ji+Tf^'^^TTn'i" 
&c. 



AT=:^«v't 



9.8 I 



If this Series be multiplied by 6, we fhall have ( 6'/-l as) 

i/7i X into I — -i- J- -1 _i- 4 — ! &c for the Ex- 

premon of the femi'^ircumference. Or if A=Vi2, B=}A» 
C=tB, D=tC, E»*D, ©r. this Scries will become A— fB 
4-^C— ^D+^E—^f. thislaft Series being reduced into decimals 
will give. 



1^3 



3,46410161513775 


,38490017945975 


7698003589195 


1832857997427 


475185406740 


129596020020 


36552723595 


10559675705 


3105786972 


926287342 


27935^500 


85021543 


26073273 


8047306 


*497439 


778771 


243857 


76641 


24166 


7642 


2423 


770 


445 


78 


25 


8 


A 




'+3»546*33 17*18207 


—,4046405 1 8592 2 8 


' ..,40464051859228 





3,i4i59265358979« Difference or value of the Semicir* 
cumlerence. 

Therefore the Radios is to die Semi-circumfetence» or die Diameter is 
to the whole Circumterencei as Unity is to the number i.i\\s^i^\:Sc. 



COR< 



124 The Third Book. 

Corollary I. 

248. T T Ence the number 3,141592 ^c. is to unity, as 180 
XjL degrees is to the number and parts of degrees con- 
tained in an arch equal to the Radius ; wmch will be ^=^k. 57,- 

2957795130 G?r- , ^ 

This laft number k^ is called the Trigonmetrtcal Moduks : and 

if we divide unity by this number, or 3,141592 &c. by 180, 
jtbe Quotient ,0174532925 19943 =:K= -j is called the JS^ci^^ 
cal Modulus. 

Corollary IL 

249. TT ^^c^ maybe found the Expreffion of an areh, whofe 
XjL radius and fine or co-fine are given ; and on the con- 
trary, there may be found the Expreflion in degrees of an arcli, 
whofe radius and Expreflion in numbers are given. • For example^ 
let D expreis any arch as AM in degrees, and let ^=57,295779 
&c. then if"^ iky, as the Radius AC exprefied in de^:ees kj( is 
to the arch AM==D exprefied in degrees, fo is the Radius AC 

a 
{—a) exprefied in numbers, to the archAMrrjD ocpiefled 

- -^/- 248- in numbers, or becauie * -j = K ; we fliall have irD=aDK. 

EXAMPLE VI. 

Fio. *53- 250. rrl O JinJ the Exprefiion of the ElUptical &r HyperioKcal 
'**• X &5fcr CAM.- 



• jm. 3. Thic fluxion of the Equation * d: -npsaaa^^uuy vnH be 



aa aa 



-^f =-- »» , or ± ^;'j'=— 4> &WUimw& Cor * Jtt 
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salufe into the fimdon*^—— of that Scdor; it wM become* >/. ,32. 
^•l^i^uuHz^yy^ or becauie uu^^jryy^aa, tndu^ 

^ at aby 

Now becaufe ■ > '^ ■ ■■• is the Fluxion of a circnlar Sedor, if 

^ ^y 

we divide this Fluxion by -r; we (hall have —== for the 

Fluxion of the dicukr arch, whofe Radius and 0ne are as i to jr. 
Therefore if D expreflcs the arch in d^rees, then will ♦ *DK,» jrt. 749$ 

b^ ttb 

be the fluent of -r ^ •= • and -^ DK, the expreffion requited 

of the Elliptical Seaor CAM. 

And if L<xpfdfes the Logarithm of -^ ' "17/ ; thai wiH 

• — LR be the fluent of — 7^=== , or the Exprtffioo of the * i*f- «44; 
2 ^Vbb + yy 

HypeiboUcai Sedor CAM. 

For the Fluxion of tbeLog. of L ' " * will be ♦ eqoal • Jkr. nf^ 

y *Jhb I Tv^^ yy 

to the Fluxion"^ ,u of that quantity divided by the £»nc 

)pcfed, 



If ^rr VJ, then if we lay by is to *v^ J, as the Radius in the Ta- 
bles of fines and tangents, is to the fine of the arch whole 
fine and radius are as ;^ to ^ ; or if we take the Logaridims of 
theft numbers ; then becauic bi by^\\i 1:1/45 and Log* /;{•=: 
—^62469 3 1 and the Log. of the Radius is icooooooo v tbe d^$- 
rcnce qf thcfc Logarithms =9.9375307, will be the Log. of the 
fine of the OAglc fought j which will be found to bctr^degwes : 

K k and 
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•jn.z^s. andbccaufc K=;=* 0.0174532925, and D=:6o j we (hall have 
iatDK=abxinto 0.5235987750 ©"r, for the Expreffion of the 
elliptical Sedor CAM, in this Cafe. 

y ^^ ^j^ Likewife, the Log. of^+/^^+,?y « / J + V J =2. iSS is = 

•^/. Hs- 0.3400473, and becaufe R =s ♦ 2.302585092994; wc (hall 
have tao RL ^saaix into 0.39 149392 19 &c. for the Expreffion 
of the hyperbolical Scdor CAM in this Cafe. 



EXAMPLE VIL 
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TO find the Expreuion of the fame SeSor^ by takif^ the 
Tangent AT {z) far the variable quantity. 
Let the line CM (produced in the EUipfis) meet the tangent in 

MZ m 

T s then the finular triangles C P M^ CAT^ will givej^=— ; 

uz-^u z 
whole fluxion is y » ^— . Therefore fiibftltuting for jr, y, 

y u — yii 

• j^t. 2%ir their values into the fluxion * ^ — -r — , it will become =r 

uuz . . ^aa uu ,^ uz 

— , orbecaufe±^;^y=rtf^-i/«, equal to±^^5p(fincc;^=y>; 

/i lit. ^^^^ . , ^ , f^^i \ abbz 

we fliall have uu= j^^^. And confcquently ( — =y i^J^^ 

will be the fluxion of that Sedor. 

• >/ 247- Now if D exprefles in -degrees, the arch whole fluxion is ♦ 

II - 

^ ^t. 249 _^_^ ^j whofe radius and tangent are as^ to z, then will* 

bbz 
bDK be the fluent of iTj~: and therefore J^^DK will be 

the Expreffion of the Elliptical Scdlor CAM required. 

b+z 

• Jr/. 244- And if L exprefles the Log. of -^=1=. ; then will * ^abKL 

^bb — zz 

be the Expreflion of the Hyperbolical Seflor CAM. For the 

z bz''^^zsi 

• Art. 246. Flwtion of the Log. of *-}-«, wUIbc* fj^—J^ZI^* ^^ that of 

the 
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— zz 



the Log. of ^bb—zx will be = ^^ ^ ; and therefore their di£. 

hz 
ference will be = bb—zz 

Corollary I. 

252. TT Knee, if in the Hyperbola, the Expreffion of the 

X X Se<5lor C A M be added to the triangle C QM, or • ^t. •^^ 
fiibftrafted from the triangle CPM j we fliall have the Expreflion 
of the Space CAM Q^ or of the Space AMP. 

And in the ElKpfis, if the triangle C QM be added to, or 
the triangle CPM fubtrafted from the Expreflion of the Scftor ^^J* 

CAM ; we fhall have that of the Space CAM Q^ or of the 
Space AMP. 

If z^ibi then if in the EUipfis AC {b\ be to AT {ib\ as the 

radius in the tables of fines (i 000000), is to a fourth number 

500000, which is equal to the tangent of an angle of 26 degrees 

34 minutes S2= 26,56666. =D ; and becaufe K =♦ 0.01745329 ^ 

2519943; we {hall have t^^l^Kss^^x into 0.2318379 &c. - *^*' 

for the Expreflion of the Elliptical Seftor CAM. 

b+z 
And in the Hyperbola, we fhall have . - = ^^ : and 

ybb — zz 

becaufe 0.301030 is the Log. of 3, half that number 0.1505 15, 

will be the Log. of V'?, that is, =L ; and becaufe R=:* 2.^02- . 

ab , . •^/.24j.- 

585092994; ■— LR will he = ab X into 0.17328679 &c. 
equal to the Expreflion of the Hyperbolical Sedor CAM. 

EXAMPLE. VIIL 

253. Y Et the Curve AME be the Ciflbid ivbofe Property is p^^ , , 

1 J fucby that any of its Semi^rdinates asVM to the axis 
AB, is always a third proportional^ to the femi-ordinate P N g/' its 
generating Circle ANB, and the abfcifs AP; it is required to ^nd 
the Expreflion of the Space AMP. 

If 
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IfAB=tf, AP==», PM=;'} then will PN=v'^]^r:^, and 
y = — will be the Equation of the Ciffoid. Therefore 

(yx=) — , will be the fluxion of the Space AMP. Now 

becaufe xVax—x% is the Fluxion of the circular Space A N P . 

3 ANP —zx'^ax—xx^ will be the Expreffion required. For the 
fluxion of this Fluent is the very fame as that propoied. 

EXAMPLE IX. 

254, ^Tl O find the Expreflion of the Solid generated by the ro^ 
JL tation of the /pace AMP, about the line AB as an 



axts* 

^ • ^ • 9 • • 

cxxx 



(cyy X \ cxx^ aacx 
— :;7~ = J'^ — 7:,=" z — i ■ 
zr ^ aa^^ax ^ — ac 

— cxx — acxj be the Fluxion of the Solid. Therefore if L = 

f^/.244- Log. 5 we fliall have * aacLK — T" — "I acx. 

^ a 3^ 2 ' 

for the Expreflion required j and when x = ia^ then will L= 

f >/. 243. Log, t =0.30103, and becauie K is =*2.30258 &c. aachK 

zaac 
will be =r aac x into 0,693 ^47^9 &C' > ^^^ aachK — » 

will then be the Expreflion required. 

EXAMPLE. X. 

F 1 c. 137. 255. ^Tp O ^«^ /£^^ Expreflion of the Space FPMA of the Lxh 

\ garithmical Curve ^ infinitely produced towards F A. 
f Jrt. 201. Becaufe *tfj^=y^, we (hall have tf;^=:TMxPM,for the Expref- 
fion required. If another Perpendicular Q N be drawn to the A- 

fymptote FPj then willPTxQN— PM be the Expreffion of the 
Space N Q^ M. 

If 
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If rrrtf =:TP 5 then wiU ♦ \~~= ) ~^bc the Fluxion of ^^'- ^33- 

the Solid generated by the rotation of the Space FPMA about 

c c — » 

the afymptote FP, and -yyz=^- PM its Expreffion : and 

c 



therefore — x QN — j P M , that of the Solid generated by 
4 4 

the Space NQPM in that rotation. 

EXAMPLE XI. 

256. np O find the Expreffion of the Space PFM of the Spiral, ^^^ "39. 

*- wboje Equation is * mayy^ =x. *-^'*'- ^^i- 

It is evident that the product of the radius PM multiplied by 

half the circular velocity {x) of the point M*, will be the Flux- * ^'- 229. 

ion of that Space. Therefore that Fluxion, veill be t^^ayy « -H « 

y X fna 

/=*^ Land I v«H-2 the Expreffion required. 

When iw = — i ; then will ay — yx be the Equation, Fig. 140, 

ay 
v^hich is that of the reciprocal Spiral ♦, and — = J AB x P M • >/, 204. 

the Expreffion. 

If ay=x be the Equation, vehich is that of the Logarithmical 
Spiral^ PF M> which turns aH infinite nunnber of times about pic. 138; 

thcpoleP before itarrives at M; dienwill'^= J TP x PM * ^'- *^^- 
be the Expreffion required. 

EXAMPLE XII. 

2 57. T El" the right Cylinder L Aa, be cut by an oblique Plane 

Li B DNb, pa/^f^ thro" the center C if the circular bafe^^^^ ,^5. 
B Aba > it is required to find the Expieffion of the part BADNb 
caltdtbeTJtififiky orHooi 

LI 1 
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It is evident, that the ihtcrfe<Slions of the Solid and of all the 
planes as CAD, PMN, perpendicular to the bale of the Cylinder, 
and whofe common Seftions CA, PM with the bafe, arc per- 
pendicular to Bb, will be right-angled fimilar triangles CAD, 
PMN. If therefore CA-CB=i, bP=5c, PM=;^, and the al- 
tiiude of that Solid AD x=3 5 then by the property of the Circle, 

we (hall have yz=iy/2ax — xx^ and by the fimilarity of triangles CA 

by b X 

: AD : : PM : MN = -f = - V2jx-xxs and fo - PM x MN 

a a 2 

hxxx 
— bxx — — T", will be the Fluxion of the Part bNMP, and 

bxx ix ' 
the fluent — — ^r— its Expreffion : and when x = 2 j, we (hall have 

-^ for 4. E^c^ffion of U>e whole Solid BADNb. 



EXAMPLE XIIL 

258. Y BT* it be required topid the Exprcflion of the convex 

I ^ Surf ace of that Solid. . 

hi . 

It isevident^ that the Produd bx {= ~^2tf* — xx) of M N 

n X 

multiplied by the Fluxion — of the circular arch bM will be the 

fluxion of the part bNMb ; and therefore, the fluent bx^ will be 
its Expreffion^ and 2ii^=2CBx AD, that of the whole Surface. 

EXAMPLE XIV. 

259. 'T'O fnd the Exprcflion of the Solid generated by the rotation 
Fic. 157 X ^j fbg Semi'EUip/U ABa about the tangent AT, 

Draw any where a line L m parallel to the diameter A a, and 
from its interfedions M, m, with the Curve, the Semi-ordi- 
nates PM, pm to A a ^ then the fiim of the Sur&ces defcribed by 
the femi-ordinatesPM, pm, in that rotation, multiplied by the Flux- 
ion of the abfi:ifs AP will be the Fluxion of any two parts of the 

SoUd 
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Solid ^crated by the Spaces AMP, amp. If therefore r=za', then 
bccaufe AP+Ap=s2^ j 2c will be the Sum of the circumferences 

2 c^x 
dcfcribed by the ladii AP, Apj and * {2cyx=) — x • Jrt. 234. 

, 6 , 

"^zax—xxy will be the fluxion of thofe parts, fiXicz y^^^ zax^xx\ 

bx y^— 

But becauie {y x) —yzax — xx is the fluxion of the Space AMP ; 

2 c AMP will be the fluent of that fluxion, and 2 r >c into the 

area of the elliptical quadrant ABC, will be the Expreflion re- 
quired of the whole Solid. 

EXAMPLE XV. 

260. Y ET" it be required to find the Expreflion of the convex 
I ^ Surface (f that Solid. 

The produ€fc of the Sum of the Circumferences^ whofe radii 
are AP, Ap, multiplied by the fluxion {£) of the elliptical arch 
A My will give zcz^ for the Fluxion of any two parts of that 
Sur£tce defcribed by the arches A m, m a : the fluent of which 
is zcz \ and zc x into the Curve AB of the quadrant, will be 
the Expreflion required. 

EXAMPLE XVL 

a6i. ^O find the Expreflion of the arch tfthe common Parabola^ fio. 15 1. 
^ whofe equation is * zfxssyy^ • jrt. i; 



Jjft AP be theaxis ; then the Fluxion pxz=zyy^ will ^ve x^ s 
-*r J andv^x*47*==-^V^Hf^ for the Fluxion of the aich. 

Therefore, if L=Log. !Z!^i2^ then will* */LR be the* >^. 

fluent 
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fluent of J pyy^pt^yy • and ^ ^Pp-^-yy +^/LR will be the 

Expreffion required. 

Whcn;^— 2^, then willL=Log. 24-^/5 = 4,236 be=o.626956o 
and becaufe R = 2.302585 &c. we mall have^V5 -f-/ ^ into 
•C.72180974 6?r. for the Expreflion requiiwl ofthean^ AM. 

EXAMPLE XVIL 

Fig, 153. 262. nr O find the Expreffion g^ the Elliptical arch BM, termi- • 

-* «a/^^ by the fecond axis B C and any ordinate PM to the 
firfi AC. 

'' ^ If we fuppofe AC=i ; then will* yy=6ixi—uUy or y = 

6)/ 1 — uu be the Equation of the EUipfis, whole Fluxion will be 

y ..-7==^. And therefore u »4-y» = «• H = «* 

I ''^uu -4- bbuu I 

, X 2; > or if we fuppoib i — bbzzdd j then v^ i'-j-j* 

I — dduu 
= «V ,_|^^ will be the Fluxion of that arch. Nowbecauie 

♦ Art. 111. i^dduu^ =5*1 tiu d^u^ — 2-rfi tfi — &c.y and 

2 2.4 ^4.6 

I— y«"'» = i+ t««+ — «*+-^«^ G^r.jthe produft of 

2*4 2*4*C) 

thefe two Series being multiplied by u » and the fluent of each 
term found, will give for the Expreflion deflred 
I.I I.I.I . I-I.3 ^ 

~?.3 2.2.5 ^'Z^7 

2.4.5 2.2.4.7 
y» • 2.4.6.7 



EXAMPLE XVIII. 
263. 'T" O find the Expreffion tftbe Hyperbolkal arch AM. f , o. ,54, 

Becaufe * ^y=:hhxuu-^i is the Equadon of the Hyperbota ; • ^^ . 

we (hall find in the £ime manner as in the Ellipfis, by ibppoflng 

dduu—i 
1 +^= iU, that u v'-TT— T » ^ the Fluxion of the arch AM : 

and becaufc V»«~i =♦ '^^-i^-I^T^— ^.g^^jT * ^^ «^i 

_ 3-5- _£tf^ and — =z«4-^ ^—4- 3'5- 

+ &c. the pFoduA of thefe Series multiplied by u, and the flu- 
ent of each term found will give 

• 2 '^2.2.</« • 2.24.3u/'«» ' 2.2.4.6.5^ «S+ *^' 

3<^ . 3 I _3 . 

""a.44» '2.2.4.3 JIkJ '2.2.4.4.5^» as -r ««. 

_ 3-5-^ , ''3-5 , ^ 

24.6.3«J i 2.2.4.6.5u/«s ■«" "*• 

_ i-3-57<^ j,j^^ 
24.6.8.5.«J "T*^- 



EXAMPLE XIX. 



*64. np O Jind the Expreffion of the Surface dejcribedby the. 

X. rotation of the Elliptical arch BM about the axis h^i, " \^^*' 

Iffzsbi then becaufe /= Vi — ««> we (hall have ♦ *•«**• ^S**' 

—^i^dSm ^0^ *^ Flwdon of the arch BM, and • Q2!H __) , ^ 
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c u^' i^dduu for the Fluxion of the Surface. Now if in the 
fcmi-conjugate CB to CA, be taken CD=CA, and with the 
fcmi-diametcr CD, and with the Center C, be defcribed the femi- 
circumference A Da of a Circle, when A a is the firft axis, or an 
Equilateral Hyperbola N D n, when A a is the iecond \ then if 

c 

C Q^du, and the lemi-ordinate QN be drawn, ^"^ CQND 

will be the Exprefiion required. 

• Art. 4. For when A a is the fkft axis ; then will ♦ i — bb^dd be pofi* 

tive ; and therefore uds^z — dduu will be the Fluxion of the cir- 
cular fpace GQND : and when A a is the ftcoAd, i-^irzdd 
will be negative, that is, it — i ^=i dd i and confequently 

ti ^1/1 + dduu will be the Fluxion of. the Hyperbolical Space 
CC^ND. 

When A a is the firft axis and u= irrAC ; then will CQjr^ 

• An. 4. that is, the point Qjvill coincide with the * Focus. 

If D be the Exprefiion in degrees of a circular arch, whofc 

cu /— — c 

radius and fine are as i to dui then will t v i — dduu+^iKD 

be the fluent of c u^i—'muu: and if L be die Logaothm of 

cu c 

du-\-Vi-\-d3uu.i then will T^i+di^ + 1^^^ ^ ^ ^"^"*°^ 

c 'u '/T^duu. For the Flujdonof the.Logarithin.of <i5y-|-/i+^« 

. , ^1 . ^liVi-\-dduu-\-dduu - , ... 

willbeequaltotheFluxioa" . of that quantity di- 

Yi+dduu 

J* 

vided by the fame, that is. =-;=—=• Therefore this fluxion 
^ ^i + dduu 

c cu 

multiplied by —k being added to the Fluxion of "^vi^Jduut 

will give c«/i -\-dduUy which is the Fluxion propofed. 



EX- 



(yFLUENTe. 135 



EXAMPLE XX. 



26 f. 'T' O /«i /Af Expreffion of the Surface defcrihed ^ the ro- ti: 160. 
* * tatien of the SfyperboUcal arch AM, about one of the 



axesi 

If r=iby then becauTe 

^2} 



cyv 

v^^«qpiforthefljtixionofthearcliAMandY'7r~^ ^ ciydduuz^i 

for the Fluxion of the Surface. Now if in the Axis of Revolu-* ^^' *'^' 
tion he taken CO =^«, and the fetoi-acdiftate ON be drawn ; 



c ^ ^ c 



then will "jAN Q^or -^ CANQ, be the Expreffion required : 

Since du Vdduu^i i is the Flaxien of the S/ace ANQ when — i, 
or. of the Space CANQjvhen +i. 

When the arch AM revolves about the flrft axis, and «= i, the 
Surface will become equal to nothing : but becatrie CQ=idu thea 
bgcomes^ CQ=:^/, that is, the pojlnt Qcoincidcs with the Focus F, 
apid &> the Sp^e AMP is not=o ^ tEerefofcf we nuift take awky 

c ] 

thepaft^AEP, in order tolatvfc-j EFQN' fee the tme B». 

preffion. 

, , ^ c a * p T 

IfL==Log. of Jz/+^^««qpi. thenvvill Y^^^»«ipi=P ^ ^ 

• • 

be the Expreffion required. 

E X A M P L E XXI. 

266. np O find the Expreffion of the arch AM of the Logarith-^ ^ °- 'sr- 
-'• mical Curve infinitely produced towards A. 

Becaufe * ^=^we fhall have ^x*-\^* ^^ y^aa-\-yyJox the* ^'r '^.'r 

y y 

Fluxion of the arch j and if z^^aa-\-yy, that Fluxion may be 

zzz . aa x 

changed into this other ^^ __ ^^ = « +^JZ:^- Therefore if 

L 
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• >/. 144. L =Log. of -;S^^ = !^ff±^:Zfj then wmi/T^T^+^aUL 

be the Fluent required. ^ For the Fluxion of the Logarithm of 

z zz-\'az 

z — tf, is 7= — — ~ and that of the Log. of vzz — aa h 

z — a zz — aa ® 

zz az 
Z ; which being fiibftradled from the firiL will rive- —» 

z — a 
for the Fluxion of the Log. of . — $ and theitfoit 

yzz — aa 



aaz zzz 






^zz^aa zz--aa y ^/^' 

EXAMPLE XXIL 

Fro. 13S. 267. T^ OJind the Expreffion of the arch PFM of the Logarithm 

^ mical Spiral. 

t An. 202. Let PM * : TM : : i : >», or TM=«ry ; then becauie when 
PM exprefles its own Fluxion, TM exprefles the Fluxion of die 
Curve, my will be the Fluxion of that arch, and m y=TM the 
Expreffion required- 

Fi^ 140. If ♦ «^ tr^ jf be the Equation j then will ^x*-^y* =?-'>fm\yi 

%to* •^^ * * ^^^^p* TP 

be the Flu:don : whofe fluent will be found in the fame manner 
as that in Article 266. 



SECT. 
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SECTION III. 

Tfje life of Fluxions in finding the Centers of Gravity. 

Definitions. 

1. The Center of Gravity of a Figure, is a point by which 
that Figure being iuftained or iuipended^ all its parts remain at 
reft or in equilibrium. 

2. Any fine drawn Aro* the Center of Gravity of a Figure, io 
an horizontal plane, is call'd the Axis of EquiJimium. 

3. The Propenfity or Tendency of a Body towards the Earthy 
with reiped to its diftance from its Axis of Equilibrium, is call'd 
the Momentum of that Body. 

Corollary. 

268. "T T is evident from Defin. 2^, that if G be the Center of F««' «6*J 

JL Gravity of the Figure PQRS, and dG theAxis d£ 
Equilibrium, the vertical pkne pailing thro' the axis, vnH divide 
the Momentums of all the Particles ofthe Figure, into two equal 
parts. For if the Sum of the Momentums on one fide of the plane 
were greater than the Sum of thqfe on the other, the Figure would 
be more inclinable to move one way than the other, and £0 the 
point G would not be its Center of Gravity, which is againft the 
Suppoiitbn, therefore Qc. 

Post ulatu ms. 

,1 

I. That Gravity is every where the fame at a fmall diftance 
from the £ime point of the Surface ofthe Earth. 

I. That die right Lines or Diredions, in which Gravity tends 
towards the Earth, may be taken as parallel to each other, in a 
fmall horizontal diftance. 

Nn tf3, 
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N.B. I . Becaufe the weights or quantities of Matter of the 
fame denfity, are proportional to their Bulks or Magnitudes, 
and as we (hall here only confider Bodies of the fame denfity; we 
ihall make ufe of their Bulks or Magnitudes inftead of their 
Weights. 

2. Although Lines, Areas and Surfaces, have really no Weights, 
yet as the Confideration of their Centers of Gravity is ufeful, we 
fhall make ufe of their contents or meafures in the fame manner 
as in the Solids, as fo many Weights proportional to them. 



THEOREM I. 



flQ. 161. 



269. X F Several Bodies or Weights P, Q^ R, S, &c., are fixed 
JL to an inflexible line A E- void- of Gravity^ in A, B, 
E, F, &c.y and if that line be fujpended orfuftained by a point 
G, fucb that tbefum of the ProduSls of the Weights on onejide^ each 
of them being multiplied by its refpeBive diftancefrom that pointy is 
equal to thefum of the like produBs on the other \ I fay the point G 
njoill be the common Center of Gravity ofthofe Bodies or Weights. 

The farther the Body P is fixed firom the point G, the greater 

? Art. i8«. power it will have* to move about that point, if not prevented by 

lome contrary adtion ; and the heavier the Body is^ the greater 

power it has likewiie ; therefore its Momentum^ with regard to the 

point G, will be as P x AG. 

The ^me thing may be proved with regard to any other Body, 
therefore PxAG4-Qx^BG=RxEG4-SxFG by fuppofition; that 
is, the fum of the Momentums on one fide, is equal to the fum of 
the Momentums on the other : coniequently the point G is 
the common Center of Gravity of thoie Bodies. 



fic« 162, 
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270. "T F feveral Bodies P, CJ^R, S, &c.y are fixed together fo 
X ^^ to be in different Planes : the Sum $;all the Prodsiffs 
of each Body multiplied by its reJpeSiive diftancefrom a plane given 
in podtion^ will be equal to the ProduSf of the Sum of all tl^e Bo- 
dies ^ multiplied by the diftance of their common Center of Gravity G 
from that plane, if they are all placed on one fide : Or if fome are 

placed 
i 
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placed on onejidey andfome on the other^ the Difference of the like 
Products oftbofe on one Jide^ to tbofe on the other ^ will be equal 
to thefaid ProduSI. 

Through the Center of gravity G, draw an horizontal plane^ 
in which draw the line G g or G d, parallel to the interfciftion 
DT or DF of that plane and the plane dT or DF given in pofition ; 
likewife from the pomts P, Q^ R, S, &c. where the diredions of 
the Bodies meet the horizontal plane, draw the lines PA, Qg, RE, 
SF, parallel to DT, interfering DF in A, B, E, F, &c. and 
dG, in a, b, e, f, &c. Now it is evident (by Pojl. i.) that 
the gravity will be the fame, whether thofe Bodies are fixed all 
in the fame plane, or fome under and fome above it : therefore, 
if we confider the line Gg as an axis of Equilibrium, we (hall 
have* PxtfG-|-Qj5bG=RxcG+SxfG, or bccaufe ^ G =, ^ ^^^ 
D^— DA, bG=D^— DB, cG=DE— D^, fG =:DF— ^ ^^ 
D g s that Equation will become P x D^ D A+ Qj< D g ^DB^ 

=RxDE^D^ +SxDF— Dg, o rPxPA+dx DB+RxDE 
+SxD F= D^xP4-Ctd-R+S. And if we confider Gd as an 
axis'of equilibrium, then will PxP^-j-R xRe = Qjc Qb+S >c 
Sf+ G?c, orbecaufePtf==PA-fG^, Re=RE4-G^, Q]b = 
QB— G^, S f = SFj— Gg, the laft Equation will become this 

PxPATgH-RxRE + G^==QjcQB~G^ +SxSF — G^> 
or —PxPA+QxQB— RxRE + SxSF=G|:xP-t-(^+R+ S 
4- &c. W.W.D. 

From whence we deduce this general RuJe for finding the Di- 
fiance of the Center of gravity of any figure, firom a plane given 
m pofition. 

Multiply each particle of the figure^ by its diftance from the 
plane given inpoftiony and divide the Sum of all the Products [tf 
the plane falls without thefgure) or the difference {if it falls with^ 
in the fame) between the ProduSls on one fide and tbo/e on the other ^ 
by the coraent of the Figure j then the ^tient will be theDiftance 
required^ 

EX- 
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EXAMPLE I. 

fi 271- '7**0 find the Difkarux of the Center of gravity (fa TrtatigUi 
* '°' ^ ^' J^ ABC from the line TAT, parallel to its bafe B C. 

Let A E {a) bifeft the parallels MN, BC, in P, and Ej then 

bvt bxx 

if AP =:;e, BC =s^ i we (hall have MN =- . Therefore-- 

will be the Fluxion of the Weights, which being multiplied by 

hxxx 
the diftance AP, will give ■— - for the Fluxion of the Moment 

bx^ bxx 

turns ; whofe ^fluent — divided by the fum — - oi the Wei^Ks, 

2X 

will give — for the expreffion of the iaid diftance of the tri- 

2a 2 
an^ AMN, and — s=a - AE for that of the Triangb ABC 

Becaufe the line A E bife£ts all the parallels M N, the Center of 

2 

gravity will be in that line ; and therefore if AG =-- AE, the 

point G will be the Center required. 

Corollary. 

6 ^7^* X ^'^ ^^ quadrilateral Figure ABCD, be divided into 
» 4* 1 ^ two triangles, whofe Caters of gravity let be E and 

F : then if the point G be taken in the line £F, £ich that the 
content of the whole figure, be to that of any of the parts as ABD, 
as the line £F, is to the diftance GF of the point G &om the 
Center of gravity of the other part; the point G will be the Center 
of gravity of the Figure. For if we confider the contents of the 
triangles ABD, BCD, as fixed in the points £, F, to the line 
•>/.269; EF; thenwill*ABD:BCD::GF:GEj andbycompofition 
ABCD:ABD::EF:GF. 

EX- 
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When /»= T, then will x=y^^ be the Equation of the com* 
mon Hyperbola, and bom the dutances ^ ^^x , I^iw^* ^''^^^'^ 

become infinite in this cafe, -wjk. the firft - — rz.x=: — -x, is that 
of the (pace PMVT from the afymptote AR, and the iecond 

"■^ — V = — ^, that of thcipace ARSMP from the afjmf- 
lote AT, 

, When t^im. then Ae diftancc ■; — ri. *= —xof theCenter 
of gravity of the ^ce ARSMP from the afymptote AR is = o; 

and when 2=«, then the diftance-: — n:= — ZJ of the Center 

4— 2»l O' 

cf gravity of the ipacc PMVT from tl^ afymptote AT, is so. 

E X A M P L E ni. 

275., fXi O find the DUbuice of the Center tfgramty ofanyjpace at 
X BCMP terminated by tmo linet parallel to the afjmpbie 
AR» in the common Hyperbola^ from that afymptcie. 

* • ^ 

Let AB=BC=i, BP=s«, PM=;f, then will jq-j sa^ be 
of thcEquatioa jjt^ the fiuxbn of the Weights, and — r- that 
ibcMmentums^ Now if the fluent of -37-^ or the [i^Mice 

Xx 

BCMP be =«, then will x—z be the fluent of -ttt: or the 
Aun of the Mofoenftms, and the Escpteffion of the^^banoe 



':? ^ Mi 
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EXAMPLE. IV. 



276. np OJind the Diftance of the Center of gravity of the Solid ^lo, ,65. 

•■■ generated by the rotation of the femi-Parabola fiSE^ a- 
bout tbe diameter AE, from the vertex A. 



mc 



We fliall have * -— ■ x j?^<»+-i for the fluxion of the Weights, • Jri, t>6. 



mc 



and therefore — x yy-+^ will be that of the Momentums, he- 
rn c 
caufe xssy»i whofe fluent ^^ . ^ x jp'**+* divided by the ium 

. , /» c , m-\-2 W+2 

of the Weights ^^^ X -^^h-., givcs--:^^^- -^q:^ « for 

the Expreffion of the diftance required 

When the Exponent w is negative, then x will be the Fio. 152; 

Expreilion of the diftance of the Center of gravity of any Solid ge- 
nerated by the Hyperbolical Space ARSMP, about theafymptote 
AT, from the otner afymptote AR when that ExprefSon is pofi- 
tive, or of that generated by the Space PMVT when it is negi^- 
tive. 

When mss2y that Expreffion will become =: — Xy. and 
when mcBi. it will become —x^ that i& infinite. 



E X A M P L E. V. 

277* ^Ti O find the Diftance of tbe Center tf gravity of tbe cir^ 
JL cular arch MAM, from tbe line TCT, pajfing tbro* 
tbe center C and drawn parallel to tbe cbord MM. 

It is evident, that the laid Center is fome where in the Radius 
CA which bifeds that arch : therefore, if the line m m, parallel 
to MM^ meets that arch in m, m, and interfeds the radius CA in 
p, and Cp=x, ?^^y^ the arch hm^Zi then will zzht the 

fluxion 
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• Art, 164, fluxion of the Weights, and 2zxz=i^2ay the fluxion of the Mh 

mentumi ; and confequently — will be the Expreflion of the 

diflance required of any arch as mm. 

Corollary. 

278. TT Ence the arch MAM is to the chord MM, as the ra- 
XjL dius CA is to the diftance of the Center of gravity of 

that arch from the center C ; and therefore the femi-circumfcrencc 
is to its diameter, as the radius is to the diftance of its Center of 
gravity from the center C. 

EXAMPLE VL 

279. ^T^ OJind the Diftance g^/i&^ Center of gravity oj tbeSe^cr 

X. CMM, from the center C. 

From the center C defcribe any circular arch NBN, and draw 
Chord NQ^, interfedting CA in Qj^ then if CN=CB=x, 
CA=/j, MM=^, the arch M AM=rr, the chord NN will be 

w Art ^^7 =— » ^^^ ^ ^^^ NBN =— , as hkewife* -Trf^TTr- =— 
^jirt.i'jj. a tf NBN c 

will be the diftance of the Center of gravity of the arch NBN: and 

c X oi 
therefore will be the fluxion of the weights i and becaufe the 

produdl of the weights inultiplied by the diftance of the Center of 

^ - gravity * is equal to the Momentums^ — x = will be 

the flxion of the Momentum^ ; whole fluent — divided by th^ 

, cxtA . 2btA zab 

weights — gives — ; and when tf =5^, — will be the Expwf. 

fion of the diftance required^ 

Cor* 
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Corollary. 

280. T T Encc, the arch MAM is to its chord MM, as f AC 
Jtx is to the diftance of the Center of gravity of the Seftor 
C M M from the center C : and the iemi-clrcumference is to the 
diameter, as f AC is to the diftance of the Center of gravity of 
the iemi-circle, from the center C, 

EXAMPLE VII. > 

7,%!.^ O fnd the Diftance of the Center ofgroMty of an Elliptic F»<3- >53i 

-^ cal or Kypertloiicnl Space as CAMQ^ terminated by '^♦^ 
the femi-^dinate MQ^o the fecond diameter CB, from the Jirji 
CA. 



Becaufe* ± -jf yyssaa'—4tu, we ihall havieirsBj- V^^^;7» • Art. i; 

ay - ' 4 ' * 

and ♦ (uyss)-^ ^hhzpyy for the fluxion of the Weights, and * ^* *3<^- 

ayj f 

^ yU>Zf:yy for xhaxdExSMMomeraums i whoiecompleat fluent wiU 

a _ •'• abb ay 

he If: --f xbb^:yy*±:— . Andif the fluent of -^v^^qp^jr^ 

that is, if the fpacc CAMQ be =«j then wittrpiT^ 
X U-siyy*^—-^ be the Expremon of tbe diftance itqouecL 

EXAMPLE Vni. 

2S2. 'T^ O /«</ /i^ Diftahw ^ the Center of gravity of the So- 
•*• Hd, generated h the rotation oftbejpaee CAMQ tf- 
bout'the diameter C^y from tbe dianieter CA. 

Pp We 
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^Jri. «33. We fhall hafo ♦ \^- )^b^ ^bj^yy for the fluxion 

caa 

of the weights, and rrr x bbyyzfiy^y for that of the Mo-^ 



caa 



mentums', whofe fluent • — TL^i.^hy^^iy"^ divided by the iiim of 

caa — . zbiyzfzy^ 

the Weights j^ x 66y:^fyh will give t^ ^Abzfiyy ^^^ ^^ ^^' 

preflion of the Diftance required. When^=^, theiaid Diflance 
will become ss^im the Ellipfls and Circle, and y% ^ in the 
Hyperbola. 



EXAMPLE IX. 



Fio. 157. 283, np O find the Diftance of the Center of gravity of the Sur^^ 

f^^^f generated iy the circular arcb BM revolving tf- 

iout the diameter C A, from the center C 

^ If CP=3:«r, the circumference =r, then will * ^ 1^ be the flux- 

^^'^^i' ion of the Weights, and cuu that of the Momentumsi whoie 

cuu . u 

fluent -—divided by the Weights cUy ^ves — for the Ezpref^ 

iion of the Diftance required. 

EXAMPLE X. 

no. 156. ^^^ TT^ J^ *^ Diftance of the Center ofgramtytftbe part 

. -"• bNMP of the Ungula, from the line touching the cir^ 
cularbafeat b. 

b 

Weights, and -^xzaxxx—itix 6x that of the Mmenhtms} 

whofe fluent divided by the Weights^ will give — - &ic the 

Diftance required. 

Be- 
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Becaii& the line drawn fix)m the Center of gravity of any of 
the fimilar triangles PMN, CAD, parallel to the fide NM 
or DA, will meet the bafe PM or CA of that triangle, at a, 
^iiftancc equal to ♦ f PM or f CA: it is evident, that if ^*'*^^' 

X 2axi— XNX, he multiplied by ( f PM= ) Wzax-^xx* ^ 



za 



bx 



(hall have — x 2^ x — xx for the fluxion of the Momentums, 
3« • 

Now if the fluent of x^/zax—xx or the drcular {pace bMP, be 

^x * * 

=sA I then the fluent of — x zax-^-xx*, will be — - x into 

^ A — ^^^ ^ 2tf» — XX*, and the fiun of the Wdghts will 
4 4 

6 

be s Tj^ X axx — fx\ Therefore when x^a (bPabC)} then 

iU-^ be the diflan^ required of half the Solid bAC } and 

A 
when xs:2J, we (hall tiave -gT^or the diftance of the Center cdF 

gravity of the whole Solidt firom the diameter bB. Or if the 

nc 
lemi-drcular circumference bAB be ssr. then wHl A be = — y 

4 
in the firft cafe, and A= -— - in the iecond : and fo -^ will 
be the Expreflion of the diftance required in both caie&. 

Scholium. 

We may obferoe by tbeby^ a noted TrepertH tf tbeCenter rfgra-- 
mty wbicb is, tbat the Solid generated by tne rotation of a plane 
figure, or the Sur£ice defcribed by the rotation of any line, about 
an axis, is always equal to the produdi of the generating quantiQr 
multiplied by tne circumference, deicribed by its Center of gra- 
vity in the iame time. For if the plane figure AMP revolves^ ^^^ '$*• 

about 
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about the axis AP {x) ; then if PM==y, the fluent of iyyi 
diwdedby the fluent ofyx^ will give the Expreffion of the difiance 
tf the Center of gravity from the axis AP g^' the Surface 

c 
AMP. Now this ExpreJJion being multiplied into — , mllgkt 

c y y X 
S : . for the circumference defcribed by the Center tfgrmtj : 

and therefore that circumference multiplied bySiyx^ that is^ by the 

cyyx 
*jH'^33^ jr^wrtf//;?^ plane, will give Sz '"^ifor the * content of the ^ 

lid generated in that revolution^ 

SECTION IV. 

The life of Fluxions injinding the Centers <?/Ofcilla« 

tion and Percuffion, 

Definitions. 

1. A compound Pendulum, confifts of ieveral Bodies or Wdghts 
fixed together : and a flmple Pendulum^ confifb of a fingle Body 
or Weight confidered as a point. 

2. The line pafling thro* the coitimon Center of gravity of a 
compound Pendalum and thro^ the point of Sui^nlibni u called 
the Aviis of the Pendulum. - 

3. The line pafling thro' the point of Sufpeniion andai)OQt 
which the Pendulum Oicillates, is called the jlxis of Ocillatim 

4. Two Pendulums are faid to be Ifocronous when they perfonn 
an equal number of Vibrations in the fame ^ven time. 

5. The Center of Ofcillationy is a point in the axis of a com- 
pound Pendulum, whofe diftance from the point of Sulpenfion 
is equal to the lengths of a fimple Pendulum^ libcronous totbe 
former. 

6. If you conceive ieveral particles, each multiplied by its it- 
fpeftive velocity, as fo many Wei^tS applied at di&rent dl- 
ibmces from the axis of Ofcillation $ then die power which tbey . 
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have to compel the Pendulum to vibrate, with regard to their di«> 
(lances from the axis of Oiciilatbn, is called their Force. 

Corollary. 

285. TF A, B, C, &c. arefo many particles of a Pendulum, p,^., 6^ 

X revolving about the axis D perpendicular to the plane 
DABC, fo that DA, DB, DC, exprefi their refpedive diftanccs 
from the axis of Oicillation ; and if in the axis DO of the Pen- . 
dulum, the point O be taken iiich, that all the Momentums, or 
produds of all the particles each multiplied by its velocity, were 
united in that point, the Pendulum would perform an equal num« 
ber of vilxrations in the £ime time as a fimple Pendulum Iforonous to 
this s then the point Q will be the Center of OfciUation of the 
Pendulum. 



General Problem* 

286. 'T* O find the Diftance of the Center oj Ofcillation O of s 
•^ Pendulum D ABC, from the point oj Su^n/km. 
Draw the linds AP, BQ, CR, perpendicular to DO, and the 
line ha perpendicular to the diftance DA s then becau& A a, 
will be the diredion of the velocity of the particle A^ in the Vi- 
bration of the Pendulum, it will be the &me thing, whether that 
particle be fixed in ^ or A, provided it has the fame velocity, and 
the lamediredion: and as the velocity of each particle, is as its di« 
fiance firom the axis of Ofcillation ; if A/j be produced towards 
b, fo that tf b= DA, the velocity DA or ^ b of the particle A, 
coniidered as fixed in j, will be equivalent to the r^o ^ r, ch ; 
the firft perpendicular and the laft parallel to the axis DO of the 
Pendulum, and a c will be the velocity v^ith which the particle 
A turns the axis ; therefore hxac will be its Momentum^ and the 
Momentum multiplied by by itsdiftanceD^, will give AxDaxac for 
its force. But becaule DAs^b, and the triangles DAP^ abc ^rc 
iimilar, ac will be=DP $ and by reafon of the fimilar triangles DPA, 

DAtf, DA* will ht =2DFxDa=Daxac : confequently AxDP 

will be the Momentum of the particle A, and AxDA its force. 

Q^q In 
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In like manner it tniiy be proved, that B xDQ , CxDR, arc 

the Momtntumi of the particles B, C j and B x D B, C x D C, 
^ their forces. ^ 

But the fum o( tht Momenfums muhiplied by the diftance DO, 
• Jri, 28c. ought to be * equal to the fum of the forces of all the particles. 

Therefore A x DA + B x DB 4-C x DC + Gfir. , =DO 
X into AxDP-f-BxDQJ-CxDR+e^r. , confeqtigpdy 

DO i= AxDA+BxDb4-CxDC*4- &c. 

AxDP+BxDQ^+CxDR 4- &c. ^ 

If the number of particles were infinite, it may in like manner 
be provided, that the fum of all the particles each multiplied by 
the fquare of its relpeftive diftance trom the axis of Ofcillation, 
divided by the fum of their Momentums^ will be equal to the di« 
fiance of the Center of Ofcillation required. 

If fbme particles of the Pendulum were placed on the other 
fide of the axis of Oicillation, with reaped to the reft ; then the 
difference of the fum of the forces of thoie on one fide, to the 
fum d[ thofe on the other, divided by the fiim of all the Momen^ 
tums^ will be equal to the diftance required. This is a natural 
conlequence firom what has been iaid above, and may be eafily 
proved. 

A General Rule for fbding the Dijiance of the 
(!^enter of Oicillation of a Pendulum from the axis 
of Oicillation* 

Find the Sum of all tbepndu&s tf the particks^ each multiplied 
fy the fquare of its dijiance from the axis y^ Ofcillation^ if they are 
all placed on one fide of the axis^ or tbe Dmsxcnce of the like pro- 
duSls^ tf placed on hath fides ^ and divide that Sum or Difference 
h the Sum of all the Momentums^ the Quotient willexprefs tbeDi- 
ftance required. 
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EXAMPLE I. 

297. ff O find the Diftaoce of the Center of Ofcillatton of a tri- fic. 163. 

jt > angle ABC revolving about the axis TAT, which pajes 
thro' the vertex A and is parallel to the bafe BC. 

• ' bxxx 

We have* for the fluxion of the Momentums^ and* ^/. 271: 

a 

f-l y xxss— for the fluxion of thcForces j whofe Fluent or fuin 

ix* ^* 

of the Forces — divided by the Momentums — , will give J«=s 

t AE> for the Diftance required. 

EXAMPLE IL 

288. n^O find the Diftance of jbe Center of Ofcillatton of the Pf'vi^: ifia 

-* rabola B AC revolving about the Tangent TAT parallel 
to the baje BC. 

If ae=y« be the Equation, we fliall have {yxx^) myy*" for the 
Fluxion of the Momentums, and (yxx8Cj«=s) OTy;3» for tiw Flux- 
ion of the Fortes } the fluent of which or the ibm of the Foicea 

. ** y3M-', di^ded by the fam of the Momentums j. ^ ^^yn 
.^ L±£^y«= ~r^^, for rhc Diftance required. 

gives i^.-^;' - i4-3« » .„ ^ , J . r « 

If « be negative } tiien «= jr- wiU be the Equation of all y^^, 

of Hyperbolas with refpca to theafymptotes, and jurjjj » 
tiriU then be the Ezpreflion of ihe Diftance jcqoircd. 



4 
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EXAMPLE III. 
2S9. T" Et the Parabola B AC revolve about iti bafe BC 



r«o.i65 If AE=rtf, we (hall have {E^nyxss) a-^y^ xmyy (becaufe 

■ » 

x=y*» ) for the fluxion of the MomentumSy and a—y* xtnyy* 
for that of the Forces } the fluent of wMch or the fum of the 

aam 2. am tn 

Forces, wiUbeY^:^r+^- 7+^^^*'+ 7q::^;^3-H.i, 

^ am m 

and the Momentums will be ~rzy^'^^ — ;% ■^y**+*i . and 

when dc=;^^ =^, the Forces dmded by the Mtnnentums^ will give 

zam - - . 

I ■ for the Diftances required. 



Fl9 



EXAMPLE IV, 

. 170: flpo. TT ET the Circle AMaM r^w/w about the line T T /^. 

i ^ pendicular io the diameter a A produced. andparaUelto 
the plane of the Circle. 

If AD=r ^, APa sy, Aa = 2J; then t he iemi-ordinate PM 
will be ^'Jzay^ — ^wf, and^+«xxV2tfx— m^s will be the Vlxaixovi 

of the Momentums^ and rf+x x x^^ax—xx^ that of the Forces: 
therefore if the fluent oi x^zax^xx or the circular (pace AMP 

be =;» 5 then will i& H — — + ladz — Uj^^t^^^rw^)^ 
be the fum of the Forces , andd z-^az — JyJ the fiun of the Mb- 

mentumst becaule yvstijza^ — nx j and when x^saa ; y wSl be=o, 

/^dd-\- $aa + SaJ 
m jLdMjut ^ cxptcfi the diftance nequked. 

L E M- 
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L E M M A I. ^ 

291. f ET ABz 6e a femi-^ircle^ CB a radius perpendicular 

1 ^ to the diameter Aa, and MPM a parallel to Aa /«- Fic. i;x. 
terfeSling C B /» P : /A^/i ijfrom any given pint D /» /iD^ diame- 
ter A a, a //w DF 6e drawn : tbefum of all the produSls of the 

fquares D P each multiplied by the correjpondent particle M of the 

——1 ' a 

circular quadrant AMB, will be equal to DC+ j AC x into the arch 
hMQ^c. 

For if AC=iJ, CD=r^, CP=:«, and the arch AM~z ; then 

wiU * i = -7=^* and DP =dd+xx. Thacforc ix DP = • ^/, 350. 

i7J2f ax I 
ddz^xxz 5 whole fluent will be ddz 4- ~ — "T^^^ — ^^^ ^"^ 

when^=^, then will a a — Ar« =s o, «s=s^ ; and conlequently 
ddc'^-^aac will be the product defired. 

L E M M A II. 

292. TpH E ^um of the produSis of all the Squares D P each muU 

tiplied by the correfpondent fluxion {y x=s) x^aa — xx of 
of the Space CPMA, will be = ddn ^Xaan^ fi^PP^fi^l ^ ^i^^i t^ 
the area of the quadrant. 

Let v=xy^aa—xx^ then the fluent of (-u x DP= ) dd^ '\'xxv 

X 

will be ^'u-j-Jtfji;— J^x ^^ — ^^^^ which becomes equal to 
ddn-\-\aany vrhena—X'y becaufei;— «, and aa'^xx=o. 

Rr EX* 
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EXAMPLE V. 



^93- T ^/^ *b^ Surface of the Sphere AMaM revolve aboat the 



Pre. 170. I lineTT. 



\lP^-d, AP=*, PM=;^, Aa = 2tf, the circumference 

c y 
AMaM=:f, and the archAM=«; then will— be the ci 



1 » 

rcnce whofe radius is PM (>), and DP =i+«. Therefore the 

cy 
produd of all the particles of the circumference ~-^ each mul- 
tiplied into the Square of its diftance from the axis of Oldllation, 

• Art. 291 . wiU be*=^4-2<&+tf«4- \xx X into ~, becaufe ;y = za% — »x } 

• Jrt. 250. which being multipfied by the fluxion* 2=— of the circular arch 

AM, gives dd-\- idx-\-a%-\- fxx x into ex for the fluxion of the 
Forces ; whofe fluent dJx^ilxx-^ taoex-\-ix^ x into c, willbccome 
2add-]-4ad-{- \^a^ x into f, when x^za. Now this being divided 
by the produft of the Surface of the Sphere =2<«:, multiplied into 
the diftance CD=d-\-a of the Center of gravity C of that Surfece 

3 Jd-\- 6ad-\'^aa 
from the point of fufpenfion D, will give p-UjT ^°^ ^ 

Diftance required. 

E X A M P L E VI. 

« 

294. T" Et the Sphere AMaM revoke about the axis TT. 

(cyy ^ cxx 
—-^-ayw— — for 

•>/. 292. the Circle defcribed by PM, and becaufe DP =</-}-« * dd-\-zdx 
j^^ax'\'j^xx X into ex— •— will be the produdt of all the par- 
ticles of the circle M M, each multiplied into the Square 
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of its diftance £'om the axis of Ofcillation ; and theiefore dd-^-zdnt 

cxxx 
"{-tax-^-j^xx X mtor;c;f " will be the fluxion of the Forces j 

dJx dxx 7x^ 
who<c fluent idd-^-^dx+iax-^-^xx — "g^— "^— ~ ^ into 

cxx^ wiiihGcomc A=fJJ-\-^\ad-^iiaaxmto aac, when ms^, 
or B = Y^+ 1^^+ 3^0 aa x into /^ac^ when x^2a. Thde values 
being divided, the firfl; A by the product of the content of half 

aac 
the Sphere -— multiplied into the difl:ance of its Center of gra- 
vity * rf+ 8 tf 5 and the fecond B, by the produd of the whole » ^^ ^^^^ 

2MIC 

Sphere multiplied into the diftance of its Center of gravity 

aac 

CD=d+a^ that is, the firft by — x d-\-^a and the bft by 

2 aac ^ „, 4.odd'\-coad'^26aa 

— X d-)rawc (hallhave A, j^Jj^^sa ' ^^ ^' 

Kad^ loadA^aa 

caA- cd — ^^^ *^^ Expreflions of the diftances of the Cen- 
ters of Ofcilkidon of half the Sphere and of the whole, from the 
point of fuipenfion. 

EXAMPLE VIL 

295. TT ET the Cylinder AB revolve about the line TT perpen^ ^ ^ ^ ^^^ 
P ^ dicular to its axis AB. 

Suppoie the Cylinder to be cut by a p&ne MPM perpendicu- 
lar to its axis, and call the radius PMs^, its circumference =r. 



>«M* 



acx 

APssAT, ADssi^ then will d-^x x -r- be the fluxion of the 

a$x 

Momentums^ 2ixA dd-^- idx-^-xx-^^aa^ into -— that of the 

Forces; whofe fluent divided by the Momentums gives 
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Wx for the dfllance required of any part as 

AMM. 

EXAMPLE VIII. 

296. F Et the right Com EAF revoke about the Um TT per- 

F 1 0. 169. "^ pendicular to its axis CA. 

Suppoie the Cone to be cut by a plane MPM parallel to its 
bafc, andmakeDA=</, AP=x, PM=jf, ACsstf, CEar, and 
the circumference of the bafe =c ; then the circle deicribed by 

the radius PM will be = ^, or becaufe AC : CF : : AP : PM 
= V = — , d-^x X — — r will be the Fluxion of the Mamefttums. 

and dd-\'2dx'\-xx'\' 7^*^ x into — — the Fluxion of the 

rrxx crx^ 

Forces; the fluent of which t^^4"»^*+t^^ r ^^i^itfa'^"^'^ zaa 

crx^ 

divided by the Momentums t^+J^^^T"^ will give 

— jI — : ' when xssa^ for the Exprefuon of 

the diflanoe required. 

LEMMA III. 

297. X F the ReSangle PiGbebiJeSed by the line BC parallel to 
f i«. 172. J_ itsjides AF, EG, and tf MM. parallel to AE inter/effs 

CB in P, and from that point a line PD be draivn to any given 
point D in the bafe AE j then the fum of all the produBs of the 

Squares DP of the lines drawn from the point D to all the points 
of the line CB, each multiplied by the correfpondetit line MM, loill 

he equal to DC -}- jBC x into the reSiangle AG. 

For 
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Fo r if DC a d, MM = «, BC sa ^, PC =s y ; then will 
ax X (U-^-tex be the Fluxion of that quantity j whofe fluent 
ax x<i/-j-t«w will become a6xJd-\;-^ii, when xss6, 

LEMMA IV. 

298. 'f'HE fum ofaU the produSls of the lines m m drawn in a 
■^ Triangk ABE paralUlto its bafe AE, each multiplied 

by the Square of the correjpomlent line PD, will be =: DC-|-4BC 
xinto the area of that Triangle. 

ab'-^ax 
For bccaufe BC : A E : : BP(*— *) : mm = — j— , we flull 



abx—-axx... 



have . ^7" ^ i^^o dd\-xx (ex the Flu^don of that quantity j 



ddx m' , 

whofe Fluent ax)i into dd+fxx^^ 'zf^lS ^^ b«c^^^ ^^ ^ 

03 



intot^4- i^*^=T ^ ^^^T*^f ^1^^^ ^ =^** 



E X A M P L E IX. 

299. / E^ the right Pyramid EAL revohe about the line TIl 

^ perpendicuhr to its axis CA, and parallel to one of the Fic: 168. 
JidesYhofitsbafe. 

If the Pyramid be cut by a plane MM jMUullel to its ba(e» 
and the line MM be drawn in that plane -parallel to the axis TT 
of revolution, interfering the axis of the Pyramid in P : then if 
AP=x, UU^y hD^d, AC«tf, FLorEG = 3i wefhall 

have MM=y= — j and therefore ^4-^ x —^ will be the 

^ a aa 

S s Fluxion 



y^ 
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• jH. 197. ?Iaxlon of the Mmentums, and* di ■\-z4it-\^ x +tt^ >« »nto 

the Fluxion of the Forces; whole fluent will be fdd+iJx 

bb bbx^ 
4-f xx-4- ^* X into , and that of the Momentums will 

bet<h^i^x- — ^i and when * = ^, we imli have 
20</+i'^^ ^*^ '^^ Expwffioa of tb; diftance re- 



quired 



EXAMPLE X. 



300. T^r OW kttbe Pyramid revoke ahwt tbe Une TT paral 

Wc {hall have d-^» x~ ■ - for di« Floaooa of tibe JliMM. 

• >A »98. /w^w, and*<i^i-2<*f-]-*« "^ 6tfa** ^ *"'*' ~ ^ ^ ^^' 

ion of the Forces j whole Fluent will be ^dd-^tdx4-'^fXx + 
— ^** X into. — } and that of the Mmutttum will be 

«~3TTr^^^*' -ji- • u • 2o/i/+3o«/+i2tf»+2W 

^+**'*"^--'^'^^^g»^ 2od[isa ' 

«hea«f=:^ for the diftance requited. 

Definition. 

The C«tf^ otPeroiJm of a moving Body, is that point of 
the %ie, wherein, if in its motion it meets any obftacle, it will 
ftrike it widi the greateft Force pebble. 

PRO- 



PROBLEM. 

301. ^Tp ^;f/^/ /i&^ Center of pera0on O g/'/w^ J?e?i/Vi A, B, Fio. 174; 

J^ confidered as points placed sny Boviy and fixed together in 
a given plane DAB. 

Let tsie ajcia of rewluioia D be perpeodicular to the Scheme, and 
from the poiata A,, B^ draw AP, BQ^ perpendicular to the line 
DO, drawn any where in that plane, and A i?, B fes perpendicular 
to* the Une$ AD^ BD exprefling the diHances of thofe Bodies- from 
ihaaxis of revolutions^ and from the Center O the perpendiculars 
Q c*. O d, to the lines. A a, Bb : thea it is evident, that if the 
Momentums of the Bodies A and B, are reciprocally as the di- 
ftances O d, O c, of their directions from the point O, the Fi- 
gure DAB, will ftrike any obftacle which meets the £ime in the 
point O perpendicular to the fhvm DO,, with the greateft Force 
pofiible ; fince the quantities of the Forces^ being equal on both 
MM of diaft pomtr ; itwiHibike tbedbftaekki^tla^iame maoam 
as if tbe whdc Force w» united in the &sicv 

Tktr0foic«, WJ>A.^a^ Ul^K l^B^e^ Df^^d^ DQ^m 
then the fimilar triangfes DP A, £XA^ Oc;a as4 DQ^ Di^ 

aa 
Odb, wdU^we, DP : DA: iDA : Da = -j , andDQiDB 

c c aa cc 

: : DB : Db =-j^ ^ and fo <^Otes» — -j^ Oh^ ^— «. Like- 



in-'um 
wife DA:DP::Q^:Oc=. ^ and DB : DCL : :Qb 

a ^^ 

cc-^dn 
• Od « — 2 — • Confcqwnefy if ^, ^eatpDirs:tfae wdghts'of the 

Bodies A and B s we (hall have {DAxp)ap : (DBxy) cq : : (Od) 
cc—dn ,^ .6n — aa aap-^ccq 

-7"'*(^^^'"^r->~^^^^» = -4+-^- Which (hews, 

iBboX if the plane DO pafies duo' the Center of gravity <£ the Bodie* 
A and B, the Center of percuffion O will b& the lame as the 
Ceater of O/cilhtioa, 

SECT. 



t6o T^& T H I Rv D Bo o K. 



^m^ 'W '•▼ *«• »M* ▼af •■* ▼»• •!»▼ »jC '»' »•"■' Of ▼M' ▼Ssr *■▼ f8» ▼■<»▼»' »M* '•' ^M* 'K' ^k* •■▼ ▼»▼ *■' 

S. E C T I O N V. 

Ttfe life of Fluxions in the Refolution of a SekSi Col- 
kSiion oj Vhy^co-Mathcmatlcal rroblems. 

In the following Problems^ we confider planes as perfedly 
fmooth \ Bodies as moving . in a non-refifting Medium ; 
Engines without Fri^on, and Fluids as Bodies whofe ports 
give way to any Force whatever acting upon them» 

L E M M A I. 

^'^•'75' ^oi.X^ F three P&wers^ P, Q, R| are in equilibrium vntb each 



other ; the three Jides AB,^ AC, B€, of a Triangle (ABC) 
wbieb interfe^ their Dire&iom at right armies (fupprfe in G, H, O,) 
v)iU ssprefs. ihe ratio* $ rf^ho/e Powp^s refpe&roely. 

Let' the parallelogram O E AF be made of theb* dirediont^ 
Now OE, AE (=0F) A O, cxprcfs the ratio's of thofc 
powers. P) Q^, R.(by Meduuuos); and becauie of the right 
. angled fimilar Triangles A OB, AGO, and AOC, A HO, 
the, angles . ABQ, AOG * will be equal as well as the angles 
AGO, OAE (=AOH). Therefore the Triangles BAG, OEA, 
are fimilar ; and fince the fides of the one exprefi the ratio's of 
thofe poweis, the fides. of the odior will . exprels them alio* 
W. W. D. 

P R O B L E M L 

Pi€. 176. jQ^. TT- RT either the interior or exterior Curve of a Ywlt or 

j:^ Arch he given, tojindthe other, fuch that all the Vcmfifpiis 
remain in equilibrium. 

Vaults 
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Vaults may be either generated by the parallel motion of a 
plane AHLd, or by the circular motion of that plane about the 
vertical line CH as an axis. Hence if the interior Curve AcB be 
given, the exterior Curve HKL, will not be the fame in both 
cafes. For by the firft formation, the VoulToirs AH lb, bIKc, 
&c. become Prifins, vrhich will be as the generating planes : and 
by the fecond, the VoufToirs become a fort of crowns, which will 
not be as their generating planes : and therefore the Curves will 
not be the fame in both caies. 

Cafe I. Of Vaults generated by a parallel a motion. 

1 Suppoie the interior Curve AbcdB be given, and let all the 
joints lb, Kc, Ld, &c. produced, meet in the £ime point C : 
and from the Centers of 'gravity, V, X, Y, of the Vouflbirs, let 
the linesVR, XS, YT, be drawn at right angles to the horizontal 
line DQ^ drawn at pleafure, and interfering the joints in 
E, F, G, &c. Now it is evident, that if DE reprefents the gra- 
vity of the VoufToir V, EF that of the VoufToir X, and FG that of 
of the Vouffoir Y ; the line CD will reprefent the Force with which 
the Voufloir V prefTes the Vertical joint HA, CE the Forces with 
which the Vouflbirs V,X, prefs the joint lb, and fo on. For the 
fide DE of the Triangle CDE, is perpendicular to the diredion VR 
of the Center of gravity of the Voufloir V, and the fides CD, CE 
perpendicular to the dircdHons Vr, V« in which* the Voufloir V 
prefles the joints AH, I b, and fo of the refl:. Therefore, fince the 
fame line CE, exprefles the Forces with which both the Vouflbirs 
X, V, prefs each other in contrary diredions, they will be in 
equilibrium. Likewife, as the fame line CF, exprefles the Forces 
with which the Vouflbirs X, Y, prefs one another in contrary 
diredlions, they will be likewife in equilibrium, and (o of the 
refl:. Therefore if the Curve HIK be fuch, that the fpace AHI b 
be always equal to the correfpondent Triangle CDE, it will be that 
required j becaufe the height CD of theTriangle is given, its area 
will be as the bafe DE. 

Now becaufe the circular Sedors defcribed by the radii CE, 
Cb, CI, in the fame time, are as the Squares of thofe radii, and 
fince thofe Seftors are * as the Fluxions of the Spaces CDE,, . 

CAb, CHI ; we fliaU have CE ==CI — Cb, or CI =CE+Cb. 

T t ' When 
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When CI becomes =CH, Cb will becomcsaCA, CE=CD, 

and CD=:CH— CA, therefore if the height CA and the thick- 
nefe AH of the Vault are given, the line DQjwrill be given in 
pofition, and confequently, if CE be taken fucceffively equal to 
given lines, the radius C I will be given alfo ; by the help of 
which the exterior Curve HIKL may be described 

11. Suppofe the joints produced, do not meet all in the iame 
Fic. 177. point, but are always perpendicular to the interior Curve. Produce 
the joint MN taken at plealure, fo as to meet the Evolute of the 
interior Curve in D, and from any point d of the vertical joint 
HA, draw the indefinite line dQ parallel to the horizon CB, 
and from C the line Ce parallel to the joint NM. Now it 
may be proved in the fame manner as before, that if the fide de of 
the Triangle Cde, expreffes the gravity of the Vouflbir AHMN, 
the two other fides Cd, Ce will exprefs the Forces with which 
that Vouflfoir preiTes the joints AH, NM ; and therefore, if the 
Area AHMN be equal to that of thecorre^ondent Triangle Cde, 
the Curve HM will be that required. 

But becaufe the angular motion of the lines C e, DM, is always 
equal by fuppofition, the circular Sedlors deicribed by the radii 
Ce, DN, DM, will be as the Squares of thofe radii; and 

therefore DM— DN=*Cc* or DM=Ce+CN' Which 
fhews that the difierence in the two Cafes is, that Cb expreffes 
any radius drawn fi-om a given Center in the former, and DN 
exprefies any radius of evolution in the latter : coiidcquenily if 
the interior Curve is given, the radius of evolution drawn from 
• Art. 194, any given point * may be found, and fo the Curve HM may 
be defcribed. 

If ANB be an Elliptical quadrant, BC one of its Semi-axis, 
and CA the other ; then if the part KN of the radius of evolution 
terminated by the axis CA, be = r, and the parameter of the 

?>/.2oo. Semi-axisCB, ==/>i we fliall have * DN = ^' 



PP 



Cafe 
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Cafe II. (y V A U L T s generated by a Circular 

Motion. 

I. T F the Surface defcribed by the line EF, exprefles the gravity pic 176. 

X of the Vouflbir generated by the rotation of the Space biKc, 
about the axis CH, the Surface defcribed by the line CE, or CF, 
in that rotation, will exprefs the Force with which the adjoining 
Vouflbirs to the joint bl orcK, prefseach other in contrary direfti- 
ons. For if the line E F exprefles the gravity of the generating 
plane bIKc, the lines CE, CF, will exprds the Forces with 
which that plane prefles the joints b I, c K : and therefore the 
Surface defcribed by EF, will exprefs the gravity of the whole 
Solid generated by the figure blKc^ as likewiie the Surfaces de-* 
fcribed by the lines CE, CF, will exprefs the prefliires of that 
Vouflbir, againfl; thofe adjoining to it. The fiime thing may be 
proved with regard to any other Voufl5)ir. Conlequently if the Curve 
HIK be fuch, that the Solid generated by any Space bIKc, be 
always equal to the Solid generated by the correfpondent Tri- 
angle CEF in the fame time, it will be that required. 

But becaufe the circular Sedtors CEo, CNn, CMm, defcri-pic. 178. 
bed by the radii CE, CN, CM, in the fame time, are as the 
Squares of thofe radii ; and as the fluxions of the Solids ge- 
nerated by the rotation of the Spaces CDE, CAN, CHM, about 
the axis CH, are as thofe circular Sectors, each multiplied by the 
circumference defcribed by its center of gravity, or becaufe the cir* 
cumferences are as their radii, if y, ^, u, are the Centers of gra- 
vities of thofe Seniors, and the lines yr, Arq, up, are drawn at right 
angles to C A ; the fluxions of thofe Solids will be as CEox y r, ^ 
CNnxwq, CMm X up. But fince Cy : yr : : CAr::vq : : Cu 
: up; and the diflancesCy, Ca:, Cu, are* as the radii, CE, 
CN, CM, thofe fluxions will be as the cubes of the lines C E, ' ^'^ ^79^' 

CN, CM: Therefore CM '-^CN=CE;' or CM =CE + 

When^M=CH, CN will become = CA, CE=CD, and 

55'= CH^Ca!' Therefore if the thicknefs of the Vault at 
the vertex is given, the line DQjvill be given in pofition, and 
confequently the Curve HMZ may be defcribed. 

II. Sup- 
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II. Suppofe that ail the joints produced, do not meet 
in the fiime point, but are perpendicular to the interior Curve 
It is evident, that if we retain the fame Conftruiaion of the fi. 
gure 177, by the fame way of reafoning as in the lirft cafe, we 

(hall find that if DmLdN+c11 the Curve HMZ defcribedby 
means of this Equation, will be that required. 



Corollary I. 



Fic. 176. 



304. X N the'parallel motion, if the int 
X line parallel to DQ j we fhall a 

CAxCE 1 . . 

: Cb = —Q^ : and therefore CI =CE4-Cb will become 

CI =s p^^^CA^J-Od': and becaufe all the lines except CE, are 

given, the ratio of CE to CI will be given alfo, confequently the 

exterior Curve will be a ftrait line parallel to D Q^in this cafe. 

« .,a And in thecircular motion, if the interior Curve ANB becomes 

^ ^ a right linei then wUl always be C D: CE :;CA:CN == 

^^ . and therefore CM *= ^d ^ CA-f-CDj which (hews 
that the exterior Curve becomes likcwife a right line. 

u4 ConfiruSiion of fome Vaults generated hy a Parallel 

Motion. 

Cafe I. Let the interior Curve AB be a circular Quadrant de- 
»79- ^^j..^j fj.^^ ^Yie center C, and with the radius CA, and fuppofe 
AH to be the bignefs of the Vault at the vertex ; then if BD be 
made=CH, and from the point D the indefinite line DQJ« 
drawn at right-angles to CA j and after having drawn feveral ra- 
dii CI, CK, CL, &c. interfeding the line DQ in E, F, G, &c, 
you make one of the legs of a right angle a eg, as c ^ equal to 
CA, and you take upon the other c e=CE, cf = CF, eg - 

CG, &c ; then making alwrays CI=tfe, CK=<j/, C'L=ag; 

the 
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the Curve pafling thro' the points H, I» K» L> &c. will be that 
required. 

For becaufe CA=BC, and CH=BD, we fhall have CD*=s 

CH — CA=BD^CB.* Andfinccctf=CA, c^= CE, tfe*= 

=:CI "will be sCE^-CaT* 

C^ 2. Lei the intmor Curve AB be a circular areh deicribed ^ ' ^* ^^^* 
from the center C» with the radius CB or CA, and let the part 
AH of the radius dmwn from the center C thro' the vertex A, ex;- 
pre& the thicknefs of the Vault in that place. Upon CH as a dia- 
meter de£:ribe the fecni-circular circumfecfnoB HMQ make CM 
r=CA, and CDsHM ; and draw the iiKiefinke right lioe D Q_ 
parallel to horizontal line CB : then after having taken upon one 
of the legs of a right angle acg^ ci>=CA, and upon the other ce 
=CE, c/=CF, c^^CG^ (Se.^ you make always CI=:tfe, CK 
=tf^ Clj=ag^ &c. , the Curve-line HIK^ will be that required. 

For beauie CMsCA, andHMssPC, Dc'wUlhe «ai— 
CA : and fince ca=:CA and c^sCE, i^e sCJ wiH be s CE 

+CAr 

Ca/e 3. Let the interior Curve ANB be an elliptical Qgadrant, Fic. 177. 
and the josoti MN, &c^ be perpendicular to the EHipfii^ and in< 

lcr6£tiugthea»sC6inK, &c.i thenifHxi^^, and Cd = 

V 6-\-Ail—bb and the mdefinite line d Qbe dnwii petpendica-' 
lar to AC} and after having drawn thefines Ce» &r. paralM 
to the joints MN, &c. meeting d QJn e, &c, if yoa take upoft 

ene<tf the l^oi die^ig^ang^^c0> uiepamcm = t^:^ — ,&c 

PP 
and upon the other the perts ce sCe; &c. and yen make 

always MN=me-'cm, ^c\ the Curve paUingthro' all ihe points 
H> M, ^i* wfll be tlut requited. 

• Uu For 
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CA 

• Jrt. 1. ^ot bccaufe * p=i -_ , when the radios DM comddes with 

CB 

CA, then wiU KN (=ir) = CA i and-^ =5| « * : and 

pp CA 

therefore DM will become = ^ -|- A H, and CesCd = 

•/4;AH— M, andfince cm=— =~, cc«Ce, emwiU 

PP PP 

be = ♦'S+l!, and em-cin=NM= ^Ce-j-^l— l!, orNM 

P^ P' PP 



y^ 



..^ ^ . , — «, ^. 

PROBLEM n. 

Fi«. iJi; 305. T Ef* "BRbea Piece of vwd placed borizonfattyt and JUp~ 

*^ ported by the pieces AB, AB, nohich make a given 
angle ABC wiiB the former ; it is required to ^nd the Po&tions ^ 
two other pieces AC, AC, given in Ingtby fuch that tbeyJhaUfup- 
port the piece BB wtb the greatejl force poffible. 

We fiippofe that the pieces AC are fixed in A and C in fuch 
a manner as not to 0^, and we negledt their gravity. 

If BH be =:tAC, and from the points A, H, the lines A G, 
HK, are drawn at right angles to BB : then if AC ezprdlcs the 
abfi>lote ftrength of we piece AC, AG will expreft the {h%n«h 
with which it fupports tne piece BB : and therefore AG mtufti- 
plied by the lever BC of the pece AC, ought to be a Matcimum. 
How 't£ AC=:a, HK=», KB=07, AGc=:x; then will GC = 



^aa-^xM, and becaDie of the fimilar trlangks HKP> AGB, ^ve 
fliall have HK. : KB : : AG : GB = -ta andib BC ^^aa—tot 

: X, and AGxBCs=xv'tf^— »«— .~«^} whofc Fluxion being 

fup- 
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^*x 2 m 



&ppoied =0, will give x^aa—xx — > . -- ^ — xx = ©• 

V^^ — ^x ^ 

Hence we get x^ — aaxX'\'aam^o^ becauie (BHssHK+KB) 
^nn-j-^mm^aa : and the fquare root of this Equation will be 
jcx— iaadLam = o j and fo x =b>/ iaazfutm. 



Corollary I. 



I 



306. yF we fubftitute for x its value i/7^i?:pi/» into the B- 

m 

qaziion y^ x\/aa-^xx — ~ xx^ we fhall find y as 

zn 
be likewifc s= o j the firft value y = ^^^^^^^7r2<g<»y ^m |^^ , ^^ ^j^, 

a Maxtmuntt and the Iccond ^ = —- a Jli/m- 

«i«»i if pofitive, oraM(ixm«»ifncgative. For that Escpreffioa 
cannot from pofitive become negative without becomingsso ; and 
therefore the Minimum between thofe Maxtmum' is s a 

If the angle ABC inftead of being obcde, were acute and the 

complement to this $ weflwll nnd;rs5jcv'<>tf--7K«+-xjf j who6 

fluxion being fuppofed = o will give t he &me v alue for ^ a» be. 
fore J and iubftitutiog for x itj value ^^aaz^am into that Equa- 

/1 « ^ ^ 2ann'\'aam's^zamm _, ^_^ 
tion, we (hall find j>? =5 ^ : The mft value 

yr ^ ^^'t^ — ^^^. — p- win be a Minimumt and the fecond 

jyzr. f ?■■ .^ ?^ I Ti - ■ ■ a Maximum. Coai^quently ( :« = ) 

iyffaa—am will he the Exprcffion of the fine AG of the. angle 
ACG required, when the angle ABC is obtufe; and (;v = ) 

y^faa-Y^m^ the Expreflion of the fine of the angle ACB, when 

the 
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the angle ABC is acott and e^oal ta th^ Complement of ABC to 
two right ones. 

Corollary II. 

307. T> Ecaufe the fum of the Squares of the Sines of any two 

X) angles, whofe Sum is equal to a right angle, is always 

e qual to t he Squaite of the radius j the artgle whofe fine is 

^faa — am will be the Complement of the angle whofe fine is 

Vfaa-f-aMy to a right one; &nc» raa^amr^iaa-\^amv4a. 
If the angle A BG be 6 degrees;, then will BK ( = >w) =a a, 

and AG=x =z\/^\aa—am^\a. Therefore the angle ACB wiB 
be 30 degrees j and confequently if the *D£le ABC is 60 de- 
frees, the angl^ ACRwiH bt Kkewiie 60 degwM. 

But if ABC be a right, ^glc, m=KB will be equal to o, and 

AG«je=y'jtftf, therefore the angle ACB will thea be 4( <k. 

grees. 



'Fie. tSz. 



PROBLEM lU. 

Zoi.WEJ'AOJt^Fieceifwtiui^mmit/lmfei^J^, W 

rtzQntal hm AD. ; tits required to find /i&<? Pofition of another piece 
DEgtvenin kngtb.Jhch that it JhaU fupport the pkei AG \nik 
tk ^eatffifirenitk p^hk, ' -^ ^^ ^ «^» 

If AC=*tf, the perpehdicnlar CB to AD,a«, ARwm \ and 
if from the point the UtK DF=» be drawok at right *[«les to 
AG : then if DE=a expreffes its ftrength, when preffed perpendi- 
cularty, DF wiU expreft thjit with which it fuppoits AG: Sere- 
fore DF mukiplied by the diftance from the Pukntm A, that is. 
by the lever AE Might to be a. m»mumt. But b^uie of tl^ 
fimilar triangles ACS, ADF, we fhall have CB : BA : : M^ : FA 

*-« ; and fo AE =5 ^a<i'^xx+-tii (becaufc FEaV^rLsji) 

and 



cy Fluents. ,5^ 



- m 



a»d AExDFsyfsExVtftf— x*^ — ««: whofc Fluxion being 



fnppofcd =0, will give«c=^Jtftf H^tf/w, which is the iame Ex- 
preillon as in the preceding Problem. 

CorollarV. 

309. T F the angle ADE inftead of being obtufi was acute ; 
J. then the point E will fall between the points A, F, and 

AExDF=3y=— xVtftf— x«+~j^X5 whofc Fluadon being fup- 

poied=o, will give the iame value for m as before. Therefore «=3 

"J ^aa-^ram will ezpreis the Sine DF of the angle DEF in either 
Cafe : iince that value of % will give a greater value for y^ than 

any other. And becauie yss — — ' j it is evident 

that the pofition of D E is more advantagious^ when A D £ is 
an obtuie angle than when it is acute. 

PROBLEM. IV. 

310.*!^ £ T' ABCD Ae an inclined plane^ on which a cubic Box 

I ^ LT open at top^ is drawn uniformly by a given Pow^ ^'^^ **^*- 
erV in a SreSion parallel to the plane AC : // is required to fasd 
the angle BAK, contained by that plane and the horizontal lineAK^ 
pch that the Power Yjhall draw out of a Refervrir R, moft Water 
that is pojjible in a given time. 

If the height KB of the plane is given ; then the greater the 
angle BAK is^ the fhorter will be the inclined plane or the way 
of the Box, and if EFNV is the level of the Water, then the 
greater the Prifin ELGHNV or only its altitude GF (becauie the 
other dimeniions are given) is, the more Water the Box will con- 
tarn. Therefore the produdl of the fine of the angle A multiplied 
by the altitude GF oi the priim, ought to be a Maximum. 

X X Now 



I^o 7X><r Third Book. 

Now if from the center B with the radius BK, the citcolar 
^rch km be defctibed, and the line Qip. be dxawa perpendicular 
to KB } B p will be the fine of the angle Bmp = ai^le BAK. 
But if BK=!Bma=tf,Bp=*, EI=IG=i j mp^A^ \xr:^-Jaa-^^ 
and because of the iimUar triangles m pB, E I F, we have mp : 

pB : : EI : IF= , =r; therefore FG=i— , — , 

^ yaa^--%% yaa — xx 

XX 



and pB x FG=» — , . . — : whofc fluxion being fuppoied 

. • 2x^ x^x 

s9»o> wu^give X — J -^ — ■ ± = o, hence we at 



aa-^xx 



aa — xx^ ^=i2aax^x\ If ^ sio ; then will x be nearly equal to 

^17=4.1231 : and therefore^ the angle whofe radius and fiae 
areas 10 to 4.1231^ will be equal to 24 degrees and 21 minutes 
=angle BAK. 
f Jri. \iu It is evident that the value found for x, ^ makes ^ :=:x^ 

XX 

7 a Maximum. For x and jr b^ia both together to io- 

creale from nothing, until x becomes ss4«i23i, then^ decreafes 

till X becomes = '^\aay when ^ is ^ o again, and then con- 
tinues to increafe negatively ad i^nitum. 

PROBLEM V. 

Fio; 184; 311-T ET AD6e thtbreadtbtf a Rivera it is nguind t$ 

jLi find tie Pofition of the Gam AE, ED ^a Sluice Jucb 
that tbeyjhall rejjjt a^ain/i the Prejfure of the Water with the great- 
efijorce poffiMe. 

Upon AD< as a diameter defcrlbe the iemi-circukr Circamf&- 
trace ABDj then the radius fiC drawn thro' the angle £, will 
be perpendicular to the line AD ; and if from. the. interfeaionM 
of one of thoie Gates produced, with the circupi&rence, the 
Chord MD be drawn : then htt^ui^ the ttiltSfm» of the Gates 

diminishes 
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^ in the £tmc proportion as the vtcBkatof tie Water in- 

creafes ; and tlut pisubre is as the Surtacc on whicli it preffiss, 
if the height of tne gates are given, AE will cxprefs its re- 
fiftance. But the reilQance of the wood diminifhes in proportion 

as its length increaies ; therefore A£ exprefles the whole refin- 
ance of the Gate AE: and becauie AE : AC : : AD : AM, or 



AC AM ——a 

^^=sr=ir • tJ» SqwareAM, will cxprefs the ftrcngth of the 

ae' ad' 

Gate AE > fince that Square increaies in the fame proportion as^ 

rhich excreffibs ttirefijOhance) diminifhes. 



» ■ • 



But the Gates pfc&each other with more or leis fbree, in pro^ 
ponton ajs the angk A£I> is greatec oc leBkt i. Thcftfore if £F her 
drawn at ri^t angles to AE, and FH ptrpendtcolai? and FG pa^ 
raUel to the radius BC» and if FG exprefies the idiftance of the 
GateAB; F£ will e3q;>re& the odiiknot o£ C B agaonft the Gm 
AE in the diiv&icm £F ; aisd faecmle that te&Amcc or £bree ]§ 
eqniixaleot to the Soxecs FHaad HE^ tbv.fiirmfir perpeitdicukr and 
the latter parallel to BC; itfoUaws^ tbut FH exprefles the refift*- 
aaoe of BC againik A£ in a ptquidicolar dhe^ion. Therefore 

- I a 

FH X AM ought to be a Maximum. 

If ADscs^ DMs=;^; then will AM =/w^~n»; and becauie 
q£ the fnnilar triangjte ADKT, AEC, FGE, EFff, we fhall 
have AE : AC : : FG : EF and fince bodx the lines AE, FG ex^ 
prefs the refiftance of the gate AE. againft the. water, FG will 



a 



be=rAE and EF=AC^ta: But AD: DM : : EF ( — ) : FH 

= ix ; therefore FH x AM» = ix x aa-^-xx. Whofe fluxion be- 
ing fiippo&d =0 will give aax^ — jswrxsro or aa — ^xx^sio^ and 
^faa =;«.) Which ihcwstbat the angle DAM ought to be 35 de- 
grees and 1 6 minutes. 

It is mamfed that the value flMind for ^ makes/ =:: ^— *— 

* a Maximum. For » and y begin both together to incrcafe from • Art. livi 

nothing ^ 
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nothing until x becomes equal to ^\aaj then y begins to de- 
crea& till x becomes =ay when y issso again. 

I PROBLEM VI. 

312. TT -^"^i^S g^"^^ ^^y Engine moved by a Fluid m Water ^ 
JljL ^^indy Flame y &c. andferoing to elevate any Weights : 
F I c. 185. y^ ^^ required to find the Charge of that Engine^ fi> as to produce the 
greatejt EffeSi pojjible in a given time. 

Let GFH be a trundle, fixed about the axis A of a wheel 
KCT moved by a Fluid in a diredion QB 5 and let the fpindles 
of the trundle, be taken by the cogs of a ipur wheel RHM about 
the axis L of which, is fixed a Cylinder NIO, which Cylinder 
ierves to wind up the cord N P fuilaining a weight P. Now if 
AB exprefTes the diflance of the center of motion of the pallet B 
from tne center of the axis A, and AH, HL, the diflances of 
the point of Contact H of any of the fpindles and cogs from the 
centers A, L ; it is known in MecbanicSj that if the weight P, 
be fuch as to keep the Engine at refl:, the product of the radii 
L I, AH, of the Cylinder NIO and of the trandle GHF, mul- 
tiplied by the Weight P, will be equal to the Produft of the ra- 
dii LH, AB, of the fpur wheel HMR and of the great wheel 
CTK, multiplied by the force with which the fluid (hikes the 
pallet B. Therefore, if AB=^, LH=^, AH=^ LI=d, and B 
exprefles the force of the fluid, we fhall hare in ca& of equili- 
brium (BxABxLH =Px AH x LI) abB-cdF. 

If we fuppofe the weight P diminifhed fb that the Engine may 
move 5 then if the velocity of the fluid be -u, and that of the center 
of motion of the pallet B, Xi it is plain that the fluid will Arike 
the pallet B, only with the difference v^x of thofe velocities j 
and if we imagine a weight ;2; to be applied inflead of P, 
fuch that it refifts againfl die force, when the fluid (liikes £be 
j^et B with a velocity v — x ; then becaufe the force of the fluid 
Is as the fquare of its velocity multiplied by the produd: of the 

palkt 
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pallet and the number of particles, which ftrike at a time ; and 
the number of particles as well as the Surface of the pallet B, are 
here given j the fquare of the velocity -u— x will be tne fame with 
regard to the weight «, as the fquare of the velocity v is with re- 
gard to the weight P ; and as the levers are likewiie the £tme in 

both cafes, we fliallhave vv : v — x : : P : ;?, or ;kw=Pxv— « : 

, WP— vv/;5 

hence v^/z^'Jr x v— a:, and x = -p . 

. Again, the produft ah of the radii AB, LH, will be to the pro- 

duftri of the radii AH, LI ; as the velocity x of the center of 

motion of the pallet B, is to the velocity of the weight Zy = 

cdy^ cdv VP — ^z 

-— T =— T- X — T7p~* This velocity being multiplied by the. 

cdvz v'P — ^/z 
weight Zy will give * v x — -j^ — for the exponent of the 

tSkGt of the Engine. Coniequently if 2; be variable and 
the reft of the quantities conftant> and we make this expo^ 
neot a Maximum ; we fhall have iuch a value fpr the weight 
'%y vath which the Engine being charged will produce the greateft 
eflfedt poflible. The^re its fluxion being: fuppofed so. will 



z% 



giveixVP— •«— ^==0, or g/Ps;— 32;=:o, and ^P = ;2r^ 

Which ihew% that if the Engine be firft €bargedfo as to remain 
jt^ at refiy OMd^terwards cnh^mtbtbe ^ths tfthatcbargey it wilt 
fnduce tbegraUft EpS fojibk. 

cdvz' 
If z begins, to increafe from nothings tl^ ExprefEon — r— 

^^'/^ 

I f ' yp be^ns likewife to increafe from nothing, until z be« 

comes =^P, then it dtcreafes till z is mP, vrhen that Expref- 

fion is nothing agam. Therefore the value found for Zy will ♦ T>/. i«t- 

cdvz \/P— -V* ^ 

make # x — -r^ — a Maximum. 

Xy Co* 
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Corollary. 
^i^,T TEnce i^. fubftituting for 2; (=^P) its value into 

^p=s — ^ J =5-^= — for the exponent of the Engine in its greateit 

WP — v^z 
perfeaion, 2^. Subftitutlng for z its value ^P into x= -p — » 

wc ftiall havfe x = fu Which flievirs, that the velocity (x) of the 
center of motion of the fallet B, w/7/ he equal to the third part of 
the velocity v of the fluids "when the Engine is in its greatejl perfeSi^ 

i^cdvY ' 
on. 3^. Dividing the Exponent y of the effcfl: of the En- 

cdv 
gine by the weight ^P, vre (hall have — ^ for the velocity of the 

weight ;5(=4P). 

PROBLEM VII. 

Fic. 186. 214. 1^ JET* the line CB of a given thicknefs, he turned about the 

\ A point C as a Center^ by a weight Q^tied to a firing 
QEB, which pajfes over c Fulhy E, and is fixed to the extremity 
B 5 and let the perpendicular diftance Q'E of the pulley E from the 
Center C, ^^=CB 5 it is required i^.to determine the weight Q, Jo 
as to keep the line CB when placed in an horizontal Situation^ in 
Equilibrium J 2"*. tofind fuch a Curve KLM, that in wbatfoevor 
pofition the line CB may bey the weight Q placed in that Curve JhJB 
remain in equilibrium with that line^ 

If CA be=AB, h that the point A be the Center of gravity of 
the line CB, in which we fuppofe to be united the whole weight of 
that line. Now it it is known in Mechanics, that in cafe of 
Equilibrium, the weight A multiplied by the perpendicular CA to 
its dircdion, will be equal to the weight Q^ultiplied by the per- 
pendicular CX to its dirciftion BE ; therefore CAxAssCXxQ- 

that 
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that is, the wdght Q, will be to the weight A, as the fide (CA) 
of a Square, is to its diagonal (CX). 

If K be the place of the weight Q, when the line CB is in an 
horizontal pofition ; andL anothet; place of the fame weight, when 
in any other pofition as CH s draw \ja perpendicular to CE, and 
from the Center of gravity m of the line CH, xlraw m p perpen- 
dicular to the horizontal line CB ; then it is evident, that if 
the weight A multiplied by its perpendicular afcent p m, be equal • 
to the weight Qjmultiplied by its vertical defcent K tf, that is, if ^ 
pmxA=KjxC^; thofe weights will be in equilibrium; and be- ; 
caufe CA : CX : : Q : A, we (hall have pmxCX =Ktf xCA. ! 
But whilft the point B defcribes the circular quadrant BHIE, the 
Center of gravity A will defcribe the quadrant A m n o ; therefore 
if the pofition CH of the line CB is given, the afcent pm will 
be given, and confequendy *the defcent iLa of the weight O : 
and fince the firing or chord BEQ^dr HEL is given, the line 
E'L and confbquently L a are likewifc given. And therefore the 
Curve KLM may be defcribed. , . 

L E M M A II. 

3 ^ 5- nr* ^ ^ Force with which any Fluid Jlrikes a Plane or ^ 

JL line DN in an oblique direction KC, will be, to the force *^' ' '^' 

with which that Fluid would Jirike the fame in a perpendicular direSfr 
iony as the Square of the Sine of the incident angle KCD. is to the 
Radius. 

... V 

About D N as a diameter defcribe the circular circupiference 
DKBNA, draw the diameter AB perpendicular and DP parallel to 
the diredion K C of the Fluid ; then if the radius K C exprefifes 
the Velocity with which the Fluid would ftrike AB, the perpendi- 
cular KE (=PC) will exprefs the velocity with which the Fluid 
flrikes the plane DC ; and fince the number of particles which 
would ftrike AB at a time, is to the number which fl;rikes DN, as ' 
AB to 2PC, br as AC to PC, and the force of the fluid is as the 
fum of the produds of all the particles each multiplied by its velo- 
city : it follows, that the Square PC (=r K E) of the fine of the 
incident angle KCD, is to the Square AC of the radius, as the force 

f with 



i- 
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with which the Fluid ftrikcs DN> is ta the force with which it 
would ftrike AB. 

Corollary. 

ji6. T" T Nequal Planes DN, rs, unequally inclined to the di- 
\y redlion -:f a fluid, are ftruck by forces proportional to 
the produdh of thoic planes each multiplied by the fquare the of 
fine of its incident angle. For let the plane rs be bifeded by 
the center C, and frcMn the interfeftion of that plant, pro- 
duced if neceffary, and the circumference the line dp 
be drawn perpendicular to AB, fb that pC be the fine of 
the incident angle KCd : then if P, Q, R, exprefs refpedivcly 
the forces with which the j^anes DC, dC, rC, are ftruck : we 

fhall haw * PC : pC : : P : Q.; But unequal planes equally in- 
clinedy are^ ftruck by forces proportional to the iame planes. There- 
fore dC : r C : : Qj^R ; and multiplying orderly, d Cx PQ or 
DCxPC\ : r C x pC': : P : R. 

PROBLEM. Vni. 

Fic. i88. 317. ^Tp ^ fiidihe Angle which the plam of the Sails E, F, of 

jL ^ Jf^indmiU ought to make with the axis AB, ^ /jbaf a 
wind blowing umformfy in a direStion bd parallel to the axis^ Jbalt 
make it turn with tbegreatejl fwiftnefs p^le^ 

Let CHD be: the angle^ which the Sails oa^t to make with 

the arxis AB, or with the direftionf of the wind, and fiippofe BI> 
to exprefs the force vnth which the wmd would ftrike the Sails in 

a perpendicular diredion ; then the fquare DL of the fine of the 
angle of incidence DBC, will exprefs the force with wl^h the 
wind impels the Sails in an oblique dirc<3;ion. But the ibrcc DL 
is equivalent to the forces LH and DH, the firft perpendicular ajid 
the laft parallel to the axis A B ; afid therefore L H will be the 
force wiA which the wind compels the Sails to turn. * 

• Far- 
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Farther DL is to LH or BD to BL, as the force DL is to the 

BL X DL 
force , with which the wind compels the Mill to 

BD ^ 

turn, which ought to be a Maximum. Now if BDs=^, BL 

^x ; then will DL ^aa^xx y therefore ElllPJL ^ff^^Zl' 

BD a « 

whofe fluxion being fuppofed rro, will give ^ jx— 3X«x=o, or 

aa=s2xx ; and x^^Vfaa. Confequently the angle BDL is 35 d. 

and 16 m. and the angle fought DBLs54d. 44 m. 

PROBLEM IX. 

318. TT ET BC be the Stern of a Ship moving forward in Fio: 189* 

P ^ a dire^ion BC ; // is required to find the angle CB A 
or LAB, which the Rudder AB ought to make with the Stern^ fucb 
that the water jhall compel the Ship to turn with the greatefi Jwift^ 
nefs pofftble. 

It is evident, that it is the fame, whether the Ship moves for-* 
ward in the diredion BC, or the water flrikes the Rudder in the di* 

region CB. Therefore if AK expreflcs the force of the water in a 
perpendicular diredion, theiquare of the fine KD of the incident 
angle KAD, will exprefs the force in the oblique diredion LA \ 
and becaufe the force KD is equivalent to the forces DH, KH, 
the firft perpendicular and the laft parallel to the diredtion of the 

Ship; DK will be to DH or KA to AD, as the force KDis to 

A D X KD 

the force with which Ac water compels the Ship to 

KA 

turn. Therefore if AKss^, AD=x; then will KD=ij^— x^, 

and ADxK D_tftfi)c--gc3 . ^^Mi being made a Maximum^ that 

KA a 

is, its fluxion being fuppofed =o» will give aax — 3««;fs=o, or 
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x-y/\aa. Confequehtly difc angle AKD will be 35 d. 16 m 
and the angle fought KAD, =54d. 44 m. 

It is evident, that if the Rudder makes an angle (of i25d. i6m.) 
equal to the Complement of the angle 54 d. 44 m. the water will 
ftrike the Rudder with the lame force as before. The feme thing 
may be laid with refpedl to the foils of a Windmill 

PROBLEM X. 

Fic. 190. 3 19. 'T' O Jind the Expreflion oftke Refiftance oj Figures moving 

-■• in a Fluid. 

Suppofe a Fluid to ftrike the Curve-line AMB in the direfiion 

LP, or the figure to move forward in the diredion PL : then if 

in the tangent at M, you take Mm =i equal to the fluxion of the 

Curve, and you draw mr perpendicular to ML and mL to mM, 

^ Art 6 *"^"^=^ will exprefsthe fluxion of the abfcils CP, and Mr 

,6j/ *' ssy that of the Semi-ordinate PM. Now becaufe the force 

of each particle ot the fluid in a perpendiculat diredion, is 

to the force in the oblique diredion LM, as the radius LM 

is to the fine L m of the angle of incidence i or by leafon 

of the fimilar triangles, as Mm to mn Therefore the force with 

w ^. « which the particle M of the Curve is ftruck, will be as Lm 
^ jfri, 317. . * 

X 

— T ^y fi^ppofi^g t^^ ablblute force =1.) But the force Lm is 

equivalent to the forces L r, m r, the firft parallel ^d the kft 
perpendicular to the diredion of the fluid. Whence if Lm : Lr 



X X ^ .... x^ 



or mM : mr ::-;$-: :j»= Lr -, this fourth term';^^ will be as 

the refinance of the particle M in the diredion ML } and if Lm 

. • • . • • • 

X sx vjc 

: rra or mM : Mr : : ~- : -^ssmr, the fourth term -4- will be 

z z ^ z 

as the refilbnce of that particle in the diredion m r or CB. 
If thefe rcfiftanccs are multiplied by the fluxion mi^=xi We (hall 

yx* x^ 

have , r m = "^^ and Lr = -77 for the fluxion of the rcfift- 

z ^ z 

ance of the arch AM. Therefore the fluents of which will give 

the ExprclDons of the rcfiftances required. 

Cor. 
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Corollary. 

c 
320. T F -— cxpreflcs the conftant ratio of the radius to its cir- 

•*- cy ex 

cumference j then will — , — , be the circumferences, 

whoie radii arc PM and CP. Therefore the produfts of the 

ex 
cu-cuniference — multiplied by the fluxions of the refiftances, 

cxix* cxx^ 
tirill pve "^r^i^j ""T^ for t^ fluxions of the refiftanccs of the 

Surface generated by the rotation of the arch AM about the axis 

cx\x 

AC, viz. — '^TY- the fluxion of the reflftance in the direction rm 

fz 

cxx^ 
or BC, and — iTthat of the refiftance in the diredion LP or 

» 

cy 

AC. And the circumference — - multiplied by the fluxions^ 

yx^ x\ . cyyx^ cyx^ 

""^ir> "nr will give — iT^, — ^r~ 

ances of the Surface generated by the txMatiofi of d)e lame arch 
AM about the axis CB, in the directions rm or BC, and LP or 
AC. 



;^, T~ will give >a y ~I5T> for the fluxions of the rcfift- 



9 « 



EXAMPLE I. 



321 



LET the figure be a Triangle DAB, moving in a dired- „ 
ion PL perpendicular to the bak DB. If AC be '''* 



drawn at right angles to DB, and i£S? *« x, BC =s ay CA a b^ 

B A = ^ i the fimilar triangles BP M, B C A, wiU give BM=a 

dx dx x} ii4ix 

tes— ; aftdfo isJe-^. Thettfofc-^ttr 2J^wDbethe|uKioa 

Hd x 

of the refiftahce in the diredion PL 5 whofe flaent will be -^T"* 

and 
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CB 

and whcnBP=BC, {x^a), weihaUhavc^==r. for the 

dd BA 

DC .„ . 

refiftancc of the fide AB: and by the lame rcaton =z.. ^m be 

DA 

CB DC 

the rcfiftance of the fide DA. Therefore the Sum —^ + — — 

BA DA 

will exprels the rcfiftance 6f the whole triangle in the direfdoa 

PL. 

If the triangle be equilateral, BC will be =DC=tAB= JDA, 
and JDB will exprcfs its refiftancc, which therefore is to the re* 
fiftance of the hafe DB, as unity is to 4. 



EXAMPLE IL 

322. Tf E T the Conic-furfacc generated by the ro 
■ ^ line B A about the axis CA, move forwa 



) 



acxx 
for the fluxion of the re^ftance ; whole fluent will be —jT ^ ^^ 

when x=:ay we ftiall have --^ for the refiftance of the who\e 
Conic-furiace. Which therefore is to that of the circular baie 
(a~) defcribed by CB, CB {aa)istoAB {dd). 



EXAMPLE III. 

Fr«. 190. 323. T E T the Carve AMB be a circular quadrant, CP=u, 

PMsy, CB=CA=tf } then will x =:— , andx=«> 

and 



0/ FlXJ fiNTS. i8i 

and ifrssa, tro fhall have (-^ __ cuuyy \ £_ ^ aauT^'^u 

(becaufe aa — uu=:yy) j whofe fluent -7- x ^auu — \u* will ex- 

prefs the refiftance in the diredion PL .of any part of the Surface 
genemted by the rotation of the arch AM about the axis AC j 
and when u=a (CP=CB), we (hall have ^ac(ox the rcfiftaiice 
of the whole burface : wluch therefore is to the refiftance of the 

circular bafc (^ — ) defcribcd by CB m that rotation, as unity 

is to 2. 

EXAMPLE IV. 

3^4, r E T AMB be an elliptical quadrant, CP=y, PM=«, 

*-' the firft Semi-axis CA=stf, the fecondCB=i, then will* 

aayy=aa — uu be the Equation of the EUipfis ; and becauie xs=y, 

wc (hall have —^ ( =— r^- ) for the refiftance of the Surface 

generated by the rotation of the arch AM about its firft axis C A, 
But the Fluxion of the Equation aayyz=zaa^-^uu will he aayy 

* uu ^'^yy "^ ^ ' ^^yy 

i^yy-\-aayy ^, r„^^(i»» , , . .. l±^yy 

=y ^ T-^^JT^ * "*PP®°°S aa—i^dd.y* x ^Z^ 

=y» . Therefore the fluxion zit > wW become = -^ — rr — 

rz r-^rddyy 

a=— Tj X into .. "7"/ > ^ — ;Xy* Confcquently if Ls logarithm of 



* jtt. i;-* 



i/i-^- ddyy, the fluent of that fluxion will be — jj x into 

— ^ L — ^ and whcn^s= i, (CB=PM), then will ^i-^ddyy 

A a a = V 
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• dd-\-i , c 

sa/ 1 -\-dd, and-^— L — t ^ into p^. Which therefore is to 

the refiftance of the circular bafe generated bf CB in that rotadon 

(— BC = ) — , as --^ L-^ to unity, or 9&zdd\t 

X h—dd to dK 

If CA be the fecond axis ; then becaofe i>tf, dd^ssaa-^i) 

c X'-^dd yy 

will be negative ; therefbfe "'Tj'*^ into — ^T *^+ V ^^ *^ 

be the Expreffion required. 

E X A MP LEV. 

325. J ET the Curve AMB be a Semi-parabola, A die vertex, 
*-• CP = y, and the Semi-parameter of the axis AC, =/; 

^u*/. 261. then will* i ="T^^Ff^^ *^d bccaufcCP=s^c=;f ; we (hall 

have —77 = "17^ for the Fluxion of the reiiftance of tbc Sur- 
face, generated by the rotation of the arch AM about the axis 
AC, and— X into the L. of -^Lt^ for the ExpreiSon re- 
quired. 

P R O B L E M XL 

326. (r\P all the Fruftums of a Cone, gettef>ated iy the ntatim 
\^ of the trajkzium BCGH ^Mtut tbe uxis CO, vAicb 

have tbe fame iaje CB, and tbe fame beigbt CG j tojM tbat d^e 
Reiiftance is leaji. 

Draw GH perpendicular and HT parallel to the axis CA : then 
if BT=f3c, BC=tf =:r, TH=CG==^ -, wc ihall have CB-cf 

■ I 

=2ijx — ««, BH = ^^ + x^, and l^ the preceding Example 
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'— n -rrr — will be the refiftance of the Surface ^nerated by 

c t c - 1 
BH, and— GH=^->^tf— « "^t ^^ ^ Circle defcribed by 

GH : thefe two exprcffions being added together, will give — 

aahb. — ^ahhx'^\'hbxyi ^ aat^yi -., - , ,_ , 

X hhX ^ v^x ^ which ought to be a Minimum. 

Thcref<M« its Fluxion being fuppofed equal to o, wffl give 
2aihsfx-\'26^xx — 2ahx bb 

.' -,» ss o. Hence we get ««+ — « =t W, 

bb-^-xx ^ 

b s bh . ^ 

or 9C =s — y Jifia^bb'- — : Which gives the following Con* 

ftraddon^ 
BifedtCGinK, and make KA equal to KB; then will A be the 

vertex of the Cone. For KB = KA= \4i^'^b^ and CA = 

W^a^hb^ ib, therefore AC :CR: : CG (HT) : TB; finw the 
product of the means is equal to that of the extream& 

PRO B L E M Xn. 

227. /^ F aJl the Sctdaces tiat mny be defcribed M the rofatim 

\^ of a Curve MN {abmt the axis QP) wbicb pajfes tbrd pic. igzj 
Hvo given points My N ; tojindthtit iM&g^ Refinance li leaji^ if 
moving in a perfeSifuid^ in the direSHon of the axis QJP. 

Let the Flujcion of the Curve at M hcm^ at N, n^ the S^nir- 

ordinate PM equal to y, QN wual to z j 'then will^ "^"^'4- • Jtt. %%oi 

rmm^ i ^ ^ 

— ^ — be the Sum of the Fluxions of the Reiiftances atM and 
rnn f 

N ; which ought to be a Minimum. But becauie the Curve is to 
pafsthro' the points M, N, the lines PM (^), QN {z) are to be 

ta- 
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taken as conftant ; and as any two of the Fluxions may li 

y y y 

taken as conftant : \£ m, n^ are taken fo, we ftiall have -^^^ ^ 



mm 




+ = o. Now if the Fluxions 6f the abicifles in P and O 



nn 



zxeix,u i then will mm =x;?4'J?y> ^^^ «^= u u-^zfs. The flux* 
ion of the f5rft Equation will be — xx =^3*, and that of the laft 
— uu-=,dzi and fubftitutrng for yj^ana ^^^2;, their values into 



• • • • • • 



yyxx zzuu 

ihe Equation above, it will become — — — scBet 

* ' mm nn 

fimSe PQ^( »+«) is given, x+i will be equal to o, or x = — »• 

Therefore -^^= . Which fliews ihat the Produas-=^^^— 

mm tin m m 

, ought always to he equal to each other, that is, ^ought 

to be equal to acoriftaiit quantity (tf) : and confequently ^j?;c^: 
* amm will be the Equation of the Curve required* 

In otder to free this Equation from the fluxionary Expreifioas^ 

fuppoie x^ ~, and ;s to be a variable quantity ; then becaufe 

jnm=f\^7 ^^ Equation yyxss (amm=z)ay*'^ax* veill become 

5jyy* zzy* an 

-^^z=L tfy*4" — r"> ^^y — "fH"^- ^^^ taking the Flizxion of 



z 



zan 

^this laft Equation, wc Xhall have yssi • Therefbce x = 

zz 

» 

I — =)-— — — ; whofe fluent will bews — — L^z, fiippo- 
iing Ltf z to esqu-efs the logarithm (£.ax. 

If we luppofcj^s: — -|- «=o, we fhall find aa+zzzso, or, 
z—^l—aa } which ihews that the lemi-ordinate P M cannot be 
equal to o J and if wc makejr = T "^ zzMimmum j then will 



cy* Fluents. 185 



ttaz 

*— — ^-4-0=0, or aa^zZy and a=zzi and lubftituting this va- 
zz 

aa 
lue of Zy the Equation ^= ~+» will becoine ysiia^ thcrcford 

the lefTer Semi-ordinate QN is = la. And if we fubftitute for 

zz 
z its value a^ the Equation «= — — -Lija?, will become «= t4 

— Ltftf. Confcquently if the abfciiles begin at Q^ where the 
lefTer ordinate flands, we mud iubftrad the quantity ia-^L a a. 

from the value of «= rr— Lj;^?, in order to have «= t^-r- 

2a ^ za * 

z zz f^. 

Laz'\-ljaa, or (becau& — LaZ'^Laa= — L — ), «« — — ^a — L -— 
for the true Expreflion of the ablciis. 

If the tabular Logarithm of — be multiplied by the reciprocal 



a 



Modulus * R=2.302585 &c.^ we (hall have R«L - for the^^'" '**• 

N. B. Though the Curve MN does not meet the axis» yet it 
may approach very near it For the Semi-ordinate^Q^ ( s 2a) 
may be equal to any quantity as little asyou pleaie^ provided it bo 
a finite one ; fince the ^ven quantity a, is taken at pleafure. 

If r be a third proportional^ to QN (za) and to z; and Q^' 

zz 
is fuppofed =2, fo that ii be = i ^ the Equation «= — — J^-^ 

z 
RxL~ vdll become x=r-rJJQ^ — KxLz ; and if j';^ be a third 

a]a 
proportional to z and to i QN ; the Equjttion ysa ~'t^9 will 

Bbb be- 
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become y=S'\-z : Therefore if ^2; be taken fiicceflively equal to 
the Numbers 2, 3, 4, 5, &c : the quantities r and s, will be gi- 
ven ; and multiplying fucceflively the Logarithms of thefe num- 
bers by the Modulus R, the different values of RxL;s will be 
found like wife; and fo there may be determined as many abcifles 
as well as their correfpondent Semi*ordinates as you pleafe. 

PROBLEM. XIIL 

328. rrl find a Curve, nobicb /hall fafs tbro^ two given ptnnti 

Fi«. 193. JJL M, n, andfucb^ tbat a moving Body^ wbofe velocity ii 

every wbere as any fower m of its perpendicular height from the bt- 

ginning of its motion^ Jhallpafs tbrd it^ in tbejhortefi time poffible. 

From the given points M, n, draw the lines M Q, n q^ per- 

pendicular to the horizontal line EB pailingthro' the point £, from 

whence the the Body began to move. Now becaufe the fpaces 

jnoved over, are as the times multipUediby the velocities acquired at 

the end of thoie fpaces, the times will be every where as the ipaces 

divided by the vaocities. Therefore if QMssdc, qn=i;, and the 

. * • z 

fluxion of the Curve atM^^r, at n, ;? j then will — expreis the time in 

mm 

which thb particle M of the Curve is moved over, and — the 

time in which the particle n is moved over ; and the fam ofthcfe 

z n 
times will be ~+~ j which ought to be a Minimum. But bo- 

caufe the Qirve is to pafs thro* the points M, n, the lines MQ.(de) 

z n 

nq (17) are to be taken confhnt. Therefore the fluxion o f '^ , 

z n 
being fuppo&d equal to o, will give ^+;j^ =0. 

If the Fluxion of the abfciis at Q be y, that at <j, i j then wifl 

;5«s=s;v*-j-y*, nn ={? *+ i» J and the Fluxions of thefe Equations 

• •• 

(by taking sitves conftant) will be zzssy'y^ nhsszUti^cc ixsj^ 
uu 



and a a»"^j and fubftituting for z^ n , their values into — 



± 
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i« 



• •• 



4-:^=o» it will become ^+^ =0. But fince Qq (H-«) 
is given, we (hall have ^+ ** =0, or /s=— » : Confequentlj 

^^=^^. Which (he ws that the produdts "^^ ought always 

y 

to be equal to each other, that is^^j^ , ouhgt to be equal to a 

confbnt quantity ^--^'rtherdfore^j^ ya^ ~ zx'^ will 

be the Equation of the Curve required. 

If the line MK be drawn perpendicular to the tangent at M ; 

cy 
then will MQ^(x) : MK(r) : :y : z^ or z sb-^ j and fubftitu- 

ting this value of z, into ya"^ sszx"^ , it will become a^ s 



Corollary. 

329* T ^ ^=^> ^^ ^ if the velodty is every where as the 
' X perpendicular height from the beginning of the motion ; 
then will a^ =rx«~> bcomie a—c. Which ihews, that ihe 
perpendicular MK is always conftant ; and therefore the Curve 
EMn will be a circular Arch, whoie Center is ibmewhere in the 
horizontal line EQ^ But if «= J, fthat is, if the velocity is always 
as the fquare root of the height MQ, that is, the velocity which a 

Body acquires by its own gravity ; then will « * =^« * orV«« 
ssf =MK i which is the Equation of the ccmimon Cycloid. For 
if upon the axis B A=:a of tmt Curve, there be deicribed a Semi- 
circular circumfcrOTce BNA, and from any of its points M, the 
iine MP be drawn parallel to EB, interfedingthe cincinniereooe 
in N and meeting BA in P : then the property cf^ Cyclop 
is fuch, that the Chord BN is parallel and equal to \tfae perpen* 
dicular MK: and by the property of the Circle AB xPB {ax) = 

BN=MK* oc Vox =MK. Therefore, &c. 

p R a 



j 



"> .'#■ 



i88 TTbtf Thi R D Boo K. 



PROBLEM XIV. 

Fw. 19+. SSO'.T ET! a Body CXj>e fixed in B, to an inflexible line DB 

I ^ void of gravity 5 it is required to find the Diibncc aj 
the center of Ofcillation of another Body P fixed to the fiime h, 
fiicb that the Pendulum Jhall perform its vibrations with tie great^ 
fmiftnefs foffibk. 

Suppofc DB (=3^), DA(=rx), to exprefsf the diftances of the 
t:cnters of Ofcillation of the Bodies Q {c\ P {i) from the point 
t)f Suipenfion D : then if n expreffes the diflance of their com- 

aad-jr xxc 
inon Center of Ofcillation C we fhali have * «a= — -/ 

' ad-^xc 

N^w it is evident, that the fliorter DC (=/i) is, the greater will 

aad-^xxc 
be the celerity of the Pendulum ; therefore — 1 . , ought 

to he a Minimum ; whence^ its fluxion bein^ made equal to c 

,„ . aacdxx + ccxtfix — aacdx id 

will give , , » =B0, hence wcgctx«+— x 

aad ad a — — 

=•— -. Therefore flc=s — ^j^Ti/^c+dd. And fuhftitu- 

oad^xxc 
tmg for tt this value mto n = —^^^jr^t wc ihali 1bw/»= 

■^'T— Vdc-\-dd£<x the diftance of the center) of Ofcillation 

C from the pdnt of Su^)enfion D. 

^. , ^ . aaJ+XMC 

IT in the Equation « as a44-cx » * ^ fi»PPofed equal to o, it 



. J , , dierefore that or^mffion corn 

'^* ' a Minimum aad no A&xxMW«r« 



PRO 



* » 



( 



1^/ate JUH. paa. 
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PROBLEM XV, 

331. r-rMlE' Stance of the center tf OfeittattM (») of a Sphere F i o. 17* 

X /'WW the point ef Sujpei^ being p'oen^ as well as 
the diameter of4he Sphere {za)-, tojindtbe Dsihaix{d).o/tbe Sphere 
from the point of Su^enfion. 

Becaufe ♦ « = . ,y — , wc (hall have ^an + S**^^ * >'• 394* 

5<i/4- loW-f-Ttftf, or dd-\-2ad — ndsssan—^aay and adding 

» * 

^— " to both fides, it wiU be dd+zad—nd-^- ^^-ZJl =: t nn 

4 4 

— t*** whofc £|uar« rooft will bg d-\-a — t » =* 

^Inn—faa. Therefons </ = J» — a :h ^/ *;nn^faa. 



F R O B L E M XVI. 

352. T -^ ^ '^" «»i«Ma center of OJciUation C ^ the Bodies P, Fio. 194. 

* I ^ (V tfi well as that oftpe Body Q^e given ; tofnd 
the Diftancc DA of the Bb^ VJrom the point f^u/penfiou D. 

The &me thing being fiippo&d as m the Article 3 30 ; we iball 

aad-\-cxx and—aad nn 

havc»=: -^r^* ov — =xx-«x. and adding^ to both 

and — aad nn , ^^ * /• o 

fides, then wiU j-^ =xx^ftx+ ~ j whofc Square 

root wiU give J « ± y^Ef^jJ^ z=x. Therefore, fincc the 

c 4 

diftance of the center of Ofcillation fi:om the point of Sufocnfion 
of that Body is given, the diftancc required may be found by the 
help of the precsdiag Problem. 

Ccc PRO- 



Ftc. 
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PROBLEM XVII. 

195. 3S3* nP ^ ^^ ^^ h^hcft tf«/ /A^ lowcft Point of the HeUce gf 

^ ArchimedeV ScreWy the angle AKB /ma? ^^ /i&^ iori^ 
zontal line AK, nW by the Cylinder ABDE m which the HeUce is 
formed, being given* 

Let AMBDYE be half the Cylinder, AmMB and DYE, 
the. Semicircular bafes, CQjhe axis, and ArRV the path of the 
Screw : and fiippoie R to be one of the points required ^ then 
the Sedions of me plane pafling thro' that point, parallel to the 
axis CQ^nd perpendicular to the plane ABDE, with the bale 
AMB, the plane ABDE, the horizontal plane ASK and the con- 
vex Surface of the Cylinder, will form the redangle P M S T. 
Now if AC=:CB=tf, CPs=;x, BV=j; BK=r^ ; AP will be equal 
to ^4*^, and becaufe of the iimilar triangles APT, ABK^ we 

aA4-ix 
ihaUhaveAB :BK:: AP:PT==MS=--^5 and by the 

nature of the HeUce^ the Semi-circumference AmMB {c) is to 

the height BY {d) of the Saew, as any arch AM {z) is to the 

dz 
correipondent height MR= — of the lame. Therefore MS — 

cb-^bx dz 
MR = RS = — ^^ — , which ought to be a Minimum ; 

hi dz 
whence its fluxion being made equal to o, will give ■ ^" = o, 

or bcx=z2adz. But by the property of the Circle, the fluxion z of 

the arch AmM is =5 r : therefore bcx-(2adz) -p==. 

^aa — XX Vaa — xx 

or ^aa—xx=—r- ,andi7^— -^r — =^x Hence we get CP=a 



x-^^i/bbcc—4aadd. Confcquently if C P = C p =s 



a 



J^Vbbcc — ^aadd, and the lines PM, Pm are drawn perpeni- 

cular 
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calar to AB, and from their Interiedions M» m^ with the Semi*- 
circumferenoey the lines MS, ms, are drawn parallel to the ax* 
is CO ; they will inter&d the Helice in the loweft point R and 
in thehigheft r. 

N. B. If this Screw be made uie of in drawing up Water to 
any height, it is plain that the angle KAB ought to be fiich, that 
bbcOd^aadd. 

For, fince when bc= lad^ the two points R, r, will coincide 
with the horizontal plane A s S K; therefore the level of the water 
will coincide with that of the Screw in the points R, r, united 
into one. 

Corollary. 
334* C! Uppofe a Power N to be applied to the Semi^circumfe*- 



rence AMB in a direftion of the tangent to 

bafe at B, and i\ be required to find the proportion of that power 

and the weight of the Water. Draw thro' the lower point R, the 

line RL perpendicular to the horizontal plane ASR, and in the 

lame plane, the line FR perpendicular to MR, and from the axis 

CQlet fall GH perpendicular to FR produced : then if RL (p) ex- 

pte^ the weight of the Water, and LF is perpendicular to FR, 

the line FR will exprefe the power of the Water in the direction 

FHor BA. But becaufe FH is in a plane parallel to the plane ABK, 

zaad — « — « — • 

GH will be equal to TS«PM= —^— (fince CB— CP =PM): 

and by reafon of the fimilar triangles ABK, LFR, we (hall have 

h 

AK (r) : BK {b) : : RL (/) : FR = ~ : and fo the produd of 

2itadp 
GH or PM multiplied by FR, = ought to be equal to 

BCxN, in cafe of Eqailibrium ; therefore rcT^—zadp, 

But if BX be drawn parallel and DX perpendicular to the ho^ 

rizontal line AK, the fimilar triangles ABK, DXB, will give 

lam 
AK (r) : AB {2a) : : BD (») : DX (»), or r= — . Subftitu- 

ting 



i 
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^tfng for r its value inta rcN^=^ Adfy it wUl become vh ^sindp. 

rLafHj, by the property of theflW/V^, the Scmi-circumlerencc 

AMB (r), is to BY {i^ as the Scmi-circumfeFcncc e midiipli«l 

'by the number of turns {s) of the Helice before it arrives at D, 



tn 



is. to the length BD of the Cylinder, that is, ^=—; there- 

nmp 
ifore 7wrN= \ndp^ . Confequently cs\ n\\p:^\ Aat 

is, the Power (N) is to the Weight (^), as the height of the 
Cylinder (DX=s;:?) is to the path of the Helice or Way pafledover 
hy the Water. 

« 

.PROBLEM XVm. 

3 55. T F tf Body falls freely thrS a vertical Km B A and afterwards 
iFic. 196. J|[ pajis over a Curve line AM ; it is required to find in 

each place ^, the relation of the Times, Velocities and S^(xs moved 
over. 

Let the tangent MT at Mexprefsthe Fluxion iof ifccGurve; 
.and the dibtangent TP, and iemi-ordinate PM, ^ die Fluxbos i^ 
y, of the ablcifs AF and the Semi-ordinate PM 5 dwn if v^ », 
exprefs the velocity and the time from the beginning of the M *, 
we (hall have, the product of the time multiplied bv the vdedtj 
equal to the Space moved over ; or the product of tne velocity at 
multiplkd b^ M the Fluxion of the tkne equal to the Fluxion of 
the .Curve, that is uv^siZ^ or uv:=cz^ fuppofing f equal to i. 
Whence two of thefe unknown quantities being given the thitd 
will be given likewiie. 

EXAMPLE. L 

336. ^ F the velocity v is every where as any Ptmer oj the bei^ 

X BT ', and it be required to find the Nature ^ the Cme 

AM fuch^ that the Bo^fy Jhall pafs over equal Space in equal Ti©» 

If 



If AB=tf, wc fliall have v = a-jr^^ and ussa-^x, orw = x, 
therefocctf v=r«,T#fll bcootacxxa^x '^ c », or x x^ +x - r* i, 

becaufe r « 1 j whofe Fhient wUI g?vc 






f<» the enieral Efiation of All Curves, thro' which the Body paf- 
ies oqual verdoal 6ptcc4.in e^wl .Xiuw, with a velocity every 

where as a-\-x . 
If the velocity 1)6 that which a, Body, acqui res by itt own g ra- 

vity, that is,'iifli=t } we Ml h%fe^V4-lr«==*/^aBVc**-hO'*; 
the fijuaPB of which tfx*-V-xx»?*f jJ»-4"^>*» g*^ (^ fupppung 
c~tf)«x*=tfy% or xVxs=y/tfV whofe flneiit will tfe Jx*=iy/tf, 
or M^^iayy, Which ftiews that the Curve AM U a Semi-cubi- 
cal Parabola, A its vertex and f AB Hs parametitt'. ' 

• . . . . . . 

; - .BXAMPJb^/lJ. 

337- f ET the Curve 4^ be the common Parabola^ A its 

*-^ vertex and sy =a «x, die! Eq|Katiba ; «id |et,it be 

required to find the times, fuch that the velocities flhaW be every 

where as the fqua re root of tbe.vcrtipal height -B P. . , ^ 

Becaufe -zi.csV^.Hh^* ^^^ *^ Fluxioii ci^ay^xx^ ^ves 



y = — ^ J we fliall have»=s^x*+^* ^^Vaa^+A^x^ and (v « = 

cnt of which will ^^to the tinie required. ■ • ' ^ • - - 

If the tkhes aicas the ipaoK mowd icitrer, that is, if a^XTzu^ 

or ;cs9 ^ > and the velocity be required, < the rtfl being the iamc 

as before ; vro fliall have 'o x^-^y aaA^^xx^oxv^i — ^ aa-^^x^ 

for the velocity in any place M, fo that a Body moving in a Para- 
bola pafles over equal vertical ipaces in equal times. 

Ddd PROB- 



1^4 ^^ T-^iiADifiD^it. 
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ed towards te invert point C, placed in t}>e vertical line 
paffini tb^' mkghifttii'l^ ^isreqidrei 

t^ find in each ftace^; the r^lktknivt^eK the Tidies^ Yekxaiifs oW 
Spaces moved over. 

From the t?criter C, ^ the nd8 CM, fcA, Aefcribe the 
cutttkr^rdie^UlF^ AN 1 iM«(ii% li^e }i9e^€A, CM, |»rodtt- 
cea if li^fl&ii^; lYiFaitd N r ^h tf ihtl part Mr of tl«^ «f|geat 
at ]y( to (be €i)rye AM^imre^s the Au;don of the Ct^ve, and 
rn 1;)9^^^i>.^'ijglit<:ai)glcs to ikn^ atangeotto the circular 
arch MP ; rn >F<Ui)e the Fkxion<>f CKl, and Mh dia(t of the 
circular arch PM : and retaining &e iame ExprefHoriis for the ve- 
locities and the-times as in the preceding Problem, we (hall have as 
bcdfore v u ^cz. Butf- U the afch AK ar^ CA = tf, AP=sx ; then 
will CP or CNf =^— ^x, and CN : CNl : : as the fluxion y of the 

iOth AI^ Itld the iluaAiiik Mti=: -^^-r?^ <if tlw^ch MP : then:- 






fequeQtJy any two «f^, thefe unknown quan^des being given the 
other \?i8 Swffllfc g^ii alf©. 



t » 



339- T ^^ *^ Body ife u(tfki&dt9i»arA tlkiknt^^ ^a 

\ A firce ^(A isVbfij^vbm^as ^amf Pmoerin^fibe ^^ice 

t3M, of ks'fldce ^fiOHibeiSlfmrC ^ pitdht it 'be Viquirtd4oJind 

^e ixrch AM/ucb^ that -^btBody fbalLpaJs over fqnal vertical Spaces 

in equal Times. 

J . 4 '.' '• ' "If 



If the i&c CX be drawn perpendicular to r M produced, XM 
win expfrefs the velocity of the Body it M : and becaufe of the 
£^»ikr triangles M n r« CXMi weAiall haveMr:rn:: CM 

fa-^«) : MX *= r X c—x & v^ aod £&oe *=», or x=a» , l>y 

fuppofition, we (hall have ("uar =afi)__. xtf—x = c«y or 

*■ ■ ■ « 

K»)Wr-« =(^*«*)= '— ^> and tftfx^ x 



^ 



4_r^— c« =sc'"y* X tf — K ; Whence we get axy^a — x — f*» 

s c i** y K ^^^^, for -the general Equation required. 

If the Body be attraded towards the Center C, every where by 
a force proportional to the Diftance CM of its place from that 
Center j we (hall have «= i, and ax-sf ac—cx—Cf=z cj% </—*,. for 
tfcfe Ej^ttJttion itquiitd.. 

PROBLEM. XX. 

-40. O ^PM'' *^' ExtenttM of a Spring when wound up on a Cy- 
O tif^^ .fy'kttvefy'seben asitskngtb: it gs nemtind ta 
j$yu^/Cuhtt DMV, niMeb reading ^4fimt the axis, ex. jhaU form 
fudiya:Sur/iu:t,.t6^'^ii<!k^Ji*edtoam^end^theSprin^ 

irinriml^, and^ roHMwiiat Stitfai^i thejpring 'mil bawenxrif 
where an equal force to unroul that Ckakk, 

Xtet V Jbc'the ^Kwilt «f the Siicfeoe where che «ad of die chain 
Djhm lorfkdnip is, t*bc ia-the ^^ndicalars DK, VX to the 
jtt& CX jpfodoood,: >thc Ikiea K£, XL, in the psoportion of the. 
eiBtaitbiis df the iparts of thb StfHng aiifwering to thc.points D- 
and V of 'the Chain, and^saw me tinis LB £» as-to meet the ax- 
is^omeWheie in C : d«(w lii^iSWife a. Serai <»dinate .MP meetii^ 
LE in >N. Wow 'tedcwife PN^cpwfentfi ihe ftrajgA ^thc^wing. 
aiifwwfin^ to 4(he Foint -M •<>£ *e C^iai», PN multiplied by 
liieiiverPM ought always t©«he>the*fenae, that is, that;pK)du«a 
eufflit to beietn^ to a. cdnftant quultity ai. Therefore PN x 
^L-ab. But if CK =;«, KP=*, EK=3 j the fimilar triangles 
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CKE, CPN, will give CK : KE : : CP : PN= ^—^ : Con- 

Icquchriy aa=ay'-\'xy will be the Equation of the Curve requi- 
red, which will be an Hyperbola, C the Center and CX one of 
the afymptotcs. 

Corollary. 

341. Whatever the Law of the Extention of the Spring wiD 
l^e, the Curve DM V may be found provided that Law is known. 
For Example, fuppofc the ExtentiOn of the Spring to be every 

where as any power ^iw of its length ; then will y x —II — =:tf^, 

er y X a-\-x =j«-f-'. But if FN^y^^a x-^x x^ the Equation of 

the Curve required will be aa s=y ^/zax-j-^xx; and fo on in any 
other Cafe, 

PROBLEM XXL 

F i o. 199. 34t. >T1 O JiW fbe Nature ^tbe Curve which 4i petfeS fiexibk 

\^ line DAK, Jixed by its ends in a plane^ wiil mate if 
^rejfed or drawn every where by Powers^ whofe rations to each otbtr 
are given, either all in a direBim perpendicular to DK, or eoery 
where perpendicular to the Curve. 

Cafe 1. Draw O T at right-angles to the middle B of DK, 
inteffefting the Curve in A, and from any point of the Curve, 
draw the Tangent MT as well as the Semi-ordinate MP to ABy 
and finifli the rcdtangle MHTP. Now becaufe of the Equilibri- 
um ; the power in the diredtion MH or FT, will be to the 
powers in the directions TM, TH, of the tangents at M and A, 
as MH is to TM and TH ; or (if the line O^ perpendicular to 
the tangent TM, interfe^fts DK in E), as the Knc BE to die 
* >/. 202. lines * OE, OB, which are perpendicular to their diiedioni 
Likewife if the perpendicular O h to the tangent at m, Interieds 

DK 
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DK in F^, the power applied to the point m in a diredion per- 
pendicular to DK, will be to the powers in the diredions of 
the tangents TM, mh, as EF is to EO and FO. And becaufe 
this happens always ; it follows that the power applied to any par- 
ticle M, is as the fluxion of the correfpondent line BE. 

If AP=rx, PM=j, AM=;s, B0=^, BE=« ; the fimilar 
triangles BOE, PMT, will give PM (j) : PT {x) : : BO {a) : 



• • • « • • 



4ix , ayx — axy 
BE — u.= -T- ; whofe fluxion is u =r^ — ;^t . But z* =^ * 

• • • 

y y 

-T-x^y by taking z conftant, its Fluxion will give — — r- = ic; 
fubfliituting for x its value into the value of Uy we (hall have 

^^ y 

Cafe 11. Draw HR perpendicular to TM; and finifli the 
redangle RMSH : then will HM : SM or TM : TH, as the 

power ii in the direiftion HM, to the power SM =: -^ in the 

diredion S M. But becaufe the diredions of the powers S M> 
which are every where perpendicular to the Curve, are not pa- 
rallel to each other, there will be a part of their adions dcftroy- 
ed : if therefore SM be reduced" into two, the one SV per- 
pendicular and the otber VM pai^Uelto AB ; . VM will exprefs 
the eflicacy of the power SM, .that is, if TM : TH : : SM : VM 

y^ u ay -ay' ' - 

rri'^-ri =s:-r-, this fourth term —r. will be the expreffion of thp 

power M, in a perpendicular diredion to the Curve. 

EXAMPLE I. 

343. rr^ O find ibe Nature of the Curve which a perfeSi Jlexibk 
X ^^^ '"'^^ tndke^ being prejed by the Atmoifherc of 
the Air.* 

From the Nature of Fltiids, the prefTure will be every where 
perpendihilar to the Carve, and as the ' product of the Surface 
prei&d multiplied by the altitude of the Fluid ; and becaufe the 

£ e e difl^- 
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difference of the altitudes of the Air which prefs any two points 
A, M of the Curve is fo fmall, that they may be taken as equal j 
the Force with which each particle M of the line is prcffcd, will 

ay 
be as its Fluxion z in that point : whence i^ -jr, or xi^a'j : 

und fince z was fuppofcd conftant whilft ;c, y flow ; the fluent 
of this Equation will be xz=zay: whofe fijuare will be (xxi's) 

x^f-\-x*k^^=^aay^^ or xxx*=:f xaa—xx, whence j-^ir =:j j 

whofc Fluent Vaa — xx—y will give aa—xx^yy. Which (hews 
that the Curve is a Circle in this Cafe. 

EXAMPLE IL 

344- np O find the Nature of the Curve which a perfeB pxihk 
-■- line will make^ being prejfed or filled up with anjfkli 
whatever. 

By the Nature of Fluids, if PB=5^, zx will cxprefs the Force 

a'j 
• Art. J42. y^ith which the particle M is preffed. Therefore * i3C=:-T,or 

a 
2iy^^:siaajj by multiplying ayhy - in order to make thcE- 

quation homogeneous ; whofe fluent will be zxx=aaj, the 
%are of this l ^uation is {z'x^^)x^y''^x^x^a^y\ orx^x* 
_^« X a^ — «*i Whence we get xxx^y^a^—x^ for the Equa- 
tion required. 

EXAMPLE III. 

34.5. HP O find the Nature of the Curve which a ptffiS jktihk 
^ Cbainwillmake, being fixed with its Ends in a wttml 

Plane. . 

Becaufe all the particles are fuppofcd equal and of the fame wagW» 

the force with which the particle M is drawa vertically) will as 

• ... - - ^ 
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az^y azy , ^ •,, \ 

z. Therefore *•;»=: -T jr, or ;c=s -r^ : whole Fluent will bc»>/. 342. 

xy y 

X— -:-, bccaufe z is luppofcd conftant : the fquare of this E- 

y 

quation will givcy*x* = (aaz* = ) aay* '\- aax\ Whencey'x 
^0x^^00=: aax*y ov yy^xx — aai=ax^ will be the Equation re- 
quired. 

ax ax _— 

Becaufe * u^z:=: —r^]£ We fubftitute for-r its value V«»— ^^i • Jn. 342. 

we (hall have z — /xsc — a a for the Exp reffion of any arch AM. But 

when AM=»=o j then will y'** — <»« = o, or xsstf j therefore if the 
aWciffcs begin at the vertex A, we muft fubftitute a\xYa.^^d^oi x. 

Confequently y'/2ax-\-«x = ax will then be the Equation of the 

Curve, and z-=^/2ax-^xx. 

EXAMPLE IV. 

I 

246. TT^ O find the Nature rf the Curve which n perfeSi fiexiUe 
-*- line will make^ being prejfed by the Wind bkiwing uni-^ 
formly in a perpendicular direSlion to DK. 

^ecaufe of the uniform motion of the Wind, the force with 

which any particle M is ftruck or prefled, will be as ;^ s there- 

az y 
fore z = — r-:T Which is the fiimc Equation aa that in the-ppe^ 

X y • 

ceding Example* 

: EXAMPLE V. 

2^jff. np find the Nature of the Curve which a perfeS jlex^ 
-*• ihU line will make, being preffed in each point by a forte' 
which is as any powit m of its difiancefrom DK. 



az^y zya^"^^ 

We (hall have i*« =« -^-j , or xx^ = ""7T"^' (fuppofing 
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I 'Z 

J = i), , whofe fluent will be — r — x.^ — -r j:«+'. Therefore if the 
. ^ • ' - ' I'-^fn c y 

exponent m is given, the Equation may be found in the fame 

manner as in the preceding Examples. 

C O R O L L A R y I. 

V 

548. X T is evident, that whatever the Law of the Powers, 
j| which prefs or draw a perfeftc flexible line according to 
any direftions, may be ; the Nature of the Curve may be found. 
For the iaid diredions may be changed into others either perpen- 
dicuoilar to DlC, or every where perpendicular to the Curve, 

t 

TY 

.Corollary 1L 

349. X T is likewife evident, that if the Nature of the Curve 
JL be given, tlie law df the Powrers, . vsrhich prels a perfea 
flexible line, may be found, fo that it fhall make the Curve re- 
'quiod. This^ we fliali illuftrate by the following Examples. 

E X AM P L E I. 

» • - • • • f , 

' ' ' ' ' 

350. .np O . deUrmipii the Law pfjbe pvwen^' which prejfm^ lacb 
' -^ particlr^ a perfeSf J^xibJe lifie in fuch a manner, tkt 

tbtCkroeJball be a'CvQ\i> -. ' \' 

If AB = BD=tf, BP=x, PM =y} then wUJyy=tftf-^ 
be the Equation of the Circle ; whofe Fluxion will give ^= - 

• Art. 342, ff Therefore * k= f ^4")— — j the Fluxion of which 

y \ y / « 

wiU be « = ^^^=^^^^— : and if p expreffes the force whidi 

preflfis the particle M, we (hall have«=s/a?= — -^ • 
. " ' . . But 
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t 
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But by the property .9ftljPeii:clQi=: y ^ A^hence fubftituting for 

apx axxx-\-ayyx aa 

x,^y, their values, we ihaU Spd "^=?- • • yxM' ' * °^ ^" of^, 

EXAMPLE II. 

-. ^O Artemive the h^-yt of the Weights, which' fTtffim eacj) 
^ -I particUof4perf£^piiibieUneinfficb{imamer,tbatth/: 

Curve JhfiH be a Pvobola. 

Let zast^yy bf tiae J?qu,aupnj whpie JJuyion .will give : 
X— — . Therefore a-f — );'.; and « s?j^ : and if ^ exprcHes . . ,. 
the weight -whi^h pieflfes" the particle M, ^we O?^!! have pi «^. 
But:by i;te property qf<he Pawfjola, * ,^ ^^/f^r.)';' » COP^-* >/. ,6i. 



JIT 



quentIy</'^=«)'^*^^^4-y3'-y> <»^/*«V^^' , 

N. B. If each pa«rticie of ^wCwye made hs ^otxk& flexibjc 
line, be confidered as ft. VQ»f c«r of a VaifU or Afch^ whofe in^ 
rior or exterior Curve be that formed by the hne j it i^ evident, 
that they wUl jesnaln in J^l^ibHuip with,.?ax;h odier, provided 
their Weightsare in^tbc feeae prqpprtjon as ths f)rc%es by .whic^i ' 
means the Curve is fpmjed, eA^mg Wb^ -tha^.tbe dire^ons qf 
their Geuters of gravity ougl?t }o pa#th^' tl^at; parj^je, of which 
preffure-*eyatBinade:ptQP9rtJQ9al, ... .. j-.. .■■.■: .my 

Definition. ,...,,. .1 

The Curve-line EM Am F defcribed by. a given point M, of fi 0.200, 
a circwference of a Circle GMTY nioving over a right line wi. 
EBF is(affi:d^k'€vc/wV,'^'Jtf''movingQwer.a^ 
• an EpicWt: the line! E^ h ca»8d';tbi ia/e, ,d&e rifehtline AB 
peraendicpi^T to the' Aiddtt; "^f thebafe, the' Axis, .the.poietvA 
thcFeft'ex. and-GMT-'Vc*^ei-^enecating'ieii?dle, :.• ...m -^ K 
." Fff Cor. 



' C tR L L A R V I. . 



''■m 



thc:circunifarepce~c£ the generating Circle GMTV, , 

and the part EG between the point of contain G and the bniQ- 
ning E, ciq^uaJ, to "the arch GM, and therefore BG, equal toikt ' 
arch MT complement of the arch GM to the Semi-ciroimfe- 
rence. 2°. The chord GM will be perpendicular to the Tan^ci I 
MTat M-Forthedlfiwence of the circular velocities of the poin | 
G, M J- that is, the velocity with which the Curve is dcfcribedi'i 
M, wUi be * i3 the radiue G M,^ and in the dire&ion perpenii- | 
'164. cular to GM as well as in the direflion of the * tangent Ml 1 
3**. if about the axis AB as a diameter, the circular circumif- I 
rence BNAn be delcribed, interfeding the line MP parallel toEB ' 
oz. in N ; the chords BN, GM will be parallel and equal. Therdm , 
BG=MN=archiMT orNA, .^ahd^PMzzPN+arch NA, 
4°. If AB=*7, AP=x ; then will Ali==^ax ; and Imuit 
" ' AN, TM' are parallel, we (hall have, AP:ANorAN;AB 
ax 1 

: : X : "7=^ = to the Fkixion of the arch AM : whofe flueot 

= 2AN! Therefore the arch AM is doibleilie 
:hord' AN, , and the Semi-cycloid AME doublethe 

the center O of the Circular bafc EBF, and v,iji 

r, be delcribed the circular arch. MN ; then tbc 

'J, as well as the chords MG, NB vrill be equal, f 01 

OT, OA pafs thro' the Centers c, C, of the e- 

qual Circles GMTV, BNAn, and OB=:OG, ONwOM; the 

arches BN, GM, and confequently the chords BN, GM will 

bebqual. . . ;i , . .; 

, ' V Cp R O L L A R Y. 11. 

, 1 355. T'^' MT cxprefles, the Iiluxion of the Curve EM, and 

•■/. V .1 die line *rr bediawn at right angles to OM produced, 

:Mr will expi:efetbe*Fluyi6a;QfOM J and if ftajn the pointsB, 

N, the lines BX,''Nriarcr]drawii-at ^igbt-angles to ON and OA; 

,..-.-■ ' .' the 
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the triangles BXN, MrT will be fimilar, fince the angle MTr 
is equal to the angle GMOssangle BNO. Therefore, if OB=^, 
AB=<i, AP=*, PN-;', ONsrOMssa;, we fliallhaveON: 

NP : : OB : BX =: — , and AN (/tf «) ; AB : : PN :.BN= 



azz 



•-% . Laftly, BX : BN : ; M r : MT=-7-=. But (ON=OP. 



pNJ ^2^-,^^^^^ — 2^x— tfjC} whofe Fluxion is 2i=s — ^xx^-^-i^ *• 

and fo — MT = ( tT^=-= """TT" ^ T"^> '^^ ^^^^°* of which, 
_ , Y^^atA will be the cxprcffion of the arch AM, and 

a-\-2b X "T- that of half the Epicycloid AME. 

Corollary III. 

354* T ^ Ktf cxpreffcs the Fluxion of the chord Km ssBn, 

* \ the line jb drawn at right angles to K m, meeting the I'^^'zoi 
. bafe BF in hfig. 206, or the tangent K b to the bafe at K j%. 
aoi, will he the circular velocity of the point K with regard to 
the radius KD, iiippofing the point D to be in the evolute FDI. 
Now.bccaufe of the right-angled fimilar triangles AnB, K^b, 
we have An : Bn : : K^ : tf b = to the* Fluxion of An, that • An. 197. 

nx 
jg ^b=s — =• But ifmt exprefles the nuxion of thearch Am, we 

(hall have * tm : tfb : : mD : DK, or by divifion tm — ah : tm r : • ^, ^^^ 

ex 
mK : mD. Confequently fince ♦ im^ —^=^Jig* 200, we fhall « j^t. icz. 

a-^^t nx 
' have mD=2mK=2Bn : and becaufe * tm =s — 7— x — -^=r ♦ An. 353, 

jig. 201, we (hall find mD = -^ 1 ^ Bn. 

Cor- 
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CoAOLJtARV IV. 

■tee.'W T is evident, that tnvf-*aS x JmK. will be the Fluxion 
X of the Space FmK. And becsiufc tm=?«l), io;%. joq, 
and mK=Bn ; that Fluxion will be =t Bnx/ib, that is, three 
tim« the Fluxion of the Scgmeot BscnB ; iince jb is eqijal 
to the Fluxion A n, or equal to the circular vdocky of ^e point 
n with refped to the radius B n. Therefore the fpace FmK is 
triple the Segment B xn B ; and the A^ea §i 43je feni^dpi^ 
FMAB tiiple the Semi-generating Circle. 

a^2J> ax J u "* • 

• ^/. 353- But fince* tm= —f- x ^^j^ m/^. zoj, «ndtfb=^^- 

tlicrrfore t m-t-a b x J m K =r — ^ — x ^^= Ba, «or bcQiofe Bn 

X — =r is the Fluxioi> of the .Segment BxnB ; vsrc ihall base 

—^ — xB 5C n B for the ExprefJioQ of the ipace FmK ; and ~ 
X B^nA for that of the Semi-Epicycloid FmABKF. 

C P R P i. l- A R y V, 

I 

2 56. "IP H E evokite FDI pf the Cycloid F iq A, wiH be m- 
^ ther CycloKi c^ual to the former. For let FH be «: 
AB and perpendicular -to FB, and let the Jine-DQjjaRdlelio 
BF, interfeiA the Semi-circttmierence whofe diameter is HF, in 
L, and HF in QL.then becaufe niK=KD-B», {P<^ill be^flP, 
QX. »B P n, and I.D = FK = arch Bn^ arg^ Fi>. Therefore, 
fincethis happens everywhere, FDI will'be another ^Cydoid equal 
•to. Frm A ; F: the vertifl^, ^F the 33^5, ,and J^I Mf tbp ba^- 

If K. k be = ^-TTi ^ fP»t P qf- the .cjrcjwferwof .KP^» 

whpfe diameter is Kk, will defcribe in the rotation of thatCirde 

over-thedrculac ^K*i/kl ^wl»^ ra<U|i8 is.C)-J^,.,aoo<ljeiBp'^^ 

'doid IDF, which will be the Evplute pf the former Fm A. For 

becaufe when the' poirvt Bi: coincides with the vertex A, mD^e- 

.cQm?s=AI~ -^^, and OI=:Ok= j^oj therefore tK 
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{a) : Kk(^ : : itO (*) : k O = ^x^ : > wreh KF : arch k/3 

and fince the arches FK; in K^ are always equal as \fpll «s the 
arches KB^ tm ; the 'kethti Dk, fcl, and coareq^cnt^ the 
arches KD,/k, will be likewlfc equal.. 

Corollary VL 

357. T F the generating Circle. GMT V, inftead of moving 
X without the Circle £GBF, did move within the (arae ; 
the point M Tfould defo-ibe -another ^ort of Epicycloid, whofe 
property will be the lame as tfiofe 6f the former £MAmF, ex- 
cept AB (a) which before was politive, will be beve negative. 
Therefore by changing the Signs of the odd powcrj of a^ all 
what has been faid with fcfpedl to this wiB be trae with, refpedl 
to the other. 

PROBLEM XXII. 

3 58. T| F a B^ly only compelkd 6y its granjity^ mows fcwt a Cy^ fi«. wj. 

X chid £M A, i»bofi bafe £B U placed borizoMaJfy^ and its 
'vertex A downwards ; it is requirrd tojind the Tkne, in wkd^b the 
Bidy m&ves mer any arch MA. 



Becaufe VAP exiprdlcs the vdocity wiuch ^ Body «Cqttires 

by moving over the arch MA, aad VAF is as AN or as hatf the 
arch MA } it follews that the velocity is m the ^XKb bioved <k 
ver ; and therefore the time is given and equal to the time in 
which the Body would move over the Sdfti-cycloid EMA. 

Colt6tLARY. 

359.T F BP=^;c,AB=rj, 2ANor the arch AM will bes= 2/«i-^^ 
J[ and /x will exprefs thevclbcity atM. Therefore the Flinc- 

ion , " ' — Kof the fiace EM divided by tnc velocity /x, w?!! 
raa-^ax 

Ggg give 
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»i?e r~~z=r for the Fluxion of the time. But-= is the 

yax — XX Vax—xx 

BN 

Fluxion of the arch BN : confequently r^ will exprcfe the time 

B N A 
in which the arch EM is moved over, and — -;^ — , that in which 

the Semi-cycloid is moved over. And finde -r- = ^a cxprtfc 



1 1 • ^ \ 



the time of a falling Body thro' BA : the time in which a M) 
HifiV{^ (^fr the Semi-cycloid EM A will be to the time in which that 
Body would fall thro* AB, as the Semi-circumference BAN is to iti 
diameter BA. 

f 

PROBLEM. XXIIL 

F I c. 201. 360. 'T^ O find the Time in which a Body would move over am 

-^ arch MA ^ the Epicycloid EM Ay with a centriffkl 
force every where proportional to its difiance from the center 0. 

* 

... Draw OY perpendicular to TM produced ; then YM will ex- 

prcfe the velocity of the Body at M % and becaufe of the fimilar 
triangles TG : TM : : GO : MY ; and fmce TG, GO, aregi- 
vf h, the velocity MY will be as the Fluxion TM of the Curve 
Am \ and as this happens always^ the velocity with which an/ 
krch MA is moved over, will be as that arch ; and therefore the 
time will be given and equal to the time in which half the £p- 
-rydoid EMA is moved over* 



' \ 



COHOJLLARY^ 



361. T'F .BP=^> then will ON=:OM== zz^bb\2hx'\'a%, APjr 
^353 JL tf-^*^ and the Fluxion of the Curve at M will be* i+,V< 



• Art. 353 

: ;. -'"-^ ; and drawing Yz perpendicular to OM, MY will 

:bc'to.M'2* as the Fluxion of the Curve is to the Fluxion of 0)^\ 
: and. becdmfe ef the dmilar triangles OM : MY : : MY : M z, 
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or OMxyizr=zzrzix-\-'iax^MY\ and the fquare root of the 
fluent Ax-\-tax will exprefs the velocity at M, or becaufe^-j- Jtf 
is given, that velocity wrill be as ^x. Therefore the Fluxion of the 

■ ax 

Curve h + iax -r r divided by the velocity >/x, v^ill give 

.— r— X 7^ — —r - tor the Flijxion of the time : But t^- r 

o Vax—xx , Vtfx — XX 

bA-^a BN 
is the fluxion of the arch BN ; therefore — ,— x " — v^ill be thc^- 

ExprcflTion of the time in. which the Body moves over the arch EM, 

b\\a BNA , 
and — '^; — ^ '^V ^ ^^^^ ^" which the Body moves 

over half the Epicycloid, which therefore is to the time in which 

b\U 
that Body would fall thro' AB as ■ \ - BNA to AB. 

PROBLEM. XXIV. 

^62. nrO Jind the Nature of the Curve EAF» paSng ifjro" tv» 

■* given pints M, N, fucb that a Body with any-'Centri- ^ ' "- "*" 
petal force Jhall pafs over it in tbejhorteji time poJEble, 

From the Center of forces C, with the radii CM, CN, defcribe 
the circular arches MP, NQ, meeting the vertical hne CB in P, 
Q^ draw CT perpendicular to the tangent MT at M, and the 
Hne TR perpendicular to CM : then if MT {%) exprefles the 
Fluxion of the Ctirve in M, MR wiU exprefe the Fluxion, of 
the line CM. 

Now if CM exprefles the centripetal force at M, MT will ex-" 
pre6 the. force or velocity in tjie djredioB.MT} fince the foroc 
CM is 'equivalent 19 the for<?e CT with wl^ich |hc; Body is 
drawn towards .the Center C, and to thaf MT wit|i which it 
m6ves in the Curve ^ and bccaufe of the firriilar triangles cft : 

MT : : MT : MR, or CMxMR=MT. Therefore if the per- 
pendicular PH to CP exprefles the Centripetal force ii M, and 
the Curve GHIK is the locus of all the points H j the fquare root 
• of the fj)ace PBGH will exprefs jhe velocity of the Body at M 

acquire^ 
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acquired by moving thro* EM. Likevrife, if the perpendicular QI to 

AB ine«s the Curve HK in I ; y'QJiGl \rill cxprefe the velocity 
at N. Whence if i; be the fluxion of the arch EN. and c^ 

VPBGH, jrf=t/QBGI ; we flidl have --f -^f for die 9um rf 

the fluxions of the times in M, N ; vsrhich ought to be a Mm. 
mum. but bccaufe the poiiUs M, N or P, Q^ arc given, the 

fpaccs PBGM, Q^GI, are like wife given, and fo --j- , ro; 

and fince the points M, N, are given, the fluxions of CM, CN, 
^ait jponftant ; thetcfi^re if ^^ u^ esprc& the fluxions of the arches 

MP/ NQj^ vfc fliall have £z =^y, vv^^uu^ or i ="^, 

ui XV . y y uu 

i£^ =5 ~ ; whence '^ + ^ =o, will become ^+"^ = ©. But 

Becaufe the angte MCN is given, the Sum ;^-|- « of the fluxionj 
of the arches MP, QN will be —o, or j^=: — - // . Confcqucnt- 

^y ^'^^'^ ^^,^"7 W- whichftiews that the quamity^ou^k 
, to be cvtry where the (ame j that is, equal to a conftant quantity 
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m • 

-363. TT Ence, if ^from the loweft poifit A of the Cbtvc, the 

JL X line AK be drawn at right-angles to CB wcetftgAc 

Ctttye <7HI in K ; then wiH ABGKtatdrif . For v^htB the ]»int 

M toiiicides wit'k die point A, si wilt be t=zy ^ md t lekofc 

4Js:^AB^.' Likewife, if the fluxion of CM be^:^, WAPHK 

' ^aff f -: jev^PKJH : Since aay' « (^«;5) ccyy-{-cc jixy or aa ^cc x 

^^ s cc xx^ or ;r y^ aa-^^^^ac x. Therefore x •ABGK or ji- 

»vapiIk- 
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EXAMPLE. I. 

364. T F the Center C removes at an infinite diftance^ fo that 

^ the lines CM, CN, become parallel and equal to C A ; 

then the Semi-ordinates P H, A K, become conftant, fuppofe 

Tsza ; and if AP=«, the fpace APHK will be —aiA. Therefore 

<7jc(=)sVAPHK)=Z'/jflci Which is the Equation of the Cy- 
cloid EMA. For if AB^^, AP =» j then will ANarv'^, J'^;;«-^ 
and * z.x\ : (AN : AP : : ) AB {a) : AN {Vatf^) -. ,-: No^!; "** 



4 . 
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EXAMPLE .II. 



f • 



365. 1 F the centripetal force be always as any power nf^'-' \ of 

^ the diftance of the Body from the Center C:. then- if 

CM = CP=«, CB = 3, CA =tf } we (hall have x»«*-«j6w^ 

Fluxion of the fpace PBGH, and -^x« = PBGH. Bu^' V«^hcn 

i I 

CP=CB(^*»^), that fpace ought to be =0 \ therefore^ ^«— -— ac« 

PBGH : and by the fame reafon APHK= — -x« — ~-tf*-.. 



m m 



Confequently jr/ac* _/i*» sxxVi* — x" . Now if the line CM 
produced meets the arch BE in e, and if the arch Be = vj then 

will CB (3) : CP («) : : V : y=^ i fubftituting for ;r its vajnc, .we 
(haU 



have ~j"^«* — <»*• —kfof* — «* , or v = -^ ' ^.i.^ * 



if«=/E 



t^ -32Z., then vwll »z»« ^^zza* aa^ — x*^orxan 



^ -H7 ggp. ^hofe flu3don will be * s*-^ X iate,. 

Hhh a^ 
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.- ^. . 6" -fayl^^' ^ . ^ >-gr Now the firft fide 

X 

of this Equation being dividci^ by ~, and tlic fecond hy its e- 



qual z X l_^_ff__ we (halt have =— x into -. — j- 



a" zzz 
a'"zz 



zzz ' _ a^zzz . . ■ ,^**^ , zzz 

l+fsz; .""' d^-^d'^.zz.^l-^ &>» -[■a" zz* "^"^Y^zz 

ss;K-i_— r^ , fhcnSoitC tJ sss^i: ~^ X^<^tO y ^ ' ' Z J ' '■ -^ 



« 



— p — =5 to the Fluxion ^ropofcd. Conleqacntly if D cx- 

pccfljes tlificitqgjju:,aj:ch. wlijrfc,i^% An!d tangent are as /^ to 
2, and ditbe al«h 'Whofd^ndaisand tangent are as bhity io x.\ we 

(haU havo t^ arch Be aBiv*B— ^p — ~^d : and fo thcarch Be 

being givai as filcewiie CM, the point M of the Curve required 
will be.^ven alfo. .^ , 

If the centripetal force were reciprocally as any power «i-{-r> of 

the diftance of the Body from the center Cj then will r^— -^ 
" >x^ =PBGH, and~~i^^-^;;r;^»AP HlL Thftte> 
foret; = -j^— V— -^. ConfequenUy if « =. V — j^;^, , 

Lm 

and D ezprefles the arch whoie radius and tan«nt are asv^-— to 
z \ and d the arch who& radius and tangent are as unity to ;s j 

then will «=:^^^D — ;^^d : Whence the point M will be 
&und in the fame manbtir as before. ~ 

PR OB. 
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PROBLEM XXV. 

■ * . 

« 

366. np O find the Nature of the Cufy€,wbicb a^ai^J^i^ht 
-■• defcribes pajfing thrti a Medium^ -nvbofe denfitf at equal 
diftances from a given Center^ is equal, and incfeajes by. approach- 
ing the Center according to any Law. 

From the given Center C defcribe the circular arches PM,QN, p,^^ ^o^, 
meeting the Curve fought in M, N, and the vertical line CA in 
p^ Qj^ draw the lines AG, PH, QJ^, perpendicular to CA, and 
fo as to be to each other as the denfities in thofe places. Now 
if the equal parts MT, NV, of the tangents at M, N, exprcfs the 
Fluxions of the Curve in thofe points, and the lines TR, VS are 
drawn at right-angles to C M, CN ; then MR, NS will cxprefs 
the Fluxions of the lines CM, CN ; and becaufe if MT, NV, 
cxprefs Ae velocities with which the Ray paffcs thro* the parti- 
cles M, N J MR, NS, will exprefe the velocities with which 
that Ray approaches the Center C. But it is known by Experi- 
ments, that the velocity of light incrcafes in proportion* as the 
denfity increafts. Therefore NS : MR :: QJ:PH, that is, if NV 

=TM«. NS=.. Qi-. PH=. -e fluU ha« MR^ : 

and if the incident angle in any given place M, is given, the ra- 
tioof TM to MR vf\\\ be likewite given. Confequently if TM : 

MR ::/»:«::«: — , we (ball have xv = —x for the Equa- 

tion of thie^ Curve required. 

cm 
Becaufe the dcnfity c (PH) in the given place P is given, if-^ = a ; 

then will zv—ax be th^ Equation. 

EXAMPLE. I, 

367. T ET the Center C be" removed at an infinite diftancc, 

J_^ fo tl»at the lines CM, CN, become parallel and equal, 

and let the dcnfity be every where as the power m of the Depth 

of 



*,- 



Fig. 2O0* 
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of the medium, then will J8x*» = tf*^ be the Equation. If^ 

= t, we (haU have i^x-x^a^ or «/<»« =<»*, which is the Equa- 
tion of the Cycloid AME. For if AP=*^ AB=tf j then will 

zxx'. :.(AN : AP : : ) AB {a) : AN (/tf «). , 

EXAMPLE IL 

368. 7 F the Denfity IS every where as any power m of thcDi. 

1 * ftances CN- {x) ; tlicn will ix* =tf * x : and if the cir- 

cttlar aich, Q^ be sssy j then will y *+x* aai^, and (i*i«i»=) 

V = ~r v^ ^2^^ — a:2« , If the circular arch dcfcribed with the ra- 
diusCA=^^, meets the line CN produced, in n, and if the arch 

* ' ' xu 

Anr=u^ then will CA (A) : CN (x):: u • y = ^ • thercforc^= 
«K X , bx 



-^ In. order to conftrud the Curve, fuppofe v=r;r-^ V^^-^^i 
then will ;r^*a;%?5;=4^*— «««, or x^^vv-^-pc^^ srtf**f andfc 



=«•*; whole fluxion will be ^^ 



— i5c-^«^— 'M and finccr—j— —=«**, fubfttading each fide of 

this Equation from n**, then will TT" sa^*— ***• 

^^ " bw)v 6v t^ 

Whence ^ - ^a^^ — x** = — - , ■«= ==:—•;-• : 

Confequently if D exprefles the arch wbofe radius and tangent 



are as unity to v =( n,^^^ * ^ ^^ ^^^ ^^^ »' 

tt* Now fince the angle NCQj)r the arches An, and CN arc 

given, the point N of the Curve required, will be given alfo. 

THEO- 






* 
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THEOREM I. 

369. ^Uppofe z^v^j whofe Fluxion is r/^ir*— »a;*'' + 
O mz'''' ifo^'—^ ; which may be reduced to this other form, 

rnvz-f-mzv xinto z*r7'i^m.—i ^ 

Now if V zuc-Yf^'" , then will v = nfzz^^^ \ and fubfti- 
tuting for <o and -u , their values into the Fluxions above, we Ihall 
have rniz^^ — ^v^^mnfzz^^^^'—^v^--^', and ernz '\- 
r^^i.njzz "* X into zm—ie^m—i^ Therefore, li A.'^zzrti—i^om ^ 
B =rij5^'^'~' '^^•"S C =;^i;s'^— ' -y/«-^» . thefe two laft Fluxions 
will become r«A+;w;7/B, and^r/iC-}-r4^/w, ^/'B. But fince 
^sr^^w • is, the fl^ej}t of both 'thefe Flupcions ; weflxall have 

-rj-.»|/B = e-rG-^r^fwi/Bi or A=^C4/B; And fubftituting 

for /B its value k—,e C, into r.A-f w/B-sb,— -2'*v« ,..it will 

-. / -^- - • . J'- 
beome r-^mA-T-zw-^Csr — ;s'^«a;«. Cpnfejuf ntly a.ny one of 

tne Fluents A, B, C, being given, the other two may be found. 

If ny^e^Yfz^^-^gz^^y thenwUl -6 ^f'zz'^'^^^-^2ngizi^*-'^ J 
and fubftituiiog. tnefe values of 1;, -u, an to rnzz'^^—^'o^-\' 
Mzfi''^iVfr-\ and, rnvji^ + mz'ox inta ;2r«— vw*-i^ we (hall 
have rnzz^"^*—^ -y** -h«»»/'5J2J'"H-«--»-i;«--i ^2a»^i2'^H-**~^*u^ 



If therefore A^iz''"— *i;», B=;i2r^-H»— i-y*— « C = ;»;s'^»^2»— i 
^y*-^,' l3*==:;i V^'^^'^^^'ri we flialf find in the fame manner as 



above, thatrA+;»/Br|n2vf^C — — 5;^ ^rD+^i 



-t-OT, 



/B+ r-^2«^C = — 2i'*v*, and rA4-«/B+ 2/w^C=^rD 

^+w,/B+rf2^^C, or A=r>D+/B-|-^C. And fubftitu- 
ting ibi^B, C, their values taken; in^tfecJ laft l^uation^ intorA-f- 

»i/B-|-2w^C= *z'^'»v» , we ihall have r-\mh — w^D+zwjgC 

1 1 X =* 



i<^' 
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_ — z'^v^y and r^zm A— mj B — zemD^^i—z^'^v^. Con- 

feqaently any two of thcfe fluents A, B, C, D, bebg given, the 
reft may be found. 

THEOREM IL 

37^* O Uppofe z^'^v'^'u^ y whofe Fluxion is rTjzz'^-^v^u^j- 
(^ m V V"— ^z'^w -^sii ti-^^z '"V" 3 which may be redu- 
ced to this form rnzz'^'^—'^vv'"—'^ w -{-rnvv'"—^ z^'^us -j-jwa--' 
2;rrt*Dm ^ Qf to this mzz'^^—^v^uw — ^-^mv ^'«— « z''''W \-mu^^ 

Now if V :^ e\fz\ u=zg'^ hzn ; then -will v ^nfzz'^\ 
u zrinhzz"—^ 3 and fubftituting thefe values of v, Uy v, u, into 
flie Fluxions above, we fliall have rnzz"""—^ v'" u ^ -^mnfzz''''^^^ 

^m^iu^ '^inhzz'^'^^'^^'D^U'^^^ and^r«;^jK''«^— i^y'^-^^i^^-T-r-j-w, 
nfzz^^^~^'v''^^^u^-\-snhzz^^-^-'^v^w — \ and rngzz"'-^ 

^fn ^j— ii-|- r ~j- J, nhZZ'-^'^'^^V'^ Ur-'t -^m nfz ;2'»-4-^— i^w-/i^/. 

Therefore if A =: zz''''^}'v'^ w' , B =s ;i2J''^+»-ir«— i v , C = 

' I' . " 

we (hall have r A +^/B-|-5AC= — zr^V^W , and ^rD-j- 

' • I ^ ■ • ' ■' — ' — 

_ — z''» v^ w . Now if we add the firft Equation to the other two, 

we{hallhaveA=^D-f/B, andA=^E+)6Cx or A-^D=/B, 

A — ^g'E := hC : and fubftituting the values of /B, /6C, into rA 

. • I /. 

4-/w/B-j-Ji6C= — ;s''*'i;'»«^: wefhall find r--|-;;/,A — //^eD 

I I 

+ ii?C=: — z^'^'V^Wy and r+jA-^/w/1B— i^E=— z'"^*^^'. 

Confequently any two of the Fluents A, B, G, G*f. being given 
the reftmay be found. 



EX- 
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371. "f ET C exprefs the fluetit of x/gg — xx, a nd lei if 






/= —1, 2;« = XX, and «=2 : then will * C (=s";?«'*^v«-- > 1 , j^ ^f^ 

=xV<w— «x, and B ( = i2;'*+«— "y«^ = * '*/<?f— ^*:: ! 
Therefore fubftituting the values of ^r^r, «, w;' «, .'y/m'to tf'rPr 

_L.;a:^^ YB as— ^2""y*, w^ ihall find''iittrfS^2Bi= JV 



xtftf— xxj *, or i aaC — J* x /?«— x« 
quired. 



* =s B = to the Fluent re- 



-r 



V 






L 



372. Y E 7* A ^jc/r^/i the Fluent of x ^ficm-^VfCi-^ a^ ffft^^it 

be required tqjmd the Fluent of -x x,^^^, . , *(:{ ^j 







369- 



'. (It-, ., -n — ^' 



fluent requkecL . -. ,, :. , -;• -^ y- r /,; -.ii 'ij r':.r/.nl'i cii \ol 



•a* » * 



«. 1. 
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373' T ^ '^=^^+/^**) ^"-^ /f^ (>. !^^P?^ any ,wh6fe numbers 
'- * X ^h^tfoever V then if the ,jfi^nt of zssT^^ vf be giveii; 
th« fluent oi zz ''Ct^ «— i -y« , and of ;^ «'^«— ^ v* rt * may be 
found. 



.\4. 
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Likewife, if v z^e-^^fz * -\-gz^y and the Fluent of i «ni-iv»-i ^ 
zzrf-\-n—i t;«— I are ^^cn ;^ tljco ji j[, / cjprefi any whole num- 
bers; the fluent of 'zz^s^'^^'v^'*-*^ ftnd of ^^z*^^* v*±', 
may be found. ;. and (b on ^^Z injimtum. 

N. B. Thfi^4oHowing Tables of Ftecnts have been coftikuaed 
by ihe help of the forms exhibited in -Ac firft I'beorem^ which 
^^lft$bJ3^ ccyaiwtMd , ^^ infinku^y fa ^-to. contaia- not (ui|y the 
|^laei)t$ c;£Bli;umna])expre$pfieiHit likewi^ t^<^ of Trinomial^ 
^ • * C^dnnomiais^ (5*?^ multiplied, qr dividedNby othfirs which are la- 
ti9nal or ifratiojial,JBi^ ag^tV^xQ^^l 94,fe$ojrc)^ci^ ib;fp;arefouiKl 
by tTO he1p*6f bhe or ibnietihies two given ones, we (hall flicw in 
t^a^%^ingS«w^Ua.howj.l^' ar^t^bs feoud, es,aJ£>how 
to proceed in any other Cafe. 



.'^ }i{y:\ . : I* c] * 



EXAMPLE I. 



X ^ ^^ '^' twenty ^fe;; wfoVA /i /ife Cafi of 

If D^ expirees' thfe cireukr arch in degrees, whofe radius and 

e ^ — 

I4jig«ntia» a^ 7b-:(^» ^ Tryto ;ii» ^^n 7^i« pofitivo, : oc i^{i.cx- 

9rf ff^ #^W*V>^'^^ ^«X . jis .nigatiye J then will 

>. . > • ^^Wft'ht =tWb Flcrenr mqu Wd- 1h the fiift Cafe, Aii-^ xLR 

injtj^ ffiCQi^^ {^<;api 

R^2.3O2585O92904 fisfc. • ^ 

For the Fluxion of the arch whoie radius and tangent are, as^ 
.« . ^ inrrzzi"—^ tnezzk^-^ ,. . 

• Jr.. .47- r to ;«1-, will be ^ r^^-. •-■.,4./». -^ Bot this « 
- . likewife the Fluxion of* rDK: Therefore that Fluxion mul- 






.' .• 



O/" Fluents. *i7 



inzzi''~-* 



the Fkaion -of the Logarithm of ^l *» + r, will be * ^j,^^". ' ^" ^4^ 
or by awltipVying and dm4»g tl»at Fluxioft by «**_r. 

^^"f;^"",'~'i"^^^ ~ : and che FliMdon of Ac Logarithm 

"" z" — rr , 

of ^z" ^rr, will be ^ — ;— j which being fubftta^cdfiom w 

former, will give — ^'l^^ for the Fluxion of L^. Therefore.. 

2d dz^i^'"^ 

this Fluxion multiplied by — r, will give "^y^ ^^^ ^ ^^-^^ 
• • • ^ ^ • 
ion required j bccaufc — rra -j. 

EXAMPLE H. 
375. rp o /»/ /^ Fluent p/^ -jr^^r^ , wA'VA « /A? cafe of 

If D cxpreffcs the circtilar arch in degrees, whofe hkUus and 
ttogeiit 9*eaB K« ^) *** «^ whan — is jpofitwe, or U L ex- 
preffes the Logarithm of ^ — r-— wto - « nqgaowj then 

-_til-— --4-— rDK be the fluent in the fifft CMe, and 
""* ;«S5t», .^JB.*; 

.,J!!!!i._ 4.-}--f.£JLin ticfecood. 

Ffoc the JClijxiQO of the arch whofc jraduu and tangent ate « 



•■ t i 



Kkk 
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^^= fJ^ei-- ^ e±fzn ^ ^^^^ ^^ Fluxion required 
And the Fluxion of the Logarithm of ;K-4« + r, will be 

7; • , or multiplying both the numerator and the dc- 



nommator l^ z^%^ — r^ it will be = ^_, ^^ \ 

and the Fluxion of the Logarithm of ^zr-^^rr will be 

- •> . ♦ . . . . . . ( . ...'''■ 

; which being, fubft railed from, the fir ft, will give 



— 1«««-^**~" 



^ — -for the Fluxion of LR, and this being multiplied by 



z—^—rr 

2d ,, t T^i . ^^ — ^^ 

— r, and added to the Fluxion zzjzr, of-; -rv-- , will give 

id dfzz^i'^^ dzTT-i"—^ 
— rrr. ~ — "TTTT; for the Fluxion rquired. 

EXAMPLE IIL 

376, rr^ O find the Fluent o^ ■; ^ te?i&/Vi& « /A^ Cahj 

Fom\. ivben r=so. 

If D expreffe s the arc h in degrees whofe radius and t^gentare 
as r ( = >/e) to V<?4 ^« wh en ^ is negative, or if L expreffes the 

Logarithm of " ■ —^ — when t is pofitive ; ) then wift 

-—- rDK be the Fluent in the firft Cafe, and — ^ rLRijithc 
fecond. For the Fluxion of the arch whofe fine and tangent arc 

9& no ^e-{-fz». will be "7==~=, bccaufc — rfsa^ Thert- 

zd ' dz^^^^ ' 

fore, this fluent mmltiplied by— — will give .1 — . . Andthp 
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r'J 



II — > II I ■ 



Fluxion of the Logarithm of r+^^-i/^"' will be , j^- - 

' - ^ - , and multiplying both the numerator {uni the de- 

nominator by — r^-ve-^-Jz" , it will be / ^ ,, 4-inzz—i i 

and the Fluxion of the Logarithm of y//>«. , will b? J;?j^2rr^5 
which being fubftraded from the firft, and the remaining part 

2d , . ^ Jiiji**^!^^ .rJ/y , - ... 

multiplied by — — r, will give " - for the Fluxion re- 

quired. ' ' , .: . 
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PROBLEM XXVL ' 

I . '■' .:^ 



377: 'J^ O reduce any Fraftion >fA « ^+/ 2+^22+ <^2»'^ 

&c. into as VMK^\JittgU cnes, as there are roots in the 
Denominator. 



t » - * . » 



r •*' 



Suppofe e\fz\g'x^z-\' hz^A^tSc. =o, and ^-^2 to tic one ojf 



4y ': ^\N -[- 



-}- j_ ; that IS, that the Fraflwns sure £w 

duced under the fame denomination, except the oneJ-^j^j : The 
letters r, i, /, u^ expreis indeterminate but conilant quantities. 



Now this laft Fradtion 



-rjs^- 



being reduced under the fame den6mination, ' will give 
dr^Js£;-\-dt:z;x; . . , _ 

— r jB — sz;:z;—tz;^ for the nujrieratof j which ought to be i&- 

qua! to the numerator (i) of the Fra£tiim propofU^ ' npUdtefb^ 
it dr^-au^iy and ^^*^.r^rpf^i5f*2?=P> ^As« — szz-^cuzz^o^ 



'*;*^--- .>-^. 



ftio 7})e Third Book. 

K«.'— /i'=o, or ds^hi^K, Jt~{-cu^s, u^t ; then will 
rs=Ak-\;^H-\rbul becaufc i~dt-\^u^ '^^^{dr-^du=)d^u-{iicu 
4T^ia-}-^K=i, becaufe?=.u, pr u=d' -:[-ddc-\S+a ~' : u^ 

" ' u d^-\-ddc^db^a'~' ' 
confequcKly ^ — r = ^^i^ — ■ ^"* " ^ evident, that 

what has been Tai3^th regard to' the root d—z, may be lib 
>vife appUedto any pther. Therefore, (^c- 

. PROBLEM XXVIL 

378. TT^iZOAf the given denominator e'\-Jz-^gzz-\-bz^-\^r. 
JL or iti equal a -\-bz-\-czz-^ &c. xinto d—z; tojindtk 
Numerator d^-\~ddc^^pd6-f^ of the PraSim 'O'bofe demmtmir 
is any root d — 2 'of the given denominator. 

Divide thf Fluxion of the Denominator a~\-bz-\-czx^ ^c: 
by if> -ftftd^ fe m itti | e,feri-g i^g Too^i^i then by cb^ging all dv 
l^gns," y^oa will have tKfe Numerator required. 
' >pDr '^' Flitxion aS tto £iid .J^en^nanatoDirill fas — ix into 
a-\-bz-\'Czz-\'^ &c.-\iz-\-2czz-\^c :^ which being drnWlj 
Zy and (/. being ^b^ituted for 2, will give '—a—&d—c^~^ 

i-. «^' ■ ■ •■■ . -..■ 

if.B. The root which Vlubftiiuted ifpr- ^"^ttoR be ahn^t 
. preceded by its. proper Sign; that is, by -j- wfaeopafitirt^ 
■ ahd-by — when negative. - , 



r -1 -N'i"^i 
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Kxplanation x>f the follfmtng TABLES. 

IN the firft vertical line, arc placed the different values 3,2,1, 
o, — I, — 2, G?r : of the quantity r, and over againft them, the 
fluents of the cafes of the general Form, vrherein r exprei&s thofe 



+A' 



(J 
- 

becomes "TT^T ^ whofe fluent— ^IR ftands over-againft o : and 

fo on. The letter D at the bottom, exprcfles the circular arch in 
degrees, whofe radius and tangent arc as r to T 5 L cxprefTes the 
logarithm of the quantity to which it is fuppofed equal % K the * • jrt. 248, 
reciprocal trigonometrical Modulus j R the * reciprocal logarkh- • Jtt. zi^{. 
mical Modulus \ and O is * = r D K when r is the root of a nc- • ^/. ,^5. 
gative quantity (which in pradtice is taken pofitive) or * O =rLR • ^/, ,^, 
when r is the root of a pofitive quantity. 

The Fluents of the diflferent Cafes of the IVth and Vlth 
Forms, are found by muhiplying the relpedive fluents of the 
nid and Vth Forms by the correfpondent quantities after the 
Sign X, and by adding the next following one with its Signs : 

For example when r=o, the IVth Form becomes -7 - j 



whofe fluent *dP— J</0 x ) 



^'^P = --^^0, ftandso- 



ver-againft o : when r = i, that Form becomes 



</«««*—' 



whofe fluent ££±^ ^P x-f - 



2«« ._ 2 

ne nf 






over-againft i : And fo on in any other Caie. 

The values of O, o at the bottom under the Vllth and Vlllth 
F(vm8 are common to both. 
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2.22^ 
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hr 
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rTorm I. 






i J. 



*.■ » 







\ 3 



4«/ 3»/' '*""2»/3 nf^ "T^JfLR. 
3«/ 2fif/"^ nfi '"''*" 



«/4 



LR. 



f i 



2. 



I. 






LR. 



o. 



«/ 



LR. 



I > - -> — .M —— • - 



-' ». 



ne 



i# 






! 
I 

+3. 



1-4. 



i 



IR. 

'd df 
r+r~lR. 



> A 



nez^ ^ nee 



"— ' — 4- ^— -— -^^IR 

2nez^''~ neez'' neV * 






^^ " +J*^-^R. 






X= 1^. — ;^ — , I s=log. ' ■ ■ ; ^ . •. R=22.3025l 50929946?^. 

Torm 



utmmmm 



r. 
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i3 



2. 



I. 



!P. 



I. 



2. 



A-Tibfe of '^ L V E !4 *rrs.a 



FORM JI. 






1 



zdzi* zdezj" , zdeezj" 






V 






^^ 



1 t 



nf nf 



do. 



ne 



do. 

* ne 



«^;sj* 



^nezt" ' neezi" nee 



2d 



^nezi 



ir+ 



2i/ 2#- . 2/ 



— 2</ 

ymzl" * ^ 



2df 



^» ""»<?' 2 t'»'^W>/**- 



«} 



^neezl"* 



2df 2df 



^ne^z^ 



"T"t,i»4 



w*» t* ^ ^ 



A do. I 



^M-* 



i 



; ' jgjL.f^» ■ ■ ■ •■ ■ \j^'\ 



asf" 



*X3 



• ' 



2^4 
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2. 



(X -^ d?. 



I. 



o. 



— 1. 



2. 







dP. 



znf 



d?. 



t 2 



ip. 



f ne 



5 22" 



3 42* 

x~~ </P. 

t ne ^' 



I 2 

X — ' — — i/P. 

e ne '■' 
— 1 2 



«^^P+4-rfo. 






^-f^^- ' ^^ 



2 



rJ^' 



e nezl^ 



z/^ezi* 



(x — ^ ~ 

•48* ' —^eefz* -j- 1 o /^«* "~ ' 5/** «'• ^ . ?/* 



^P. 



^. 



i 



r92*'«4» 



v/P+ 



64^^ 



r*. 



•#. P=:T= 






O, orLs 



*M«I 



f 
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A Table of FLUENTS. 



r. 



Form V. dzsf* 



^e^P 



n • 



VI. 



dzzT'^"^^ 



^e-\-fxi* ' 



V^640 






do. 






igzonf' 



( 



iy3g* --io^g/';g2^+8g^3*>-l--48/^^4^ 



92^ 



jO 2^5" 

e TIB 



64^' 



2. 



I. 



o. 



I. 



8 2;s4« ^ 



( 



24# 



S;?;^: 



ne 



d? 



A^f 



d? 



4# 



do. 



4 2;s2» 



■2. 



—2 2 

—2^ — 2/i« 



25?' 



X — 

e 



ne 



dP. 



o 

X"— 

e 



ne 



dP. 



"^nez' 



dP. 



—6ee—2efz'' +4/^^" 



1 s^eez 



in 



d?. 



—2 2 

"^4 2 



( 



. . -. cP. 



nezi 



dP. 



r= 



(rLR^O. 
v/, P=T= V-^— , 8= •- , rDK=0, orLrr-g-, 



225. 



126 
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r. 



2. 



I. 



o. 



— I. 



•2. 



FORM VII. dzzrn-i^e-x-fz' -^g*^. 



'd?. 



I —ibeegg 

— ^zefg—iofgz'' "}-8/>jr2;2«4-48;?^z3» 

ig2ng> 
'V^fg 

4»i: ' ^ngg 



^o. 



7^P+ 



^ ^O — — </o. 
2n^ « 



««» 2W ' n 



-3 



—2^— / is' 



T/p-i- 



/— 4^^ 



^o. 



—4. 



— 8^^«2» 
-8^g-2<fz'' +3#?" vp 1 4£fc/l^^ 

^ —24^^ 

— 24^<2[22« — I sf^fi^" 
—48^3— S^g/'js* +io#s"'+52f;/^g3 



n)zne^zv* 



dP 



PssVH/^ +^2", r=/ir» Tz= 



t/+^g' 






=0. 



r. 



2. 
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FORM viir. 



dzz 



^e-^fz" -{-gz 



z« 



-ibeg-iofgz^ ■\-9ggz' '' ^ . tze/g—sfi ^^ 



i^g 



3/+2^«-,^^jfz^^^ 



itng\ 



A»gg 



»g 2ngg 



Zng; 



4l<^w 






42^ 



I. 



O. 



^ 



tu 



do. 



do. 
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't3 V' 



I. 



' 7/P+ r4-Va 



»^;2« 



2;^^ 



'^H-iZ^* ^ I 4^"3/ 



■2. 



4W^z 



2)1 



<fl»+ 



8»(} 



^a 



.y 



;ft 






24«* 23* 



i6«^ 



r=v'^, t= 



fi^_, S=:.- •-^^ 



r4-t 
rDK=o, orLs-g-, rLR=o. 
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